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Chuwong 1: Gidi han cia day sé

CHUONG I: GIOI HAN CUA DAY SO

1.1. SO THUC.
1.1.1. CAc tinh chit co ban cia tap s6 thue.
A. S cén thiét mé rong tap s6 hiru ti Q.

Do nhu cau doi hoi cta cude séng,tép cac s6 tu nhién N={0,1,2,...}, co s& cua phép dém da
duge mé rong sang tap cac sd nguyén Z={0,% 1, +2,...}. Sau d6, do trong Z khong c6 cac phan
tir ma tich v6i 2 hodc 3 bang 1, nén ngudi ta da xay dung tap cac sd hiru ti Q, d6 1a tap gdm céc sb
duoc biéu dién béi ti sb cua hai sb nguyén, tuc la s6 thap phan hiru han hoac v6 han tuan hoan.
Néu chi ding lai trén tap Q thi trong toan hoc gip phai nhiéu diéu han ché, dic biét 1a gap kho
khin trong viéc giai thich cac hién tuong ciia cudce séng. Chang han viée tinh dudng chéo cia hinh

vuong co kich thudec don vi. Buong chéo do la V2 khong thé mo ta boi sb hiru ti. That vay

néu2 S Q trong d6 USCLN(m, n)=1 thi m*=2n* = m=2p va 4p’=2n’=>n=2q. Diéu nay vo
n

li vi ltc nay m, n c6 udc chung 1a 2. Chung té V2 ¢ Q. Nhitng sb xuat hién va dugc ding thudng

xuyén trong gii tich nhu e, 7 cling khong phai 13 s6 hitu ti.

B. S6 vé ti.

Mot s biéu dién dudi dang thap phan vo han khong tuan hoan,hay khong thé biéu dién
dudi dang ti s6 cuia hai s6 nguyén dugc goi la s6 vo ti.

C. S thue.
TAt ca céac sb hitu ti va sb vo ti tao thanh tap hop s6 thuc.
Ki hi¢u tap s6 thuc 1a R.
Vay tap s6 vo ti 1a R\Q.

Ngudi ta ¢6 thé xdy dung tap s6 thuc R nho vao mot hé suy dién hay noi cach khac nhd vao
mot hé tién d¢.Chung ta khong trinh bay & ddy ma coi rang tap hop s thuc R 1a qua quen thudc
va kiém tra lai sy thod man tién dé do. Chung ta coi d6 la céc tinh chat cua tap hgp R.

Tinh chit 1: Tap R 12 mot trudng giao hoan v6i hai phép cong va nhan: (R, +, .).
1.Ya,be R,a+be R,abeR
2.Va,b,ce R,(a+b)+c=a+(b+c),(ab)c =a(bc)
3.Ya,be R,a+b=>b+a,ab =ba
4. R c6 phan tir trung hoa ddi v6i phép cong 13 0 va ddi v6i phép nhan 1a 1

YVaeR,a+0=0+a=a
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al =la =a
5. Phan phbi ddi v6i phép cong
Ya,b,c € R,a(b+c)=ab+ac
(b+c)a=ba+ca
6. Ton tai phan ttr di ctia phép cong
Va e R,A(—a),a+(—-a)=0
Tén tai phan ti nghich dao cta phép nhan
YaeR ,R =R\{0},3a " ,aa"' =1
Tinh chit 2: Tap R duoc xép thr ty toan phan va dong kin d6i v6i cac sd thuc duong.
1. Va,be R,a <bhodc a=>b hoac a>b
2.
VYa,b,ce R,a<b=a+c<b+c

Va,be R,ceR,,a<b= ac<bc

3.Va,beR ,a+beR, ,abeR,
Tinh chat 3: Tap R 1a day theo nghia sau day:

Moi tap con X khong rSng cua R bi chan trén trong R déu c6 mot can trén dtng thudc R va
moi tip con khong rong X cua R bi chin dudi trong R déu c6 mot can dudi dang thudc R.

Cho XcRvaaeR

Goi a la can trén cua X trong R néu x<a,Vxe X .

Goi a la can dudi cua X trong R néux>a,Vxe X.

Goi X bi chdn trén trong R(bi chén dudi) khi va chi khi ton tai it nhat mot can trén (can
dudi) cua X trong R.

Goi s6 nho nhit trong cac can trén cta X trong R 13 can trén dung cua X trong R, ki hiéu
s6 d6 1a M" hay SupX (doc 12 Suprémum cua X).

Goi s0 16n nhét trong cac can dudi ctia X trong R 14 can duéi dung ciia X trong R, ki hiéu
s6 d6 1a m” hay InfX (doc 14 Infimum cta X).

