Lé Thi Thanh Hii Chwong 2: Tich phin dwong

Chwong 2
TiCH PHAN DPUONG

2.1. Tich phan dwong loai 1
2.1.1. Khéiniém b

Gia st L 1a mot duong cong trong khong gian xac dinh boi phuong trinh
tham s& r(t) = x(t)i+ y(t)j+z(t)k, a<t<b va f(x,y,z) la mot ham xac dinh trén L.

Chia cung L thanh n cung nhé khong dam 1én nhau bai cac diém chia tuong
g véi cac tham s6 a=t, <t <t, <..<t =b.

Goi do dai cung thir i 1a Al (i=1,...,n) va lay trén cung tha i mot diém

M, (%, y:.2,) bat ky va lap tong 1, =3 £ (x, v, 2,)Al, .
i=1

Khi n — o sao cho max(Al;) — 0 ma I, dan téi mot gidi han hiru han, khong
phu thudc vao cach chia cung L va cach chon diém M, thi gidi han d6 goi 1a tich

phan duong loai mot cua ham f(x,y,z)doc theo cung L va ky hi¢u

I=J'f(x,y,z)dl

L
Khi d6 ta noi rang ham f (x,y,z) kha tich trén cung L.
e Tich phan duong loai mot khong phu thudc vao hudng cta cung ldy tich

phan, tic1a [ f(xy,z)dI=[ f(xy,z)dl.

AB BA
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e Néu L 1a dudng cong phang thi tich phan duong loai mot caa ham f(x,y)

doc theo L duoc ky hiéu I f(xy)dl
L

e Y nghia thyc té cila tich phan duong loai mot c¢6 thé duoc suy ra truc tiép tir
dinh nghia nhu sau: Gia st c6 mot day vat chat hinh dang L va c6 khéi luong 13

f(x,y,z) phu thudc vao diém M(x,y,z) thi I =J' f(x,y,z)dl chinh l1a khéi luong

L
cua day vat chat.

e Néu f(x,y,z)=1 thi J.dl chinh 14 d6 dai cung L.
L

e Néu ham f(x,y,z) lién tuc doc theo cung tron L thi ton tai tich phan

J'f(x, y,z)dl.

L

2.1.2. Tinh chat

e Tinh chit 1: Néu ham f(x,y,z);g(x, v,z) kha tich trén cungAB, con a, b 1a

AB

cac hang s6 thi j[af (X, Y,2)+bg(x, y,z)]dlzaj' f(x,y,z)dl+bJ'g(x,y,z)dI
AB AB
e Tinh chét 2: Néu ham f(x,y,z) kha tich trén AB va C 1a mdt diém trén

AB AC

cung d6 thi [ f(x,y,2)dl = [ f(x,y.2)dl+ [ f(xy,2)d
AE CB

e Tinh chét3: Néu f(x,y,2)>0 v khi tich trén AB thi [ f(x,y,2)dI >0

AB

e Tinh chit 4: Néu f(x,y,z) kha tich trén AB thi |f(x,y,2)| ciing kha tich trén

cung 4y va J' f(x,y,z)dl

AB

gj|f(x,y,z)|d|

e Tinh chit 5: (Dinh Iy vé gia tri trung binh)
Néu f(x,y,2z) lién tuc trén cung tron AB ¢6 do dai I, khi éy ton tai mot diém

M, (XY, 2,) trén AB sao cho I f(x,y,2)dl = f(x,y,,2)]

AB
2.1.3. Céachtinh
Tich phan dudng loai 1 dugc tinh bang cach dua vé tich phan xac dinh nho

suy ra tryc tiép tir dinh nghia nhu sau
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J 100y 2)dl=lim> 101y, 2).0 ='ime(xi,yi,zi)-%At

L

Gidi han cudi cling ciia vé phai chinh 1a tich phan xac dinh

d r(t)

f F(x(t), y(®), (1))

Vay [ £ (xy.2)dl = [ f(x), y(R), 2O (D)) +(y'O)) +(2'@)) dt

L

Dic biét néu L 1a duong cong phang va ham f(x,y) xéac dinh trén L thi cdng thirc

tinh cia tich phan dudng loai 1 duoc viét nhu sau:

, /4 = t N ,
e Néu cung L cho bdi phuong trinh tham s6 {X x(M) e[a,b] thitaco

y=y(t)’

