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Introduction

Why it is important to understand: Introduction to Laplace
transforms

« The Laplace transform is a very powerful mathematical
tool applied in various areas of engineering and science.
With the increasing complexity of engineering problems,
Laplace transforms help in solving complex problems
with a very simple approach; the transform is an integral
transform method which is particularly useful in solving
linear ordinary differential equations. It has very wide
applications in various areas of physics, electrical
engineering, control engineering, optics, mathematics
and signal processing. This chapter just gets us started
In understanding some standard Laplace transforms.
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At the end of this chapter, you
—ould De abletor

« define a Laplace transform

* recognise common notations used for the Laplace
transform

 derive Laplace transforms of elementary functions

« use a standard list of Laplace transforms to
determine the transform of common functions
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67.1 Introduction

The solution of most electrical circuit problems
can be reduced ultimately to the solution of

differential equations.

he use of Laplacex

transforms provides an alternative method for
solving linear differential equations.
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67.2 Definition of a Laplace transform

The Laplace transform of the function £(¢) is defined
by the integral fooo e *! f(r)dt, where s is a parameter
assumed to be a real number.

Common notations used for the Laplace
transform

There are various commonly used notations for the
Laplace transform of f(f) and these include:

(i) L{ f(O}or L{ £(1)}
(ii)) L(Horlf
(iii) £(s) or £(s)

Also, the letter p is sometimes used instead of s as
the parameter. The notation adopted in this book will
be f(¢) for the original function and L£{ £(f)} for its
Laplace transform.

Hence, from above:

CLF(D))= / eSF(D di (1)
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67.3 Linearity property

e
From equation (1),

LIk} = / e~k £(f)dt
0

a4
:k] et f(f)dt
0

ie. Lk f(t)y=kL{f(£)} (2)

where k is any constant.

Similarly,
Cla 10+ bg(0) = [ ~(a £(0)+ bgo)ds
0
—a / e f(t)dt
0
+ b/ e g(t)dt
0

ie. L{af(t)+bg(t)) = al{ £(0)}+bLig(H}, (3)

where a and b are any real constants.
The Laplace transform is termed a linear operator
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67.4 Laplace transforms of elementary functions

(a) f(f)=1. From equation (1),

00 p—st =
ﬁ{]]:/ e—”(l}dr:[ ]
0 —5 1o

| 1
— (e % = [0 1]
S 5

= l (provided s = ()
s

(b) £() = k. From equation (2),
LC{k} = kL{1)

1 k
Hence L{k} = ﬁ((—) — —_ from (a) above.
S s

CuuDuongThanCong.com https://fb.com/tailieudientucntt 3/ 2/ 2020


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

67.4 Laplace transforms of elementary functions

(c) f()=e (where a is a real constant # 0).
From equation (1),

0. 8] o8]
£{Ear} :/ E—sr(ear)dr:/ E_[S_a}rdf,
0 0

from the laws of indices,

E—[s—a}r o~ 1
= [ﬂ]u =" a0V

1
 s—a
(provided (s — a) > 0,i.e. s> a)

(d) f(f)=cosat (where a is a real constant),
From equation (1),

oo
L{cosat} :f e *cosatdt
0

E—sr oo

B I:sz—l—az

(asinat — Smsaf}]
0
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67.4 Laplace transforms of elementary functions

e
(d) f(f)=cosat (where a is a real constant).
From equation (1),

oo
L{cosat)} =] e Scosatdt
0
[a8

E—sr
= [—(3 sinat — scosaf}]

by integration by parts twice (see page 485),

E—s(m}
= m(a sin a(oc) — scosa(oo))

al

R (asin(0 — scos 0}]

5‘2 = (provideds > 0)

(e) f(f)=t From equation (1),

o t —st —st oQ
L{t) :f e_”rdr:[ ° —/E dr]
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- ;y integrationnhy pans__‘_ ld’ \
=[-8 (7)](0/.;_. ¢ I’Kﬁ-

since (oo x () =0
1
=2 (provided s> 0)

() Ff(=t" (wWhere n=0,1, 2,3, ...).
By a similar method to (e) it may be shown
2 3H(2) 3
that E{IE}:—B and L£{3} = ©)E)
s

= lhese
s S

results can be extended to n being any positive

integer.

n! _
Thus L{f"}= g provided s > 0)
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67.4 Laplace transforms of elementary functions

(g) f(f=sinhat. From Chapter 16,

sinhat= E(e"“ —e~2"), Hence,

1 1
L{sinhat} = L { Eear _ Ee—ar]

1 1
— Eﬁ{eﬂf} _ Eﬁ{e—ﬂf}
from equations (2) and (3)

-3[+5) -2

from (c) above
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67.5 Worked problems on standard Laplace

transforms
J ]_.apacetransforms
LY f(}= [P e~ f(Hdt
M 1 .
(i) & g
w -
(iv) sinat sziaz
(v) cosat sziaz
(vi) ¢ slz
(vii) f—;
(i) # (1=1,2,3,..)) ;l,
(x) coshat —
(x) sinhat S

CuuDuongThanCong.com

Problem 1. Using a standard list of Laplace
transforms, determine the following:

(a) L .r1+2r— %fl] (b) L£{5e%' —3e™1)

(a) L 1+2r—%r“]

= L{1} 4 2L(¢) —%L‘{r“}
from equations (2) and (3)

1 1 17 4
=stiz)3\s

from (i), (vi) and (viii) of Table 67.1

_l+i_l 4.3.2.1
T s sz 3 53

1
s

L2 8
2§

(b) L[5e* —3e!}=5L(e?) —3L{e )
from equations (2) and (3)

1 1
=5 _1
( §— at)ﬂ//fb.comlt(iédﬁtui;nr 1 } )
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67.5 Worked problems on standard Laplace
transforms

Problem 3. Prove that ) =2 41-&3 [(0) —1(0 — a)]
_ a
@) Lisinati=o—— () L{'}=5

e .
=737 (provided s = 0)
(c) L{coshat}=

st — g% (b) From equation (1),
(a) From equation (1), i =fme_5:r2dr
0
o0 2o—5  Ppa—St  Pa—si™
L{sinat) =f e~ *'sin ardt = |: T2 3 ]
0 0
- 00 by integration by parts twice
= | ———=l(—ssinaf — acus.—:f}] 7
7= ﬂ - [0-0-0-(0-0-2)]
5
by integration by parts 2
1 =3 (provided 5= 0)

_ —5(00) :
= e (—ssin a(oo
st + a? | }

— acosa(0o)) — e’ (—ssin0

—acosll)]
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67.5 Worked problems on standard Laplace

transforms
Problem 3. Prove that
i 2
(a) L{sinat}= 71 (b) .E{.!‘zl-z 3
(c) L{coshat}= 22
(a) From equation (1),
o0
L{sinat) =f e~ *'sin ardt
0
g5t o0
=|—(—ssinar — {
LZ_I_EE{ ssinaf — acosa }]ﬂ
by integration by parts
=2 _|1_ = [e ') (—ssin a(00)
— acosa(0o)) — e’ (—ssin0
—acosll)]

CuuDuongThanCong.com

(c) From equation (1),

Llcoshat)=LC Ilz{e‘“ —I—E_‘g‘r}]
from Chapter 16

1 1
= EJ':{EE”} + Eﬁ e '} from
equations (2) and (3)

IRYER +1 1
_E(s—a) E(s—{—a})

from (iii) of Table 67.1

_1_1+1
- 2|s—a s+a

1 _{s+a}+{s—a}}
2| (s—a)(s+a)

5

=2z (provided 5 > a)
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67.5 Worked problems on standard Laplace
transforms

1. (a)2¢t—3 (b) 54+ 4¢—3 6. (a) 2cos®t (b) 3sin?2x
£ £, 7. (a) cosh®t (b) 2sinh? 26

8. 4sin{at+ b), where a and b are constants.
3. (a) 5e¥ (b) 2e ¥
4. (a) 4sin3t (b) 3cos2t

9. 3dcos(wt—a), where @ and o are constants.

10. Show that £(cos® 3t — sin® 3r)=

s
5. (a) Tcosh2x (b) % sinh 3¢ s+ 36
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LAPLACE TRANSFORMS
Properties of Laplace
transforms
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Introduction

Why it is important to understand: Properties of Laplace
transforms

« As stated in the preceding chapter, the Laplace transform
IS awidely used integral transform with many
applications in engineering, where it is used for analysis
of linear time-invariant systems such as electrical
circuits, harmonic oscillators, optical devices, and
mechanical systems. The Laplace transform is also a
valuable tool in solving differential equations, such as in
electronic circuits, and in feedback control systems, such
as in stability and control of aircraft systems.