Néu M" e X thi néi rang M" 1a phan tir 16n nhét cia X, ki hiéu M"=SupX=MaxX.
Néum’ eX thi néi rang m” 13 phan tir nhod nhat ciia X, ki hiéu m"=InfX= MinX.
Goi X 1a bi chan trong R khi va chi khi X bi chén trén va bi chan dudi trong R.
Chu y:
1. Tap R\Q khong 6n dinh dbi v6i phép cong va phép nhan, chang han
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++/2 € R\ Q nhung ﬁ+(_ﬁ)ER\Q

V22 ¢R\Q
2.Vxe R\Q,VyeQ,x+yeR\Q
xy e R\Q
1

—€eR\Q
X

Néu M 1a can trén cia tap X thi SupX <M va néu m 1a can dudi cua tap X thi InfM>m.
4. NéuM'=SupX thi Ve >0,3ac X =>M —-s<a
Néum'=InfX thi Ve>0,3aec X =>m +e>a

Vi du 1: Ching minh (\/5+x/§+\/g)eR\Q

Gidi: Gia st ¢=v2 +/3+/6 € 0 = (V2 +/3)> =(¢—/6)* hay ¢> +1=2(q+1)/6,
dé dang chting minh J6 ¢ O (tuong ty nhu ching minh V2 e Q). Theo cht y trén suy ra q+1=0
va q*+1=0. Diéu nay 1a mau thuin. Vay q¢ Q.

Vidu 2: Tim céc can dudi ding va can trén ding trong R néu ching ton tai cia tap

X:{1+(‘1)n ,neN*}z{un,neN*}
n

2n
Giai
VpeN" co
1 1 <
2p 2Tp+£:>0<u2p_u2——
1 1 1 1 < 1 <1
Bt oW 01T T3 2prl T u Ty
1
Ml_—E
! 3
suyra Vne N ¢c6 ~—=u, <u, Su, =—
2 4

InfX=minX=— % , SupX=maxX=%

Vi du 3: Cho A, B 14 hai tip khong rdng ciia R va bi chin trén.
a. Chirng minh Sup ( 4 U B )=Max(Sup(A), Sup(B)).
b. Goi A+B= {x € R,3(a,b)e AxB,x=a+ b}, chung minh
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Sup(A+B) = Sup(A) + Sup(B)
Giai:
a. Ki hiéu a = SupA, f = SupB,y = Max(a, ). Vay tap hop céc can trén cta
AU Bchinh la X={x,x >« va x 2 f}hay X={x,x 2 y} Vay y = Sup(4 U B)
b.

Vae A,a < SupA
=Va+be A+ B,a+b < SupA + SupB
Vb e B,b < SupB

=M™ = Sup(A+ B)

da e A,a > Sup ¢
Ve>0 2

Ibe B,b> SupB—g

= da+be A+ B,a+b > SupA+ SupB —¢
= 3IM " = SupA+ SupB = Sup(A + B)
1.1.2. Tép s6 thuwec mé rong

Ngudi ta thém vao tap s6 thuc R hai phﬁn tu ki hi¢u la —oo va +00. Tap s6 thuc mo rong

ki hiéu la RvaR=RU {— oo,+oo}, cac phép toan + va ., quan hé thir tu dugc dinh nghia nhu sau:

L VreR X+ (+0) = (+00) + x = +00
X+ (—0) = (—0) + x = —©

(400) + (4+00) = 400
(—00) + (—0) = —©
3. VxeR_,R, = {x eR,x> 0}

X(+0) = (+0)x = +00

X(—50) = (—o0)x =~
Vxe R ,R ={xeR,x<0}

X(+0) = (+0)x = —©

X(=0) = (~o0)x = 40
(+00)(+0) = (—00)(—0) = +o0

(+90)(=00) = (=o0)(+00) = —0

5. VxeR
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—00 < X < 400
— o0 < —0
+ 00 < 400
1.1.3. Cac khoang sb thuc
Cho a,b € R va a<b. Trong R c6 chin loai khoang sau day:
[a,b] =xeRasx< b} dugc goi 1a doan hay khoang dong bi chan

[a,b)={x € R;a < x < b}

duoc goi la khoang ntra dong hoac nira mo
(a,b]={xeRia<x<b} . s T

[a,+oo) = {x € R;a < x}

(— oo,a] = {x eR;x< a}

(a,b) = {x € R;a < x < b} duoc goi la cic khoang mé

(a,+oo = {x € Ra < x}

(— oo,a) = {x eR;x< a}

Céc s6 thuc a,b goi la cac mut cua khoang.
1.1.4. Gia tri tuyét ddi ciia s6 thuc
A. Pinh nghia: Gid tri tuyét ddi ciia s thuc x, ki hiéu |x| 1a mét s6 thuc khong 4m x4c dinh

nhu sau

X khi x>0

-x  khi x<0

B. Tinh chat

.VxeR, |x=Max(x,—x)
23 =0 x=0

3.