[f(xy)d =j (0, YW (X'W) + (v ) dt

L
e Néu cung L cho bdi phuong trinh téng quét y = y(x), x € [a,b] thi taco
b
jf(x,y)dl =j F(%, yOO)L+(y'(x)) dx
L a
e Néu cung L dugc cho trong hé toa do cuc véi phuong trinh

r=r(p), pela,p]thitaco

B
[ f(xy)dl =] f(r(p)cosp.r(p)sing)y(r (@) +(r(0)) dp

L a

Vidu 2.1 Tinh I = J. y’dl trong d6 L 1a mot nhip xiclait.
L

Giai
Ta c6 phuong trinh tham s6 cia L y“
x=a(t-sint
( ) €[0,2x].
y =a(l-cost)

v

= [x(O)] +[y(t)] - 4asin” o s

Vay |l = Ia (1-cost)? 2asm2dt_215;6 a’
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Vi du 2.2 Tinh | =J.(x+ y)dl trong d6 L la chu vi tam gidc OAB v6i cac dinh
L

0(0,0), A(1,0), B(0,1).

Giai y 4
Tacé L=OA+AB+BO.
_— B
Trén OA:y=0,0<x<1 1
h 1
= j(x+y)d|=jxdx=— A R
o ° 2 o) 1

Trén OB:x=0,0<y<1

= Bjo(x+y)d|=oj8(x+y)d|=iydy=%

Trén AB:y=1-x,0<x<1

:>J'(x+y)dI=J1'[x+(1—x)] 1+(—1)2dx=\/§j‘dx=\/§

Vay | =_[(x+ y)dl =%+%+\/§=1+\/§
L

Vi du 2.3. Tinh 1 = j (x*+y*+2°)dl, v6i L 1a duong dinh oc xac dinh boi phuong

L

X =2cost
trinh tham s6 L:{y=2sint te[0,2x]
7=t

Giai

Ta co [x'(t)]2 Jr[y'(t)]2 Jr[z'(t)]2 = 4sin’t+4cos’t+1=5
27 3
= |=j(4+t2)£dt=£[4n+%j.
0
Vi du 24. Tinh I=J.xydl, v6i L 1a giao tuyén cia mit paraboloit eliptic
L

z=2-x2-2y? va mit try paraboloit z =x? nam trong phan goc toa dd thir nhat ndi
2 diém A(0,1,0) va B(1,0,1).
Giai
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x=t
Tham s6 hoa dudng cong L:{y=+v1-t* te[0,1]
z7=t*
Taco [x (O] +[y(OF +[2(O)] =1+ + arz =440
1-t? 1-t?
1 2 4 1
= =J.t\/1—t2.‘/—l+jt t;‘“ dt = [t/1+ 4t7 4t dt = ”gz
0 - 0

2.2. Tich phan duwong loai 2
2.2.1. Dinh nghia

Gia st L 1a mot duong cong trong khong gian xac dinh boi phuong trinh
tham s6 r(t) = x(t)i + y(t)j +z()k, a<t<b va P(x,y,2);Q(x,y,2);R(X, Y, z) xac dinh
trén L.

Chia cung L thanh n cung nho khong dam 1&n nhau boi cac diém chia
A, A,...A tuong g véi cic tham sb a=t, <t <t, <..<t =b.

Goi hinh chiéu cia vector Ari=A_ A lén céac truc toa do lan luot 1a

Ax, Ay;, Az, . Lay trén cung thir i mot diém M, (x;, y;,z,) bét ky va lap tong tich phan
I, :ZP(Xi’yi’Zi)AXi +Q(%, ¥i, Z)AY, +R(X, ¥i, Z)Az; .
i=1

Khi n — o sao cho max(Al;) — 0 ma I, dan téi mot gidi han hiru han, khong
phu thudc vao cach chia cung L va cach chon diém M, thi gidi han d6 goi 1a tich
phan duong loai hai ciia cac ham P(x,y,2);Q(X, Y, 2);R(X, Y, z) doc theo cung L va ky
hiéu | =J'P(x, y,2)dx+Q(x,y,z)dy+R(x,y,z)dz

L

Khi d6 ta noi rang cac ham P(x,y,z);Q(x, Y, z); R(X, v, z) kha tich trén cung L.
e Néu doi huéng di thi tich phan dudng loai hai doi dau, tirc 1a