« This chapter considers further transforms together with
the Laplace transform of derivatives that are needed
when solving differential equations.
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At the end of this chapter, you
—ould De abletor

derive the Laplace transform of e@/£(¢)

use a standard list of Laplace transforms to determine transforms of the form e £(t)
derive the Laplace transforms of derivatives

state and use the initial and final value theorems
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67.1 Introduction

The solution of most electrical circuit problems
can be reduced ultimately to the solution of

differential equations.

he use of Laplacex

transforms provides an alternative method for
solving linear differential equations.
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68.1 The Laplace transform of e? f(¥)

Ll £(f)} = f.;. et £()dt (1)

Thus L{e'f(¢)} = / h e ™Sl (el £(£))dt
0

— / ” e~ 5= £(f)de (2)
0

(where a is a real constant)
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68.2 Laplace transforms of the form

Eafﬂﬂ

n

( §— )n+1
above (provided s > a)

(i) Ll{e? ) then L{e® '}= from equation (2)

n!
Since L{" }_— from (viii) of Tab!
T (i) L{esinwt)
Problem 1. Determine (a) £{2¢%e3) Since L{sinwt) =

(b) £{4e3 cos5¢} s2 4+ w?
67.1, page 728.

from (iv) of Table

®
(a) From (i) of Table 68.1, then L{e?sinwf)= from equa-

(s—a)? 4+ w?
4] ) tion (2) (provided s > a)

_22HE)E) o 48
 (s—3)%  (s=3)° Since L{coshmt} =
67.1, page 728.

c{2etey =204ty =2 (
(iii) Lf{e#coshwt}

5 > from (ix) of Table

50—

S$—d

(s— a)% — w?

tion (2) (provided s > a)

then £{e? coshwit}=

from equa-
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68.2 Laplace transforms of the form

Eafﬂﬂ

(b) From (iii) of Table 68.1,

L{4e¥ cos5¢) = 4L{e® cos 5 (ii)

s—3
=4((5—3)2+52)

4(s—3)

s —6s+9+ 25
4(s—3)

s2 —6s+34

(iii)

CuuDuongThanCong.com

!

(5— a)n+1
above (provided s > a)

then C{e® "}= from equation (2)

L{e™sinwt)

Since L{sinwt} = from (iv) of Table

s2 4+ w?
67.1, page 728.
then L{e#sinwt}= from equa-
{ } G2t q
tion (2) (provided s > a)
L{e@ coshwt)
Since L{coshwt} = — > from (ix) of Table
s — @
67.1, page 728.
s—a
then £{e? coshwit}= 5 from equa-
(s—a)° —w?

tion (2) (provided s > a)

3/2/2020
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68.2 Laplace transforms of the form
Eafﬂf)

Function e? f(1) Laplace transform
(a is a real constant) L{e® (1)}

(i) e sinwmt

(s—a)® +w?
- ! 5—d
(iii) e cosmt {s—a}z-|— —
(iv) e sinheot o a}z
s—a

(v) e coshewt G- o
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68.2 Laplace transforms of the form

e""f(t)

Problem 2. Determine (a) £{e~2!sin 3¢}
(b) £{3e? cosh 46}

(a) From (ii) of Table 68.1,

3 3
L —2t 3t = —
te” " sin34) (5—(2))2+32 " (5+2)2+9
3 3

T 9244s+4+9 2+4s+13

(b)  From (v) of Table 68.1,

£{3eﬂ cosh46}= ?u"_i{eﬁr cosh46}= (s 3_(;_2 1_)42
3(s—1)  3(s—1)

T 2_2s+1-16 st—2s—15
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68.2 Laplace transforms of the form

at
e (1)
Problem 3. Determine the Laplace transforms of _ 8(s=13) 10(2)
(a) 5e—*sinh 2¢ (b) 2e* (4 cos 2t — 5sin2¢) C (s—3)2 422 - (s —3)% + 22
(a) From (iv) of Table 68.1, from (iii) and (i) of Table 68.1
_ 8(s—3)—10(2)  8s—44
L£{5e ¥ sinh 2t} = 5L{e~* sinh 2t} T -3 +22  £—6s+13
o\ (s —3)) -2
110
T (s+3)2-22 sZ46s+9-—-4
10
246545

(b) L£{2e*(4cos2t— Hsin2t))

= 8Le cos 2t} — 10L{e* sin 2¢)
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68.2 Laplace transforms of the form

Earﬂﬂ

1. (a) 2te®" (b) %e’
2. (a)4%e ¥ (b) %r‘*e—m

3. (a)e'cost (b) 3e?'sin2t

4. (a) 5e~2cos3t (b) 4e'sint

5. (a) 2efsin®t (b) %es" cos® ¢

6. (a)efsinht (b) 3e*’ cosh4t

7. (a) 2e'sinh3¢ (b) %E_E; cosh 2t

8. (a) 2e'(cos3t—3sindr)
(b) 3e—*(sinh 2t — 2 cosh 2¢)
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68.3 The Laplace transforms of

derivatives
e

(a) First derivative o
Hence/ e St f1(£)dt
0

Let the first derivative of f(f) be f'(¢f) then, from
equation (1), =[e*" f(0)] —/ f(t)—se ") dt
0

CLF (1) = f e F(f)de — 10— FO1+5 [ e F
] 0

— — £(0) + sL{ £(5)}

From Chapter 45, when integrating by parts
assuming e ! f(f) — Oast — oo,and f(0)isthe value
fu%dfzuu—/u%df of £(t) at t=0. Hence,
L{F(0)y=sLL ()} —1£(0)
When evaluating [;~e " £'(¢)dt, or L [::i ]= sC{y}—y(0) I 3)

where y(0) is the value of y at x=0

do
let u=e*"and — = /(¢
etu=e " and - ()
from which,
d
d—{: — _seSandp = f £ (Hdt = £(1)

3/2/2020
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68.3 The Laplace transforms of

derivatives

e —
(b) Second derivative

Let the second derivative of f(f) be f"(¢), then from
equation (1),

L{ (1)) = L We—ﬂ‘ f’(f)yde

Inlegrating by parts gives:
[ o] oo o
[ e f(ndt=[e" F'(n)], +sf el f(t)dt
0 0

=[0— (O] +sLL £ (D)

assuming e—*' f'(f) — 0 as t — oo, and £'(0) is the
value of f'(t) at t=0. Hence
[ ()} =—F(0)+s[s( f(£))— £(0)], from equa-

tion (3),
L{(0)
=s2L{ ()} —sf(0) — £ (0)
ie. d?y » (4)
or L lm
=s2L{y} —sy(0) — ¥ (0)

d
where y/(0) is the value of Ey at x=0
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68.3 The Laplace transforms of

derivatives

(b) Second derivative

Let the second derivative of f(f) be f"(¢), then from
equation (1),

L{ (1)) = f e (1) dt
0
Integrating by parts gives:
f e f/(dt =[e > £(1)], + f e ' F(t)dt
0 0

=[0— F(0)] +sL{ £ (1)}

assuming e—*' f'(f) — 0 as t — oo, and £'(0) is the
value of f'(t) at t=0. Hence

[ "(O)} = — F(0)+s[s( f(t))— f(0)], from equa-
tion (3),

L{1(0)
=s2L{ ()} —sF(0) = F(0)
ie. d?y * (4)
or L |ml
=s*L{y} —sy(0) -y (0)

d
where y/(0) is the value of Ey at x=0

CuuDuongThanCong.com

Problem 5. Use the Laplace transform of the first
derivative to derive:

k 2
() L{k} = B (b) L{2t) = Z

From equation (3), £{ f'(t)} =sL{ ()} — f(0)
(a) Let f(t)=Fk then f'(f)=0and f(0)=4k
Substituting into equation (3) gives:

L{0}=sLlk) —k
ie. k = sL{k}

Hence Llk}= g
(b) Let f(t)=2tthen f(t)=2and f(0)=0

Substituting into equation (3) gives:
L{2) =sL{26 —0
ie. E =sL{2t}
s

Hence L{2f}= Ez
s
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68.3 The Laplace transforms of
derivatives

(c) L{e~#} = HLE

(c) Let f(f)=e ¥ then f'(t)=—ae ¥ and f(0)=1
Substituting into equation (3) gives:

Ll—ae ) =sLle™) -1
—alle ™}y =sL{e ) —1
1 =sC{e ¥} 4+ alle @)
1= (s+a)Lle )

1
s+ a

Hence L{e™ ™) =
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68.3 The Laplace transforms of
derivatives

(c) L{e~#} = HLE

(c) Let f(f)=e ¥ then f'(t)=—ae ¥ and f(0)=1
Substituting into equation (3) gives:

Ll—ae ) =sLle™) -1
—alle ™}y =sL{e ) —1
1 =sC{e ¥} 4+ alle @)
1= (s+a)Lle )

1
s+ a

Hence L{e™ ™) =
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68.3 The Laplace transforms of

derivatives
e

Problem 6. Use the Laplace transform of the f,{_ag cosat) = s° [cosat} — s(1) — 0
second derivative to derive , ,
s ie. —a“L{cosat}=s5“L{cosat} —s
Licosat} = ——
st +a Hence s=(s* +a?)L{cosat}
s
i from which, CL{cosat}=
From equation (4), { } g

L{ f"(6)) = s° L £(H)) —sF(0)— F(0)

Let f(t)=cosat, then f'(t) = —asinat and
f"(t) = —a’cosat, f(0)=1and £ (0)=0

Substituting into equation (4) gives:
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68.3 The Laplace transforms of

derivatives

1. Derive the Laplace transform of the first 3, Derive the Laplace transform of the second
derivative from the definition of a Laplace derivative from the definition of a Laplace

transform. Hence derive the transform transform. Hence derive the transform
Llsinat) = ——
Lil}= 1 { } 52 4 a2
5