Vx,y€R, |xy| = |x||y|

n
Hx,-

i=1

£
VneN , Vx|,x3,X3,...,X, €R,

n
= |xi|
i=1

n
VxeR,|x" :|x|
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4. VxeR’, l:i
x|

5.

Vx,y € R, x+y|£|x|+|y|

.
Vne N ,Vx,x,,....x, €R,

n
Z Xi
i=1

n
<2 ||
i=1

Vx,y € R, Max(x,y)= %(x+y+|x—y|)

Min(x,y) = %(x+y—|x—y|)

7. Vx,y € R,

A=l <

1.1.5. Khoang cach thong thuwong trong R
A. Dinh nghia: Khoang céach trong R la anh xa
d:RxR—>R

(x, ) [x =

D6 1a hinh anh truc quan vé khoang cach giita 2 diém x va y trén duong thang truc sb
thuc R.

B. Tinh chat

1 d(x,y)=0x=y

2.Vx,y €R, d(x,y) = a’(y,x)

3. Vx,y,zeR, d(x,z)<d(x,y)+d(y,z)

4. Vx,y,z € R, d(x,y)—d(x,z)' < d(y,z)
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1.2. SO PHUC
Chung ta d3 biét rang trong trudong sé thuc R khong thé phan tich thanh thira sé tam thirc
bac hai ax® +bx+c khi A=5b>—4ac <0.Tuy nhién s& rat tién loi néu c6 thé thira s6 hod tam
thirc nay thanh dang a(x —a)(x— ﬂ) trong d6 «,f ¢ R Nhiam muc dich nay thém vao R mot
phﬁn tor moi, ki hiéu 1a i (goi la don vi a0) két hop voi cac cap sb thuc (x, y) € R* dé tao ra cac
sO phuec.
1.2.1. Pinh nghia va cic dang sé phirc
A. Dinh nghia:
Cho (x, y) e R*, mot s6 biéu dién dudi dang z=x+iy, trong d6 i2 =-1
goi 1a mét sé phire. Tap cac sd phuc ki hiéu 1a C.
Goix la phé‘m thuc caa z, ki hiéu Rez =x
y 1a phan 4o cta z, ki hiéu 1a Imz =y

Goi modun cua z ki hiéu |z| xac dinh bdi so thuc khong am

|z|= x*+y>=r>0
Goi Acgumen cua z , ki hi¢u Argz xac dinh bdi s6 thuc
Argz=0 € R; QeR;cosﬁzﬁ va sin@:é}, voi z#0
z

Nhu vay Acgumen cua z sai khac nhau k27,k € Z va Arg0 khong xac dinh.
Viy s6 phtic z ¢6 cac dang viét:

1. z=xHy goi 1a dang chinh tac hay dang dai s6 cua s6 phiic z .

2. z= r(COS 6@ +isin 67) goi 1a dang luong giac cua sb phic z.

B. Biéu dién hinh hoc ciia cic sé phirc

Ary

M(z)

v
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Xét mat phang Oxy v6i hé toa do truc chuan.
Anh xa @: C — Oxy dit mdi s6 phirc z=x+iy g véi diém M c6 toa do (x,y) trén mat

phang 0xy.Vay ¢ 1a song anh.Goi mit phang Oxy la mat phang phic.
VzeC, go(z) goi la anh cua z trén Oxy

ﬁ
VM e Oxy,(p_1 (M )goi 1a toa vi cua M, do 1a sb phitc z € C. Ngoai ra OM ciing duoc goi
) R i . —> —>
Ia vécto biéu didn s6 phitc z. Nhu vay ‘OM‘ =l va | Ox,OM |=Argz

Trén miat phiang phirc Oxy nhén thay:

Truc 0x biéu dién cac s6 thuc z =x € R, truc nay goi la truc thuc,con tryc Oy biéu dién cac
sd phirc z =1y, ye R goi 1a cac s 40 thudn tuy,ngudi ta goi truc Oy 1a truc o.

1.2.2. Cac phép toan trén tap C
A. Phép so sanh bing nhau

‘v’(x,y,x',y')eR“, x+iy:x'+iy'<:>{x:x,
y=Yy
B. Phép lay lién hop
Cho z=x+iyeC, lién hgp cta z, ki hiéu z cho béi z =x-1y
C. Phép lay s phirc dbi
Cho z=x+iy € C, s6 phirc d6i cua z, ki hiéu —z (doc 14 trir z ) duoc xac dinh:
-7 = -X-1y
D. Phép cong
Cho z = xtiy, z’= x’+iy’,t6ng cua z va z’, ki hiéu z+z’ xac dinh nhu sau:
7+7’=(x+x")Fi(y+y’)
E. Phép nhan
Cho z=x+iy va z’=x’+iy’, tich cua z va z’, ki hi¢u z.z’ xac dinh nhu sau:
22=(xx"yy’) + i(xy +x’y)
F. Phép trir va phép chia
La céac phép tinh ngugc ctia phép cong va phép nhan

z—zZ'=z+(-2")

z
—="oz=2727"
Zl

10
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Tt cac phép toan trén, nhan dugc cac tinh chét dudi day:
1.VzeC,z=1z.
Z.V(z,z')eCz, z+z'=z+7

3.‘v’(z,z‘)eC2, zz'=z7

n no__

.