I Pdx + Qdy + Rdz =—I Pdx + Qdy + Rdz
AB BA

e Néu L la duong cong phang kin, ta quy udc chon chiéu duong trén L 1a

chiéu sao cho mgt nguoi di doc chiéu ay s€ thay mién gidi han béi L gan minh vé
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phia tay trai. Ky hiéu tich phan duong doc theo duong cong kin L theo chiéu dwong
la cﬁ Pdx +Qdy + Rdz .
L

L J

e Néu cac ham P(x,y,z);Q(x,Yy,z);R(x,y,z)lién tyc trén cung L tron ting
khuc thi tich phan duong loai hai cia chung doc theo cung L tdn tai.

e Y nghia thyc tién cia tich phan duong loai hai c6 thé dugc xét nhu sau: Goi
ham vector F(x,y,z) l1a luc tac dung 1én mot chat diém chay doc theo cung L phu
thude vao vi tri clia chét diém x4c dinh boi

F(x,y,2) = P(x,Y,2)i+Q(x,Y,2)j + R(x, y, 2)k

Khi d6 tich phan duong loai hai (j)PdXJery +Rdz chinh Ia cong sinh ra bai lyc F
L
va c6 thé duoc viét dudi dang vector cﬁ Pdx +Qdy + Rdz = Sﬁfd?
L L

2.2.2. Tinh chat
Tich phan duong loai hai co cac tinh chat twong ty nhu tich phan duong loai
mot.
2.2.3. Cach tinh
Gia sir cac ham P(x,y,2);Q(x,Y,2);R(x,y,z) lién tuc trén cung tron L xac dinh
X = X(t)

béi phuong trinh tham s6 {y =y(t), te[a,b]. Khidé taco
z=1(t)

b

[ Pdx+Qdy+Rdz = [ {PIX(t), y(t), 2(®)]x'(t) + QIX(), y(t), 2(1)]y'(t)
RIX(1), y(t), 2(t)]z (1) dt

Pic biét néu L 1a duong cong phang va cac ham P(x, y);Q(x,y) xac dinh trén L thi

cong thirc tinh cua tich phan duong loai 2 dugc viét nhu sau:
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X = X(t)

, te[a,b] thi ta c6
y=y()

e Néu cung L cho bdi phuong trinh tham sb {

[ Pdx+Qdy = [[P(x(t), y)x (1) + Q(x(t), y(t)) y (1)
e Néu cung L cho boi phuong trinh tong quat y = y(x), Xe [a,b] thi ta co
[ Pdx+Qdy = [[P(x, y()) +Q(x, y())y ()]dx

Vi du 2.5 Tinh cong sinh ra bdi luc F = (y—x2)i+xy j—(2z—x)k doc theo cung L c6
x=t

phuong trinh la L:{y=t*> te[0,1]
z=t*

Giai Tac6 cong sinh ra cua luc F duoc xac dinh

1

W = j(y— x2)dx + xydy + (=22 + x)dz =j[(t2 —t%) + .2t + (267 +1)3t° [t
L 0

(2t* —6t° +3t%)dt = Bl
20

O ey

Vi du 2.6 Tinh tich phan 1 = j x2dx +xydy v&i 0(0,0), A(1,1) duge ndi theo hai
OA

duong
a) Poan thang OA. y4
b) Theo dudng Parabol y = x°
A
Giai o 1 X

a) Theo doan thang OA c6 phuong trinh y=x,0<x<1, ta co
p 2
| = J' x2dx + xydy =J'(x2 +x)dx ==
0A 0 3

b) Theo parabol ¢6 phuong trinh y=x*,0<x<1,taco

11

| = J' x2dx + xydy=‘|l'(x2 +x°.2x)dx ==
N 0 15
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Vi du 2.7 Tinh tich phan 1 = <ﬁ y2dx — x2dy , v6i L 1a duong tron don vi.
L

Giai
A y
/ \\ 1 X
o/ '
, = t ,
Phuong trinh tham s cua L:{X C_Ost, te[0,27], ta cd
y =sin

2z
I = 35 y*dx—x*dy = I [sin?t(-sint) —cos’ tcost]dt =0
L 0

2.2.4. Lién h¢ giira hai loai tich phan dudng

P
Lt

o =

Goi a, B,y lan luot 1a goc giita vecto tiép tuyén véi cung L (hudng theo chiéu lay
tich phén cta cung L) vdi cac truc toa do Ox,0y,0z.Ta c6 cong thirc lién hé gilra
hai loai tich phan duong nhu sau:

Ide+Qdy+Rdz =I(Pcosa+Qcosﬂ+Rcos;x)dl
L L

2.2.5. CONng thirc Green
Pinh Iy: Néu cic ham P(x,y),Q(x,y) va cic dao ham riéng cip mot ciia chung lién
tuc trong mot mién kin D dugc bao bdi bién 1a duong cong tron L thi ta c6 cong

thirc Green
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JL. Pdx + Qdy = J.DJ.[Z—(E - %)jdxdy L

trong d6 tich phan doc theo L ldy

theo huéng duong.

v

Chuy:
Cong thirc Green con diing dé tinh dién tich ctia mién phang, kin nhur sau:

1
Sp =ng>xdy—ydx

Vi du 2.8: Tinh tich phan 1 =<f>(xy+ x+y)dx+(xy+x—y)dy voi L la duong elip

L

x* 3
= +-<-=1, lay theo huéng duong.

QD
oy

Giai

Taco P=xy+x+y=P =x+1
Q=xy+x-y=Q,=y+1

Ap dung cong thirc Green ta co

I :qg(xy+x+y)dx+(xy+x—y)dy:”(y—x)dxdy

L

2 2

y

trong d6 D: ?+FS1

X =arcose 0<op<2r
bat . ;|| = abr; D— D’:

y=arsing 0<r<1

2 1

2 1
| = '[dqo'[(brsingo—arcosw)abrdr =ab.([(bsingo—acosw)dgo.([r2dr

0 0
H 2r r3 1
= ab(~bcosgp —asing)|? 'E‘O =0
Vi du 2.9: Tinh tich phan | =§M theo chiéu dwong trong cac truong hop
L Xty

Sau
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a. L: (x=2)+y*=1

b. Llahinhvuéngcé 4dinhla (1,2); (-11); @ -1); (-1-1)
Giai

a. L: (x=2+y*=1

A y
ol \_
2 2 2 2
Taco P=— Zy Zza_sz;Xz; Qz%zﬂzy;xz
X*+y? Oy (x2+y?) X*+y? ox o (x? 4 y?)

Ap dung cong thirc Green ta c6

I—§Xdy ydx §[5Q an xdy = 0

L Xyt

b. Llahinhwvudngco4dinhla (1,1); (-1,1); @ -1); (-1-1)

Ar Yy
B 1 A
JV X
-1 41
@)
C -1 D
Giai
VI cac ham P=-— y = Q=— X ~ gian doan ftai gbc toa do nén ching ta
X*+y X*+y

khong &p dung duogc cong thirc Green

-1
1
Taco AB:y=1x:1— 13§xdy ydx —J. —— = arctgx| =z
i X+ y? 1 X" +1 -1 2
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-1
BC:x=-1y:1> 1:§Xdy yax _I &y 7
sc X +y? 1Y +1

1
CDiy=-1xi-1lm XY VE_p B 7
& X+yt AxP+l 2

1
DA:x=1,y:-1>1= XY YX_[ W __
o Xo+y: oy +1

Vay | =§M=2”

2 2
L X°tYy

Vi du 2.10 Tinh dién tich ciia mién gidi han boi duwong axtroit.

= 3t 5
L: X =acos , te€[0,27] 1
y =asin’t /94
Giai
TR 0 5 ]
dx = —3acos?® tsin tdt 5
Taco '
dy = 3asin’t costdt ;

Ap dung cong thirc tinh dién tich ta cé

= —dey ydx
S = %T[a cos’t (3a cost sinzt)—asingt (—3a cos’t sint )]dt
3a2 2 2 2rx 3ﬂ_a2

. 3
_ E[(smzt coszt)dt =%J.(1—cos4t)dt e

0
2.3.  Diéu kién dé tich phan duwong khong phu thudc dwong lay tich phan.
Qua cac vi du trén, ta thy rang tich phan duong loai hai I Pdx +Qdy khong
AB

nhitng phu thudc va hai diém A, B ma con phu thudc vao dudng cong AB . Khi nao
thi tich phan d6 chi phy thudc vao cac diém dau va cudi ma khong phy thudc vao
duong ndi chung?
Pinh ly: Gia st hai ham P(x,y), Q(x,y) lién tuc cing véi cac dao ham riéng cap mot
ctia chung trong mién don lién D. Khi d6 bdn ménh dé sau twong duong

oP _dQ

15 x , V (x,y) € D.
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2. Cf) Pdx +Qdy =0, trong d6 L 1a duong cong kin bat ky nam trong D
L