4. Use the Laplace transform of the second

2. Use the Laplace transform of the first deriva- LRI 0 L [ s

tive to derive the transforms: (a) L{sinhat} =

1 b
(a) L{e?'} = —— (b) L{3) = = (b) L{coshat} =

5—ada

2 _ a2

2
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68.4 The initial and final value theorems

(a) The initial value theorem states:

limit [ ()] = limit [sC{ £(0)}]

(—0 5
For example, if 1(f)= 3e* then
3
L{3ety =
{oe™} -

By the initial value theorem,

3
limit|3e*] = limit [5( )]
t—0 §—00 s—4

3
ie. 3&']:00(—)
oo —4

i.e. 3=3, which illustrates the theorem.
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68.4 The initial and final value theorems

(b) The final value theorem states:

limit [£(f)] = limit [sC{f()}]

[— 0 5=

For example, if £(f)=23e~*! then:

3
limit[3e~#] = limit [5 ( ):|
f—= 00 s—0 S+ 4

i.e. Je™> =(0) ([l—l—iﬁl)

i.e. 0=0, which illustrates the theorem.
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LAPLACE TRANSFORMS
Inverse Laplace transforms
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Introduction

Why it is important to understand: Inverse Laplace
transforms

« Laplace transforms and their inverses are a mathematical
technique which allows us to solve differential equations,
by primarily using algebraic methods. This simplification
In the solving of equations, coupled with the ability to
directly implement electrical components in their
transformed form, makes the use of Laplace transforms
widespread in both electrical engineering and control
systems engineering.
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Introduction

Why it is important to understand: Inverse Laplace
transforms

 Laplace transforms have many further applications in
mathematics, physics, optics, signal processing, and
probability.

« This chapter specifically explains how the inverse
Laplace transformis determined, which can also involve
the use of partial fractions. In addition, poles and zeros of
transfer functions are briefly explained; these are of
Importance in stability and control systems.

CuuDuongThanCong.com https://fb.com/tailieudientucntt 3/2/2020


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

At the end of this chapter, you
—ould De abletor

« define the inverse Laplace transform

* use a standard list to determine the inverse Laplace
transforms of simple functions

 determine inverse Laplace transforms using partial
fractions

« define a pole and a zero

« determine poles and zeros for transfer functions, showing
them on a pole—zero diagram
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69.1 Definition of the inverse Laplace transform

If the Laplace transform of a function £(z) is F(s),
i.e. L{ f(t)}= F(s), then f(¢) is called the inverse
Laplace transform of F(s) and is written as

f()=L7HF(s)}

1 1
For example, since £{1} = — then 1 [ — ‘ =1
S S
a

Similarly, since L{sinat}= 5 then

s+ 4

a
£1 [ 7 2‘ = sin af, and so on.
¢+ a
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69.2 Inverse Laplace transforms of simple
functions

F(s)=L{ £(£)) Y E@s) = f(6)
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69.2 Inverse Laplace transforms of simple
functions

Problem 1. Find the following inverse Laplace

transforms:
1 5
a) L1 by L71} ——
@ g @3]
| yetl 2 o) 0 |
@ (b) {35—1] ( 1)
4 Ns—=
,ﬁ—l{ﬁlzsinar, ‘ 3/ ]
5 a
1 1
~1 -1 h
Hence L I52+9I=ﬁ {524-32} _ 2 : .:Ee:]ff
3 5_1 3
L., 3 L\ 3/
zisin&‘
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69.2 Inverse Laplace transforms of simple
functions

Problem 2. Find the following inverse Laplace
transforms:

1 6 1 3
G IE}“’” [;}

?
(a) From (vii) of Table 69.1, £~! {— ] — 2
S | 6 1
Hence L — =3L
5

(b) From (viii) of Table 69.1, if s is to have a power

of 4 then n=3
3! b
Thus 1’.3_11—] :ﬁi,e.£—1{7]:r3
S S
3 1 6 1
1 1
HE‘“CE L [?]ZEL 15_‘1]:E
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69.2 Inverse Laplace transforms of simple
functions

Problem 3. Determine

1 ?5] _1{ 4s }
Qe [52+4 R [ET:

7
(a) 13_1{ E_T_d}:?ﬁ_llﬁ]:?cnsh
S s

4s s
b) £~ Isz— 1(—3}:“'“:_1 I52—42‘

= 4 coshdt
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69.2 Inverse Laplace transforms of simple
functions

Problem 4. Find

[ 3 B 2
@£ g 0 o]

(b)
(a) n!
JC_II ' I:e‘“r”
E_I[ - I—smhar (s —a)m!
st—at) 1 1
—1 _ — _at
Thus Thus £ I(s—a}“l I e a
_ 3 _ 1
£ {52 _7] =371 {ml and comparing with £~! [ {5_23}5 I shows that
\/; n=4and a=3
3 .4 7
N 52— ( ﬁ_}*‘f] Hence
3
— " sinh/7¢ 1 2 op—1 1
v = R e

_ 1 ar 4 _l 34
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69.2 Inverse Laplace transforms of simple
functions

Problem 5. Determine

. 3
@ £ 1{52_4”13]

2(s+1)

-1
©) £ { s+ 25410

—1 3 L | 3
@ £ ‘52—45+13]_£ ‘(5_2)2+32]

— e2sin 3¢

4 2s+1) ]_ 1 2(s+1)
(b) £ |52+25+1{} =t (s+1)*+3°

—2e" ‘cos3r
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69.2 Inverse Laplace transforms of simple

functions

Problem 6. Determine

00 [

s2425—3
4s—3
s2 455

(b) £71 {

_1 5 .| 5
@ £ |52+25—3] =L [{5+1}2—22}

5
- E(Z}
- (s+1)2—22

5
= Ee_’sinh 2t

CuuDuongThanCong.com

3 4s — 453
e b R =

[ 4s—=2)+5
[

a1 4s=12)
=L G=2r= ]

—1
==

>3)
4ezfcush3r+£1l B 3 ’

-2 -3

— 4e?'cosh 3¢ + gezrsinlﬁr
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69.2 Inverse Laplace transforms of simple

functions
7 2
(a) . (b) -
3 25
@ 2s+1 (b) st +4

1

@ 2125 ® 73

hs
2524+ 18

5

(a) E

(a)

6
(b) =z
8
(b) A

3s 7
@ o )
Zs2_8 S
25

ongThanCong.com

10.

11.

15 4
3221 O Gy

(a)

1 3

(@) (s+2)4 (b) (s —3)°

s4+1

@ 72710 ® 736513

2(s—3)

@ 2633 ® 7 8712
25+5 3542

@ 2255 ® 285325
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69.3 Inverse Laplace transforms using partial

fractions
e —

Problem 7. Determine £~ [%I

45—3 _ 45— 5 _ A N B
s2—5—2 (s=2)(s+1) (s=2) (s+1

_ A(s+1)+ B(s—-2)
T =2+
Hence 4s—5= A(s+ 1)+ B(s—2)
When s=2, 3=3A4, from which, A=1
When s=—1, —9=-35, from which, =3

Hence £ %]
1 3
prm— _11
=L 5=z s+
[ 1 [ 3
:ﬁ_l | E—l
_5_2]+ _s+]]
— el 430!
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69.3 Inverse Laplace transforms using partial
fractions

3P s 412542 When s=3, 128=64A4, from which, 4=2
(s—3)(s+1)° When s=—1,—12=—4D, from which, D=3

Problem 8. Find £! {

Equating s° terms gives: 3= A+ B from which, B=1

355+ 5"+ 12542
(s—3(s+ ]}3 Equating constant terms gives:
A B C D 2=A-3B-3C-3D
=5 3 sr1 T GrDZ TGP Le. 2=2-3-3C—9
As+ 13+ B(s—3)(s+ 1)? from which, 3C=—12 and C=—14
( +C(s—3)(s+ 1)+ D(s—3) ) Hence

(5—3)(s+1)3

. 353+59+125+2]

Hence DI
35° + 55 +1254+2=A(s+ 1) + B(s — 3)(s + 1)* Eﬁ—l[ > N 1 . ]
+C(s—3)(s+ 1)+ D(s—3) s=3 s+l (s+D? 7 (s+1)
=2e e~ —de~ 1+ ge_‘r?
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69.3 Inverse Laplace transforms using partial

fractions

Problem 9. Determine
_II 55 +8s—1
(s+3)(s2+1)

5s? +8s—1 A +Bs+C
(s+3)(s2+1) s+3  (s2+1)

AT+ +(Bs+O)(s+3)
- (s+3)(s2+1)

Hence 55% +8s —1=A(s* 4+ 1)+ (Bs+C)(s+3)
When s=-3,20=104, from which, A=2

Equating s? terms gives: 5= A+ B, from which, B=3,

since A=2

Equating s terms gives: 8=3F5+ C, from which,

C=-—1,since B=3

hs?+8s—1 ]
(s4+3)(s2+1)

Hence £! I

CuuDuongThanCong.com
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69.3 Inverse Laplace transforms using partial

fractions

Ts+13
Problem 10. Find £!
rooiem n [5(52—|—¢1-5—|-]_3)
s+13 A Bs+C
s(sZ2+4s5+13) s sZ+4s+13
AP +454+13) + (Bs+ O)(s)

s(s¢ +4s+13)

Hence 7s+ 13 = A(s> +4s+13)+ (Bs + C)(s).
When s=0,13=13A, from which, A=1

Equating s* terms gives: 0= A+ B, from which,
B=-1

Equating s terms gives: T=4A4 + C, from which, C=3

75413
1
Hence £ [ s(s24+4s54+13)

Eg—l[lJr —5+3 ]

s st44s5s413

CuuDuongThanCong.com

(s+2)?+32

+2
_ 1 °
|{s+2)3+33]

|
ool
|

1 5
+L I(5+2_}2—|—32

=1—e"%cos3t+ ge_zrsin 3t
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69.3 Inverse Laplace transforms using partial
fractions

11—-3s
st425s—3

252 —9s—35
(s+1)s—2)(s5+3)
hs?t —25—19
(s+3)(s—1)%

352 +16s5+15

(s+3)3
752 + 55413
(s2+2)(s+1)

3+6s5+4s%2 253
s%(s2+3)
26 — s?

s(s? +4s5+13)
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LAPLACE TRANSFORMS
The Laplace transform of the
Heaviside function
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Introduction

Why it is important to understand: The Laplace transform of
the Heaviside function

« The Heaviside unit step function is used in the
mathematics of control theory and signal processing to
represent a signal that switches on at a specified time
and stays switched on indefinitely. It is also used Iin
structural mechanics to describe different types of
structural loads.

 The Heaviside function has applications in engineering
where periodic functions are represented. In many
physical situations things change suddenly; brakes are
applied, a switch is thrown, collisions occur. The
Heaviside unit function is very useful for representing
sudden change.
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At the end of this chapter, you
—ould De abletor

* define the Heaviside unit step function

 use a standard list to determine the Laplace transform
of H(t —c)

 use a standard list to determine the Laplace transform
of H(t —c) = f (t —c)

* determine the inverse transforms of Heaviside
functions
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70.1 Heaviside unit step function

The switching process can be described mathemati-
cally by the function called the Unit Step Function -
otherwise known as the Heaviside unit step function.

f(=H(t—0o or u(t—o)

fit)

1
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70.1 Heaviside unit step function

f(=H(t—0o or u(t—o)

) I ()
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70.1 Heaviside unit step function

f(t ) f(t Yl
1 12
flt)=t*
A 8

(b)F

CuuDuongThanCong.com
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70.1 Heaviside unit step function

V(t)= H(t— a)— H(t— b)

()&

CuuDuongThanCong.com
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70.1 Heaviside unit step function

HHf(t
Problem 4. Sketch the graph of £t )-1#
e
Fig. 70.10(a) shows a graph of £(f) =sint; the graph o b /
shown in Fig. 70.10(b) is () = H(t — 7 /3) - sin t where i ai s A H
the graph of sin ¢ does not ‘switch on’ until t = /3 2 o 5
1 Bases
(a)
() B
1 -
(1) = H(t - % ).sin t
0 o 3m
302 2 Aaafd
||:1|
Kb)
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70.1 Heaviside unit step function

(E.] f(t] — H(t_ ]._}.E'_r : ggggf{t}iﬂ
(b) £(t)=[H(t—1)— H(t—3)].e”! i
0.5
] Hin=H-1) e
: i
075 0 l:l; i) E.-
- (B)
053 f(t)=e" zzzzﬁt}iﬂ
1k
025 :
0 1 2 3 4 i; e
S T e e e S = _
EA() =[H(t—1)—Hit-3)L.e™ 3
Edl.u- e
e
0 : »
anCong.cor {C}
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70.1 Heaviside unit step function

=

A 6 V source is switched on at time ¢t = 4 s.
Write the function in terms of the Heaviside
step function and sketch the waveform.

2 forO<t <>
0 for¢=25
in terms of the Heaviside step function and

sketch the waveform.

Write the function V(¢) =

In problems 3 to 12, sketch graphs of the given

functions.

()= H(t—2)
£(t) = H(t)
f(t)=4H(t—1)

CuuDuongThanCong.com

o

10.

11.

12.

() =TH(t—5)

F(f) = H(r— %) cost

F(f) = SH(r _ %) . cos (r _ %)

f(=H(t—1)-£
fty=H(t—2)-e 1t
F(t) = [H(t—2)— H(t—5)] -e ¥

F(f) = EH(E—%) . sin (r+ %)
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70.2 Laplace transform of H(t—c)

From the definition of a Laplace transform,

jo.u)
E{H[f—c}}:f e~ H(t — c)dt
0
Hnwever,e_”H{f_c}:[ 0 for0 <t <c

e fort>rc

oo
Hence, Z{ H(t — )} =/ e N H(t—c)dt
0
=fme_“dt= [e—“r‘ _ [E—snm} ) e—”]
c -5 |, —5 —5
_ |:[}_ E_SE} _ E—SE‘
—5 5

When c¢=0 (i.e. a unit step at the origin),

—s(0)
ciHy="—=1
s 5 .
Summarising, C{H(f)} = < and C{H(t—c)} =
From the definition of H(f): £{1} ={1-H(1)}
£{t) = (¢ H(0)
and LC{f{th = {f(6)- H(1)}]

CuuDuongThanCong.com
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70.3 Laplace transform of H(t—c) - f(t—c)

[t may be shown that:

L{H(t—c)-f(t— o))=e " “L{f(t)}=e"“F(s)

where F(s) = L{ f(1)}

CuuDuongThanCong.com

Problem 7. Determine £{4 H(t — 3)}

From above, C{H(ft —c)- f(t — ¢)} = e™° F(5) where
in this case, F(s) = L{4}and c=5

4

Hence, CL{4H(t—5)}=e%s (—) from (i) of
5

Table 67.1, page 728

4E—55
LY

Problem 8. Determine C{H(t—3)-(f — 3}2}

From above, C{H(f —¢)- f(f — ¢)} = e~ “° F(5) where
in this case, F(s) = L£{t?} and c =3

Note that F(s) is the transform of ¢ and not of (¢ — 3)?
Hence, L{H(t—3)- f(t—3)%}=e=3 (2—;) from
(vii) of Table 67.1, page 728 ’

2 a—3s

53
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70.3 Laplace transform of H(t—c) - f(t—c)

[t may be shown that:

L{H(t—c)-f(t— o))=e " “L{f(t)}=e"“F(s)

where F(s) = L{ f(1)}

CuuDuongThanCong.com

Problem 9. Determine L{H(f— 2).sin(f — 2)}

From above, L{H(t — c)- f(t — c)} = e~“* F(s) where
in this case, F(s) = L{sinf} and c =2

1
Hence, L{H(t—2)-sin(f—2)} :E_zs(s.z—l——lz)
from (iv) of Table 67.1, page 728

Problem 10. Determine
L{H(t—1)-sind(f— 1)}

From above, L{H(t —¢)- f(t — ¢)} = e~ “° F(5) where
in this case, F(s) = L{sin4f} and c =1

4
Hence, ﬁ{H(f—l}-sinil(f—l}}:e_s(sz+42)
from (iv) of Table 67.1, page 728

_ de 3
2+ 16
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70.3 Laplace transform of H(t—c) - f(t—c)

[t may be shown that:
Problem 11. Determine L{H(t — 3) - et=3)

L{H(t—c)-f(t— o))=e " “L{f(t)}=e"“F(s)

_p From above, L{H(t — ¢)- f(f — c)} = e~ “° F(s) where
where F(s) = L{ (D)} in this case, F(s) = L{e'} and c =3

1

s—1

Hence, L{H(f—3) - Er—a} —p3s (
Table 67.1, page 728

) from (iii) of

Problem 12. Determine
K{H(E— %) -c0s 3 (f— %)}

From above, L{H(t — ¢)- f(t — ¢)} = e~ “° F(s) where
in this case, F(s) = L{cos3t} and c = %

Hence. ﬁ{(f— %) cos3 (1 - %)} _

e—%s (SEJFL@?) from (v) of Table 67.1, page 728
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70.3 Laplace transform of H(t—c) - f(t—c)

© =N >

Determine L{H(t — 1)}

Determine C{7 H(t — 3)}

Determine £{H (¢ —2) - (t — 2)%)
Determine L{ H (¢ — 3) - sin(t — 3)}
Determine L{H(t — 4) - e/ %)
Determine £{H (¢ — 5) - sin3(¢ — 5))
Determine £{H (— 1) - (t — 1)°)
Determine L{ H(t— 6) - cos3(t — 6)}

9. Determine L{5H(t — 5) - sinh2(t — 5)}

10. Determine E{H(r — %) -C0s 2 (r — %)}

11. Determine L{2H(t —3)-e'3)
12. Determine £{3H(t — 2) - cosh(t — 2)}
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70.3 Laplace transform of H(t—c) - f(t—c)

© =N >

Determine L{H(t — 1)}

Determine C{7 H(t — 3)}

Determine £{H (¢ —2) - (t — 2)%)
Determine L{ H (¢ — 3) - sin(t — 3)}
Determine L{H(t — 4) - e/ %)
Determine £{H (¢ — 5) - sin3(¢ — 5))
Determine £{H (— 1) - (t — 1)°)
Determine L{ H(t— 6) - cos3(t — 6)}

9. Determine L{5H(t — 5) - sinh2(t — 5)}

10. Determine E{H(r — %) -C0s 2 (r — %)}

11. Determine L{2H(t —3)-e'3)
12. Determine £{3H(t — 2) - cosh(t — 2)}
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70.4 Inverse Laplace transforms of Heaviside
functions

if F(s) = L{f{t)}, then e “*F(s) = L{H(t— ¢) - {(— ©)}

This is known as the second shift theorem and is
used when finding inverse Laplace transforms, as
demonstrated in the following worked problems.