3. I Pdx +Qdy khong phu thudc vao dang cua dudng ldy tich phan ma chi phu
AB

thudc vao diém dau A va diém cudi B (ABla duong bat ky nim trong D)
4. Biéu thic Pdx+Qdy 1a vi phan toan phan cia mot ham u(x,y) nao do trong
mién D, tirc 1 du = Pdx+Qdy
Gia st cac ham P(x,y), Q(x,y) thoa man dinh 1y, khi d6 tich phén Ide+Qdy
AB

khong phu thudc vao dang dudng cong ma chi phy thudc vao 2 dau A, B. Ta ¢6

cach tinh tich nhu sau:

Céach 1:.
A
y
i | 'B]x
Yo |-A—— o
O Xo X1 !

(%, ¥1)
Gia sir A(Xo, Yo), B(X1, y1). Ta thuong viét tich phan dudi dang | = J. Pdx + Qdy

(X0 Yo)
Chon C(x1, Yo), ta thay rang AC:y=Yyo=dy=0, X € [Xo, X1]
CB: x=x1 = dx =0, ye[yo, Yi]

Tur do suyra

(X ¥1) X Y1
[ POGY)dx+Q(x,y)dy = [ P(x,Yo)dx + [ Q(xy, y)dy

(Xo+¥o) Yo

Céach 2: Tim ham u(x,y) € D sao cho du = Pdx+Qdy . Khi d6

[ Pdx+Qdy =u(B) - u(A)

1.2)
Vidy 2.11 Tinh tich phan I = |

(20

ydx — xdy

2

theo duong khong cit truc Oy.

Giai

Taco
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y oP 1
p=2_ o _ -
Ty X P_NQ
1 Q1 oy X
Q= X X x?
Suy ra tich phan | khéng phu thu¢c duong di.
Cach1: Tacd
1,2) 1 2
ydx — xdy 1 3
—ZZI_ZdX_IdyZ_E
ey X 2 X 1
Cach 2: Taco

yax—xdy _ g ¥y o |=(_lj
X

X ? X

Trong khong gian Oxyz ta c6 dinh ly twong tuw

Pinh ly: Gia str cac ham P(x,y,z), Q(x,y,z), R(x,y,2) lién tuc cung vdi cac dao ham
riéng cip mot ciia ching trong mién don lién V trong khong gian Oxyz. Khi d6 cac
ménh dé sau twong duong

1, P LRI EP LoR:

= v V
oy ox oy oz er ox xy.2) €

2. Cf) Pdx +Qdy + Rdz =0, trong d6 L 1a duong cong kin bat ky nam trong V.
L

3. I Pdx + Qdy + Rdz khong phu thudc vao dang cuia duong lay tich phan ma chi
AB

phu thudc vao diém dau A va diém cudi B (AE la duong bat ky nam trong
V).

4. Biéu thirc Pdx+Qdy+Rdz 14 vi phan toan phan ciia mdt ham u(x,y,z) nao d6
trong mién V, tirc 1 du = Pdx +Qdy +Rdz .

(6,11)
Vidu 2.12. Tinh tich phan | = J' zydx + xzdy + xydz

L23)
Giai

Taco a_P:@:Z,a_R:@:

L P _R_
oy  ox o o6z ar ox

Suy ra tich phan | khéng phu thudc duong di

Cach1l: Tacd
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(6,1,1) 6 1 1
J'zydx+ xzdy + xydz = J'6dx +J'18dy+ J'6dz =30-18-12=0
2 3

1,2,3) 1

Céach 2: Taco
zydx + zxdy + xydz = d (xyz). = | = (xyz)|§f2113)) =6-6=0.

(1,2,3)
Vi du 2.13 Tinh tich phan | = _[2xydx+(x2 - zz)dy—Zyzdz
(0,0,0)
Giai
,5P=@= @2@2 5P=5R:0

Taco — 2X, 27, —=—
oy oX oy oz oz oX

Suy ra tich phan | khéng phu thudc duong di

(1,2,3)
| = J'nydx+(x2 —zz)dy—2yzdz

(0,0,0)

1 2 3 23
=£de+£dy—2£22dz=2—22 )-8
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