Problem 13. Determine £~! [ .

Je—2s g—3s
l Problem 14. Determine the inverse of 2

Part of the numerator corresponds to e~“* where ¢ = 2 The numerator corresponds to e~ where ¢ = 3. This

This indicates H(t— 2) indicates H(f— 3)
3
Then <= F(s) = L{3} lz = F(s) = L{t}
s
page 728 page 728
2 E—Zs E—Ss
Hence, £~! =3H(t—2) Then £ I > ] =H({t—3)-(t—3)
s

CuuDuongThanCong.com
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70.4 Inverse Laplace transforms of Heaviside
functions

8 —4g
Problem 15. Determine £~! [ 52E+4]

Part of the numerator corresponds to e™“* where ¢ = 4.
This indicates H(f — 4)

8
52414

2
may be written as: 4 (52 n 22)

Then 4 ( ) = F(s) = L{4dsin2t}

s2 + 22

se—ﬂls

s°+4

Hence, ,c—ljl ]:H(r— 4)-4sin 2(¢—4)

=4H(t—4)-sin 2(t—4)

CuuDuongThanCong.com
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70.4 Inverse Laplace transforms of Heaviside
functions

dse”

2s
Problem 16. Determine £~! 259 ]

C

Part of the numerator corresponds to e™“* where c = 2.

This indicates H(t— 2)
DS
s249
Then 5 (52 i 32) = F(s) = L£{5cos31)
Table 67.1, page 728
5 SE—ES

s2 4 32

may be written as: 5 (ﬁ)

Hence, £~1 [ ] = H(t—2)-5cos 3(t—2)

=5H(t— 2) - cos 3(t— 2)

CuuDuongThanCong.com https://fb.com/tailieudientucntt 3/ 2/ 2020
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70.4 Inverse Laplace transforms of Heaviside

functions

7 —3s
Problem 17. Determine £~! | EE 7 ]
5 —_

Part of the numerator corresponds to e=“* where ¢ = 3.

This indicates H(f— 3)

7 1
77 may be written as: 7 (52 — 12)

Then 7 (%) = F(s) = L{7sinht}
sz — 12

?‘E—SS
st —1

Hence, £~! [ ] = H(t— 3) - Tsinh(t— 3)

— TH(t—3) - sinh(t— 3)

CuuDuongThanCong.com
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70.4 Inverse Laplace transforms of Heaviside

functions
—5 [ 6 —25
1. Determine £~ 1| € S} 6. Determine £ EE o
S 55 —1]
—3s " 3a—6s ]
2. Determine £~ | de™ 7. Determine £~ | ESB .
5 F
—25 (2 —4s
3. Determine £~ | = 8. Determine £~ ! - ¢
52 52— 16
He—2s L, L
4. Determine £~ . 9. Determine £~ - tse
52 —|— _I_ ] 52 _I_ 5
3se™ 7
R - *—1 | 4 5
e 2+ 16 0. Determine £~1 . ° l ]
] o
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LAPLACE TRANSFORMS
The Laplace transform of the
Heaviside function
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Introduction

Why it is important to understand: The Laplace transform of
the Heaviside function

The Heaviside unit step function iIs used In the
mathematics of control theory and signal processing to
represent a signal that switches on at a specified time
and stays switched on indefinitely. It is also used iIn
structural mechanics to describe different types of
structural loads.

The Heaviside function has applications in engineering
where periodic functions are represented. In many
physical situations things change suddenly; brakes are
applied, a switch is thrown, collisions occur. The
Heaviside unit function is very useful for representing
sudden change.

CuuDuongThanCong.com https://fb.com/tailieudientucntt 3/2/2020
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At the end of this chapter, you
—ould De abletor

* define the Heaviside unit step function

 use a standard list to determine the Laplace transform
of H(t —c)

 use a standard list to determine the Laplace transform
of H(t —c) = f (t —c)

* determine the inverse transforms of Heaviside
functions
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70.1 Heaviside unit step function

The switching process can be described mathemati-
cally by the function called the Unit Step Function -
otherwise known as the Heaviside unit step function.

f(=H(t—0o or u(t—o)

fit)

1

CuuDuongThanCong.com https://fb.com/tailieudientucntt 3/ 2/ 2020
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70.1 Heaviside unit step function

f(=H(t—0o or u(t—o)

) I ()

CuuDuongThanCong.com https://fb.com/tailieudientucntt 3/ 2/ 2020
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70.1 Heaviside unit step function

f(t ) f(t Yl
1 12
flt)=t*
A 8

(b)F

CuuDuongThanCong.com
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70.1 Heaviside unit step function

V(t)= H(t— a)— H(t— b)

()&

CuuDuongThanCong.com
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70.1 Heaviside unit step function

HHf(t
Problem 4. Sketch the graph of £t )-1#
e
Fig. 70.10(a) shows a graph of £(f) =sint; the graph o b /
shown in Fig. 70.10(b) is () = H(t — 7 /3) - sin t where i ai s A H
the graph of sin ¢ does not ‘switch on’ until t = /3 2 o 5
1 Bases
(a)
() B
1 -
(1) = H(t - % ).sin t
0 o 3m
302 2 Aaafd
||:1|
Kb)

CuuDuongThanCong.com https://fb.com/tailieudientucntt 3/ 2/ 2020
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70.1 Heaviside unit step function

(E.] f(t] — H(t_ ]._}.E'_r : ggggf{t}iﬂ
(b) £(t)=[H(t—1)— H(t—3)].e”! i
0.5
] Hin=H-1) e
: i
075 0 l:l; i) E.-
- (B)
053 f(t)=e" zzzzﬁt}iﬂ
1k
025 :
0 1 2 3 4 i; e
S T e e e S = _
EA() =[H(t—1)—Hit-3)L.e™ 3
Edl.u- e
e
0 : »
anCong.cor {C}
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70.1 Heaviside unit step function

=

A 6 V source is switched on at time ¢t = 4 s.
Write the function in terms of the Heaviside
step function and sketch the waveform.

2 forO<t <>
0 for¢=25
in terms of the Heaviside step function and

sketch the waveform.

Write the function V(¢) =

In problems 3 to 12, sketch graphs of the given

functions.

()= H(t—2)
£(t) = H(t)
f(t)=4H(t—1)

CuuDuongThanCong.com

o

10.

11.

12.

() =TH(t—5)

F(f) = H(r— %) cost

F(f) = SH(r _ %) . cos (r _ %)

f(=H(t—1)-£
fty=H(t—2)-e 1t
F(t) = [H(t—2)— H(t—5)] -e ¥

F(f) = EH(E—%) . sin (r+ %)

3/2/2020
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70.2 Laplace transform of H(t—c)

From the definition of a Laplace transform,

jo.u)
E{H[f—c}}:f e~ H(t — c)dt
0
Hnwever,e_”H{f_c}:[ 0 for0 <t <c

e fort>rc

oo
Hence, Z{ H(t — )} =/ e N H(t—c)dt
0
=fme_“dt= [e—“r‘ _ [E—snm} ) e—”]
c -5 |, —5 —5
_ |:[}_ E_SE} _ E—SE‘
—5 5

When c¢=0 (i.e. a unit step at the origin),

—s(0)
ciHy="—=1
s 5 .
Summarising, C{H(f)} = < and C{H(t—c)} =
From the definition of H(f): £{1} ={1-H(1)}
£{t) = (¢ H(0)
and LC{f{th = {f(6)- H(1)}]

CuuDuongThanCong.com
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70.3 Laplace transform of H(t—c) - f(t—c)

[t may be shown that:

L{H(t—c)-f(t— o))=e " “L{f(t)}=e"“F(s)

where F(s) = L{ f(1)}

CuuDuongThanCong.com

Problem 7. Determine £{4 H(t — 3)}

From above, C{H(ft —c)- f(t — ¢)} = e™° F(5) where
in this case, F(s) = L{4}and c=5

4

Hence, CL{4H(t—5)}=e%s (—) from (i) of
5

Table 67.1, page 728

4E—55
LY

Problem 8. Determine C{H(t—3)-(f — 3}2}

From above, C{H(f —¢)- f(f — ¢)} = e~ “° F(5) where
in this case, F(s) = L£{t?} and c =3

Note that F(s) is the transform of ¢ and not of (¢ — 3)?
Hence, L{H(t—3)- f(t—3)%}=e=3 (2—;) from
(vii) of Table 67.1, page 728 ’

2 a—3s

53
https://fb.com/tailieudientucntt 3/2/2020
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70.3 Laplace transform of H(t—c) - f(t—c)

[t may be shown that:

L{H(t—c)-f(t— o))=e " “L{f(t)}=e"“F(s)

where F(s) = L{ f(1)}

CuuDuongThanCong.com

Problem 9. Determine L{H(f— 2).sin(f — 2)}

From above, L{H(t — c)- f(t — c)} = e~“* F(s) where
in this case, F(s) = L{sinf} and c =2

1
Hence, L{H(t—2)-sin(f—2)} :E_zs(s.z—l——lz)
from (iv) of Table 67.1, page 728

Problem 10. Determine
L{H(t—1)-sind(f— 1)}

From above, L{H(t —¢)- f(t — ¢)} = e~ “° F(5) where
in this case, F(s) = L{sin4f} and c =1

4
Hence, ﬁ{H(f—l}-sinil(f—l}}:e_s(sz+42)
from (iv) of Table 67.1, page 728

_ de 3
2+ 16

https://fb.com/tailieudientucntt
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70.3 Laplace transform of H(t—c) - f(t—c)

[t may be shown that:
Problem 11. Determine L{H(t — 3) - et=3)

L{H(t—c)-f(t— o))=e " “L{f(t)}=e"“F(s)

_p From above, L{H(t — ¢)- f(f — c)} = e~ “° F(s) where
where F(s) = L{ (D)} in this case, F(s) = L{e'} and c =3

1

s—1

Hence, L{H(f—3) - Er—a} —p3s (
Table 67.1, page 728

) from (iii) of

Problem 12. Determine
K{H(E— %) -c0s 3 (f— %)}

From above, L{H(t — ¢)- f(t — ¢)} = e~ “° F(s) where
in this case, F(s) = L{cos3t} and c = %

Hence. ﬁ{(f— %) cos3 (1 - %)} _

e—%s (SEJFL@?) from (v) of Table 67.1, page 728

CuuDuongThanCong.com https://fb.com/tailieudientucntt SZ _|_ g
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70.3 Laplace transform of H(t—c) - f(t—c)

© =N >

Determine L{H(t — 1)}

Determine C{7 H(t — 3)}

Determine £{H (¢ —2) - (t — 2)%)
Determine L{ H (¢ — 3) - sin(t — 3)}
Determine L{H(t — 4) - e/ %)
Determine £{H (¢ — 5) - sin3(¢ — 5))
Determine £{H (— 1) - (t — 1)°)
Determine L{ H(t— 6) - cos3(t — 6)}

9. Determine L{5H(t — 5) - sinh2(t — 5)}

10. Determine E{H(r — %) -C0s 2 (r — %)}

11. Determine L{2H(t —3)-e'3)
12. Determine £{3H(t — 2) - cosh(t — 2)}
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70.3 Laplace transform of H(t—c) - f(t—c)

© =N >

Determine L{H(t — 1)}

Determine C{7 H(t — 3)}

Determine £{H (¢ —2) - (t — 2)%)
Determine L{ H (¢ — 3) - sin(t — 3)}
Determine L{H(t — 4) - e/ %)
Determine £{H (¢ — 5) - sin3(¢ — 5))
Determine £{H (— 1) - (t — 1)°)
Determine L{ H(t— 6) - cos3(t — 6)}

9. Determine L{5H(t — 5) - sinh2(t — 5)}

10. Determine E{H(r — %) -C0s 2 (r — %)}

11. Determine L{2H(t —3)-e'3)
12. Determine £{3H(t — 2) - cosh(t — 2)}
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70.4 Inverse Laplace transforms of Heaviside
functions

if F(s) = L{f{t)}, then e “*F(s) = L{H(t— ¢) - {(— ©)}

This is known as the second shift theorem and is
used when finding inverse Laplace transforms, as
demonstrated in the following worked problems.

Problem 13. Determine £~! [ .

Je—2s g—3s
l Problem 14. Determine the inverse of 2

Part of the numerator corresponds to e~“* where ¢ = 2 The numerator corresponds to e~ where ¢ = 3. This

This indicates H(t— 2) indicates H(f— 3)
3
Then <= F(s) = L{3} lz = F(s) = L{t}
s
page 728 page 728
2 E—Zs E—Ss
Hence, £~! =3H(t—2) Then £ I > ] =H({t—3)-(t—3)
s

CuuDuongThanCong.com
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70.4 Inverse Laplace transforms of Heaviside
functions

8 —4g
Problem 15. Determine £~! [ 52E+4]

Part of the numerator corresponds to e™“* where ¢ = 4.
This indicates H(f — 4)

8
52414

2
may be written as: 4 (52 n 22)

Then 4 ( ) = F(s) = L{4dsin2t}

s2 + 22

se—ﬂls

s°+4

Hence, ,c—ljl ]:H(r— 4)-4sin 2(¢—4)

=4H(t—4)-sin 2(t—4)

CuuDuongThanCong.com
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70.4 Inverse Laplace transforms of Heaviside
functions

dse”

2s
Problem 16. Determine £~! 259 ]

C

Part of the numerator corresponds to e™“* where c = 2.

This indicates H(t— 2)
DS
s249
Then 5 (52 i 32) = F(s) = L£{5cos31)
Table 67.1, page 728
5 SE—ES

s2 4 32

may be written as: 5 (ﬁ)

Hence, £~1 [ ] = H(t—2)-5cos 3(t—2)

=5H(t— 2) - cos 3(t— 2)

CuuDuongThanCong.com https://fb.com/tailieudientucntt 3/ 2/ 2020
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70.4 Inverse Laplace transforms of Heaviside

functions

7 —3s
Problem 17. Determine £~! | EE 7 ]
5 —_

Part of the numerator corresponds to e=“* where ¢ = 3.

This indicates H(f— 3)

7 1
77 may be written as: 7 (52 — 12)

Then 7 (%) = F(s) = L{7sinht}
sz — 12

?‘E—SS
st —1

Hence, £~! [ ] = H(t— 3) - Tsinh(t— 3)

— TH(t—3) - sinh(t— 3)

CuuDuongThanCong.com

https://fb.com/tailieudientucntt

3/2/2020


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

70.4 Inverse Laplace transforms of Heaviside

functions
—5 [ 6 —25
1. Determine £~ 1| € S} 6. Determine £ EE o
S 55 —1]
—3s " 3a—6s ]
2. Determine £~ | de™ 7. Determine £~ | ESB .
5 F
—25 (2 —4s
3. Determine £~ | = 8. Determine £~ ! - ¢
52 52— 16
He—2s L, L
4. Determine £~ . 9. Determine £~ - tse
52 —|— _I_ ] 52 _I_ 5
3se™ 7
R - *—1 | 4 5
e 2+ 16 0. Determine £~1 . ° l ]
] o
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LAPLACE TRANSFORMS
The solution of differential
eqguations using Laplace
transforms
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Introduction

Why it is important to understand: The solution of
differential equations using Laplace transforms

« Laplace transforms and their inverses are a mathematical
technique which allows us to solve differential equations,
by primarily using algebraic methods.

« This simplification in the solving of equations, coupled
with the ability to directly implement electrical
components in their transformed form, makes the use of
Laplace transforms widespread in both electrical
engineering and control systems engineering.

« The procedures explained in previous chapters are used
In this chapter which demonstrates how differential
equations are solved using Laplace transforms.
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At the end of this chapter, you
—ould De abletor

« understand the procedure to solve differential
equations using Laplace transforms

* solve differential equations using Laplace transforms

CuuDuongThanCong.com https://fb.com/tailieudientucntt 3/2/2020
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71.1 Introduction

An alternative method of

solving differential equations

CuuDuongThanCong.com https://fb.com/tailieudientucntt 3/2/2020
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71.2 Procedure to solve differentia equations
by using Laplace transforms

(i) Take the Laplace transform of both sides of the
differential equation by applying the formulae

for the Laplace transforms of derivatives

(ii) Put in the given initial conditions, i.e. y(0)

and y'(0).
(iii) Rearrange the equation to make £{y} the subject.

(iv)] Determine y by using, where necessary, partial
fractions and takino the inverse of each term by
using Laplace transforms  Table

hitps/fb.comitailieudientucntt 3/2/2020
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71.3 Worked problems on solving
differential equations using Laplace transforms

Problem 1. Use Laplace transforms to solve the (iii) Rearranging gives:
differential equation
d?y dy 2 _
52 _ 300 oi _ (25 +3s5s—3)L{y}=8s+38
2 02 + %r 3y =0, given that when x =0,
y=4 and A
dx ie. Liy)— 85+ 38
&y & T 7 1553
(i) 2£| 2 I 5£| dx] 3L{y}=L]0)
W e[
2[s2L{y) — sy(0) — Y (0)] +5[sL{y} 25 +5s—3
—yO1=3tn= 85138 85438
(i) y(0)=4and y'(0)=9 252 +55—3  (2s—1)(s+3)

Thus 2[s°L{y} —4s—9] +5[sL{y} — 4]
—3L{y}=

ie. 252L{y}—8s5—18+5sL{y) —
—3L{y}=

CuuDuongThanCong.com
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71.3 Worked problems on solving
differential equations using Laplace transforms

(iii) Rearranging gives: _ + B
2s—1 s+3
(25° +55—3)L{y}=85+38 _Als+3)+ B@2s—1)

(2s—1)(s+3)

_ 85+ 38 Hence 85+38=A(s+3)+ B(2s—1)
le. LV =57755 3

When s:l, 42:31A, from which, 4=12

2 2
85138 Whens=-3,14=-7B5, from which, 5=-2
(iv) y=L"1
2524—55—3 1 854+ 38
Hence y= £ [253+55—3}
85+ 38 8s + 38 12 5
= —1
22 +55—3 (25— 1)(5+3) =L [25_]—5+3]

-ty )2 )

1
Hence y= 6e2* —2e ™%, from (iii) of

https://fb.com/tailieudientucntt 3/2/2020
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71.3 Worked problems on solving

differential equations using Laplace transforms

Problem 2. Use Laplace transforms to solve the
differential equation:

d? d
_}’2 + B—y +13y=0, given that when x=0, y=3
dy
d—=T7
a dx

This is the same as Problem 3 of Chapter 53, page 555.

Using the above procedure:

. d*x
& | d)?

Hence  [s°L{y} —sy(0) — ¥ (0)]
+6[sLy{y} — v(0)] +13L{y} =

6;:{ ]+13£{y}:£{0}

from equations (3) and (4) of Chapter 68.

(ii) y(0)=3and y'(0)=7
Thus szﬁ{y}—3s—?+ 6sL]{ v}
—18+13L{y} =0

CuuDuongThanCong.com

(iii)

Rearranging gives:

(s°+6s+13)L{y} =35+25

35+ 25
st +65+13

ie. Liy}=

Is4+25
s246s5+13

—1

I
l"':

35+ 25
(s+3)2 422

(s+3)? + 22

3(s+3)
(s+3)2 + 22 }

—1

|
|

- 113{5+3}+]6}
-]

N 8(2)
J': 1
+ [ (s+3)% 422 }
— 3e ¥ cos2t + 8e sin 2t

Hence y=e_3’(3 cos 2148 sin 21)

https://fb.com/tailieudientucntt
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71.3 Worked problems on solving
differential equations using Laplace transforms

Problem 4.  Use Laplace transforms to solve the

—_— 2 —_—
d{:gfferenti:l equation: = S;{Tﬁg}lzﬂ
H';—?E'F+1l]_}'=eu+2l], given that when 21 65s5—120

d 1 Hence Ly} =75 @ 75 1.10)
x=0, y=0and &__-
e 3 _1[ —s? +655— 120 ]
Using the procedure: - 3LsGs—D(s—2(s-9)
2
£y dy _1[=s* 4655120
(i) E[d—;]—TE[d—iI—l—lﬂﬂ{_}r'I:ﬁ{Eh—l—zﬂ} _3[5[5—5}(5—2}2
2 B . 1. —s? 4 655 —120
Hence [s"L{y} — sy(0) — ' (0)] = 7[sL{y} W) y=3 IS(S_E,HS_ZFI
O] +10L() = — + 2 24655120
5T s s(s—5)s—2)°
. ; 1
(i) ¥(0)=0and y(O)=—3 A, B _C . D
| T s Ts—5 s—2 (s—2f
Hence s°C{y}—0— (—5) —TsL{y}+0 A(s — 5)(s— 2)% + Bis)(s — 2)*
215 _ 40 _ +C(s)is—=0Ms—2)+ Dis)is—5)
+ 10Ly} = G2 N s(s —0)(s—2)?
s(s —
21s—40 1
i) (52 —Ts+10)L{y)= ——
) (=Ts+10)L0 ="

3215 —40) —s(s - 2)
CuuDuona‘ﬁa{ ngTorz}
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71.3 Worked problems on solving
differential equations using Laplace transforms

_ —s? 4655120 Hence
T 3s(s—2) —s% + 655 — 120
| _s2+65s—120 =A(s — 5)(s — 2)° + B(s)(s — 2)*
Hence Ly} =3 22 =75 +10)
+ Cisis—0)s—=2)+ Dis)(s—13)
1[ —s?+655—120 .
=3 5G9 E}{s—ﬁ}] When s=0, —120= — 204, from which, 4=6
When s=5, 180=455, from which, 5=4
1 [—s*+65s—120 _
=3 S5—5)(5—2)2 When s=2,6=—60, from which, D=-1
1 _s? 1 B5s—120 Equating s* terms gives: 0= A4+ B+ C, from
u S . | - e _
(iv) _}‘—315: Is{s—ﬁ}{s—ﬁ}zl which, C=-10
2
% 4655120 Hence 2! I =S +'355—1329I
s(s — 5)(s — 2)2 3 s(s—5)(s—2)
_15—1 E+ 4 10 1
_A, B _C ., L R T30 s Ts—5 s—2 (s-2)?
T s s=5 s5-2 (s=2)¢ {
_ - o 2y 2
( A(s — 5) (5 — 2)* + B(s)(s — 2)° ) —3[B+4E 10e™ —xe™]
_ + C(s)(s=3){s—2)+ DNs)(s—3) 4.0 10, x,
= G _5)(—2)7 Thu5j=2+§e —g e —ge
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71.3 Worked problems on solving
differential equations using Laplace transforms

Problem 5. The current flowing in an electrical ~ E
circuit is given by the differential equation (i) 1(0)=0, hence RL{1}+ LsL{1}= s

(iii) Rearranging gives:

Ri+ L(di/df)=E, where E, L and R are
constants. Use Laplace transforms to solve the
equation for current 7 given that when =0,

i=0

E
(R+Ls)L{7) = —

l.e. i‘.:{.f} = m

, a1 E }
(iv) i=L {—5(R+L5]

E A B

Using the procedure:

(i) L’,{Ri}Jrﬁ[L%I — L(E)

E - =
ie. RL)+ LIsC{i) —i(0)] == sS(R+Ls) s  Rtls

S

P AR+ Ls)+ Bs
(ii) 7(0)=0, hence RL{i}+ LsL{i}=— ~ " S(R+Ls)

S
(iii) Rearranging gives: Hence E=A(KR+ Ls)+ Bs
When s=0,F=AR,
E

“ |

(R+ Ls)L{i} =

CuuDuongThanCong.com
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(i)
(i)

E
1(0)=0, hence RL{i}+ LsL{i}=—
S

Rearranging gives:

(R+ Ls)L{i} = £

S
ie. Llil=—u—
vt s(R+ Ls)
E
=1
I IS{RJrLs)’
E B A+ B
s(R+Ls) s R+Ls
_ A(R+ Ls)+ Bs
~ S(R+Ls)
Hence E=A(R+ Ls)+ Bs
When s=0,E= AR,
E
from which, A:E

CuuDuongThanCong.com

R R
Wi ——— F=RBl-=
1en S 7 ( L)
EL
rom which, »
E
H it B —
ence { SR+ Ls) I
.+ E/R —EL/R
1
I s +R—|—L5}
_ -l E EL
N Rs R(R+ Ls)
_ -l E (1 _E |
- R\s R £—|—5
L
E . 111 1
==y
R s S—i—E
. L]

2|

Hence current i=

(")
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2
1. A first-order differential equation involving 6 dy 2 dx s 2
+ =3e**, given y(0)=—— and
¥ given y(0) 3

current § in Ea series R—L circuit is given by:  dx? n:%r
ds

— +5i=— and i =0 at time t=0 Y (0)y=4-
de 2 3

Use Laplace transforms to solve for i 42 d
when (@) E=20 (b) E=40e 3 and 7. EE —4y=3sinx, given y(0)=0

(c) E=50sin5¢ oo
In Problems 2 to 9, use Laplace transforms to solve &2 q
the given differential equations. 8. E“: + d_y —2y=3cos3x—11sin3x, given
2 _
2 ‘;;: 24dy+16y_ﬂ given y(0)=3 and AEAn IS
0)=3 2
J(:E ' 9. ;rz 2 +2y=3 e’ cos2x, given
3. T +100x=0, given x(0) =2 and y(0)y=2 and ¥(0)=>5
x'(0)y=0
dE

4 a7 + IUDU—+ 250 0005 =0, given
i(0)= Uandf([l}—l':}[]

2
i (c]lz B——I—SX 0, given x(0)=4 and
X' (0= 8
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LAPLACE TRANSFORMS
The solution of simultaneous
differential equations using
Laplace transforms
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Introduction

« As stated in previous chapters, Laplace transforms have
many applications in mathematics, physics, optics,
electrical engineering, control engineering, signal
processing, and probability and Laplace transforms and
their inverses are a mathematical technique which allows
us to solve differential equations, by primarily using
algebraic methods.

« Specifically, this chapter explains the procedure for
solving simultaneous differential equations; this requires
all of the knowledge gained in the preceding chapters.
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At the end of this chapter, you
—ould De abletor

« understand the procedure to solve simultaneous
differential equations using Laplace transforms

* solve simultaneous differential equations using
Laplace transforms
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72.1 Introduction

It is sometimes necessary to solve simultaneous differ-
ential equations. An example occurs when two electrical
circuits are coupled magnetically where the equations
relating the two currents 71 and 72 are typically:

diy d i
L - M - Riip = E
13 17 11 1
diz diy
L - M - Roio =0
= dt dr e

where L represents inductance, R resistance, M mutual
inductance and £ the p.d. applied to one of the circuits.
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72.2 Procedure to solve simultaneous
differential equations using Laplace transforms

(i) Take the Laplace transform of both sides of each
simultaneous equation by applying the formu-

lae for the Laplace transforms of derivatives
using a list of standard Laplace transforms,

(ii) Put in the initial conditions, i.e. x(0), y(0), x'(0),
y(0)

(iii) Solve the simultaneous equations for £{y} and
L{x} by the normal algebraic method.

(iv) Determine y and x by using, where necessary,
partial fractions, and taking the inverse of each
term.
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4
Problem 1. Solve the following pair of [sC{x} —x(0)] — Ly} = ——— (2")
simultaneous differential equations s

(ii) x(0)=0and y(0)=0 hence

d
d}{ x=1 Equation (1’) becomes:
1
dx L L{x}=— 1"
d__“que _0 SL{y)+ Lix} = - (1)

given that at t =0, x=0 and y=0
and equation (2") becomes:

. i 4
Using the above procedure: sLix} — L{y} = -—
dy] B
i) Li—t+Lix}=L11 1 4
(i) it | + L{x} = L{1} (1) or —L1y) + sLix) = - ")
dx | (iii) 1 x equation (1”) and 5 x equation (2”) gives:
d—‘: _L{y} +4L{e"} =0 2) ]
J SL(y} + Lix} =~ (3)
Equation (1) becomes: A
| —sL{y}+ SL{x) = —— @)
IsL4y) = (O] + £} = s 1) Adding equations (3) and (4) gives:
(el =L 2
s s5—1
_(s—=1)—s(4s)
 s(s=1)
—45 +s5—1

s(s—1)
CuuDuongThanCong.com https://fb.com/tailieudientucntt
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4
[sLix} —x(D)] — L{y} = e (2)

(ii) x(0)=0and y(0)=0 hence

Equation (1”) becomes:

1
SCUY) + Lix) =~ (1)

and equation (2") becomes:

1=

sL{x}—Liy}=—— |

L

.

or —L{y}+sL{x} = —— 1 (2")

(iii) 1 x equation (1”) and s x equation (2") gives:

A

1
sC{yt+ Lix} = < (3)

4s
s—1
Adding equations (3) and (4) gives:

(s> + L{x} = l — is
s s—1
_(s=1)—s(4s)
 s(s=1)
At 451

N CuuDi&é hﬁorL.)om

—sL{y) + s Llx} = — (4)

. . 45?51
from which, C£{x}= SG_DEEFD) (3)

Using partial fractions

—4s* 51 _A, B  GCs+D
ss—D(s24+1) s (=1 (s2+1)

A(s — 1)(s* + 1) + Bs(s* + 1)
+(Cs+ Ds(s—1)
s(s —1)(s*+ 1)

Hence

45?4 s—1=A(s—1)s*+ 1)+ Bs(s*+ 1)
+(Cs+ Dsis—1)

When s=0, —1=—4 hence A=1

When s=1, —4=2F hence B==2

Equating s° coefficients:

0=A+ B+ C hence C=1
(since A=1 and B=-2)

Equating s* coefficients:

—4=—-A4+D—-C hence D=-=2
(since A=1and C'=1)
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\ — x> T2 1
from which, C£{x}= SG_DEEED (3)

Using partial fractions

—4sP 451 A+ B +Cs+D
sis—1)s24+1y s (s—1) (s241)
( A(s_l}(52+1;+35(53+1})

+(Cs+ Ds(s—1)

sis —I)(s*+ 1)

Hence

45+ s—1=A(s—1)(s*+ 1)+ Bs(s* + 1)
+ (Cs+ D)s(s—1)

When s=0, —1=—4A4 hence A=1

When s=1, —4=2F hence B=-=-2

Equating s coefficients:
0=A+4+ E+C hence C=1
(since A=1and F=-2)
Equating 5° coefficients:

—4=—-A4+D—-C hence D=-2
(since A=1 and C=1)

CuuDuongThanCong.com

—4sf 451

Thus ﬂxi_s{s—l}{sz—l—l}

_1 2 s—2

TIT DT ERD

(iv] Hence

1 2 s—2
=_.I'_'-_:_I' —_—
¥ ls [5—1}+(52+1}}

1 2

5

=;:-ll_

ie. x=1-—2e'4cost—2sint,

s_{s—l}+{sz+l}_{52

ol
+1)

From the second equation given in the question,

dx
— —y+4e' =0
dr y+4e

from which,

dx
P— 4!
¥ dr+ e

d
= E(l —2¢' +cost —2sinf) 4+ 4e'

= —2¢' —sint —2cost+4e

i.e. y=2e' —sint—2 cost

https://fb.com/tailieudientucntt
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Problem 3. Solve the following pair of
simultaneous differential equations

d
given thatat =0, x=2, y=—1, d—f:ﬂ

Using the procedure:

@ [s2£{x) — sx(0) — X' (0)] — Lix} = L1y}

(1)

[s°L{y} —sy(0) — Y (0)] + Liy) = —Lix} (2)

(i) x(0)=2, y(0)=—1, ¥(0)=0 and y(0)=0

hence s°L{x}—2s5— L{x} = L{y)

s L{y}+s+ L{y} = —L{x)

CuuDuongThanCong.com

(1)
(2)

Rearranging gives:

(s* =) Lix} — L{y})=2s 3)

Lix}+ (s + DLy} =—s (4)

Equation (3) x (s°+1) and equation (4)x 1
gives:

(s + D)(* = DL{x) — (" + DLy}
=(s*+1)2s (5

Lix}+ (s*+ DLy} = —s (6)

Adding equations (5) and (6) gives:
(SF+D)(E—D+1Lx)=(s*+1)25—5
ie. siLix) =25 +s5=15(25 + 1)

s2st+1)  25°+1
st s

212 1

from which, L{x} =

s3 g3 g ' B
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(s? =D L{x} = L{y}=2s 3)

Lix}+ (L + D L{y) = —s (4)

Equation (3) x (s°+1) and equation (4)x 1
gives:

(s° + 1)(s* =D L{x} = (s + DLy
=(s?+1)2s (5

Lix}+ (s> + DLy} =—s (6)

Adding equations (5) and (6) gives:
(L + (=) +1L{x)=(s*+1)25—5
ie. s*L{x) =25 +5=5(25°+ 1)

s@2s°+1) 255 +1
st S

from which, L{x}=

CuuDuongThanCong.com

. 2 1
(iv) Hence x=L"! l——l——3
s 5

1
i.e. =2 =
Le X +E

Returning to equations (3) and (4) to deter-
mine y:

1 x equation (3) and (s?—1) x equation (4) gives:

(s* —1)L{x} - Liy}=2s (7)

(s° = DL} 4+ (s° = 1D(s" + 1LYy
=—s(s*=1) (8
Equation (7) —equation (8) gives:
[—1—(s* = )(s* + DILLy)
=2s+s(s* — 1)
ie. —siClyl=5"+s
S +s 11

T =——— 3

and Ly} = T3

—5
) 4 1T 1
from which, y=0L ————
s 5

1
i.e. y= —I—EEZ
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. 2 1
(iv) Hence x=,"! l—+—|

5 50
ie x—?‘.+l!‘2
2. =2+
Returning to equations (3) and (4) to deter-
mine y.

1 » equation (3) and (s —1)x equation (4) gives:

(s* — 1) L{x) = Ly} =25 (7)

(s* — D)L{x}+ (5" = D(s* + DLy
=—s(s*-1) (8
Equation (7) —equation (8) gives:
[—1— (" = D(s* + DIL(y)
=2s5+s(s° —1)
ie. —s1L{y)=5+=s
S 45 1]

T =————3

s 5

and Llyl=

—5&

1 1
from which, }*=E‘l|————3|
S S

i o V= _] — iuﬁjongThanCongAcom

When s=0,—6=—24, hence A=3
When s=1,0=3C, hence C=0

When s=-2, 30=6F5, hence B=35

8sf —25—6 3 )
Thes L= G a6-D s TG+

3
Hence x=L"! [—+

l =3+SE_E"
s 542

Therefore the solutions of the given simultaneous dif-
ferential equations are

y=1+2e"2 and x=3+45e"Y

hitps/fb.comitailieudientucntt 3/2/2020


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Solve the following pairs of simultaneous differ-

dE
ential equations: T = —+2x=y
dv d
L 24 5 a2y
de  dt 2+2-F_I
dy _,dx dr
de ~ Tdt dx
. given that at t =0, x=4, y=2, — =10
given that when t=0, x=0 and y=0 dr
dy dx
2. 2—— — —bsint =0 d
dt ‘F+I+dr w and =2 =0

dt

dy dx of
Erd——|—.1' 'F+21:|f =10

given that at t=0, x=0and y=0
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