VneN ,Vz,,z,,...,z, €C, ZZi = E z;,
i=1 i=1

4.VzeC,\NZ'eC ,C" =C\{0}

(5
')z
5.VzeC, z=z<zeR

;=—Z<:>zeiR,iR={iy,yeR}

6. VzeC zz= |z|2

G. Phép luy thira, cong thirc Moavro ( Moivre)
Cho z = r(cosd +isin@), VkeZ

Goi z" 1a luy thira bac k cta z. Bang qui nap, dé chitng minh dugc
2" = r¥(cos k@ + isin k@) (1.1)
Goi (1.1) 1a cong thure Moivre.
H. Phép khai ciin bacnciia ze C".

Cho neN',z=r(cos@+isinf). Goi ¢ eC" la ciin bic n ciia z, ki hi¢u 4/z x4c dinh
nhu sau: ¢" =z

n

Néu goi p:‘g‘ va ® = Argg thi hayla p=r" VéCI):M voi
n® =60+2krx n
k=0,12,..,n-1
Viy s6 z ¢6 dung n cin bac n, d6 1a cac s6 phirc co dang:
1
g=r”(cosm+isinmj k=0,12,..,n-1 (1.2)
n n

11
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Chuy:
e Trong chuong 4, sau khi da cé cac khai trién cua cac ham so so cap, s€ nhan duoc dang luy
thtra cia so phuec z:

z=re"
Khi d6 cong thirc (1.1) s& 1a : z* = #Fe™?, keZ
1 ,0+2%x
(1.2) s& lé:%:r”e mo neN,k=012,.,n—1

e Canbacncual.
Viz=1 cé |z| =1=r, Argz=0.Vay cin bac n cta 1 13 n s6 phirc dang;

2ikm

w,=e" , k=0,12,.,n—1

Vi ™ = 1nén céc s6 phitc @, c6 nhitng tinh chét sau:

a. Vke{0,1,2,..,n—1}, 0, =0, .

b. Vk € {0,1,2,...n—1}, w, = 0.
n—1 n—1 i 1— a)ln

c. Vne N\{0,1}, Do, =D 0 = =0,
k=0 k=0 -

d. Cac s6 phirc W, biéu dién trén mat phang phirc boi cac dinh cia mot da gidc déu n canh
noi tiép trong duong tron luong gidc va mot trong cac dinh 1a diém co toa vi bang 1. Pa giac nay
nhén 0x lam truc ddi xung, chéng han véi n=2, n=3, n=4, biéu dién hinh hoc cac sb , cho trén
hinh 1.2

v

1N SN
NI ® N7

n=2 n=3 n=4
h.1.2.

12
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Vi du 1: Hay tim tit ca cac anh xa f:  C — C sao cho:
VzeC,f(z2)+zf(-z)=1+z
Giai:
Néuton tai fthi  f(-z) — zf(z)=1-z dung
suyra (1+2°)f(2) = 1+2°
chingto  f(z)=1 néu z # +i .

bat f()=a+ifeC,a,feR thi f(-)=1-i+ia—-pf

f:C->C
i 1 khi z # +i
Kiém tra .
za khiz=i a,feR

1-B+i(a—1) khiz=—i
S& thay thoa man diéu kién dit ra.
Vidu2.Tinh  a  (1=)(1-+/3)3 +1i)
V3-i

1+1

c. A —1+\/§i

b.

Giai:
a. bat z=2zz,z, trongdo z, =1-1i, z, =1—\/§i, Z3=\/§+i

Ta di tim mddun va acgumen cua cac sO phuc nay

tgf, =-1
r=lz|=V1+1=+2, 6, =argz, trong o & =6,=-"
cosd, >0 4

Tuong ty nhan duge 7, =2,0, =——,r, = 2,0, :%
~ -2 St . St
Vay z=42e 2 =442 COS(—E) +zs1n(—E)

z : .
b.Pit z=-L trong d6 z, =3 —i,z, =1 +i

Z;

13
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h

T
=|Zl|=2,91 = Argz, :—g
" :|Zz|:\/§9‘92 = Argz, :%
T iy
Vay Z=\/Eel( 6 4 =\2¢ 1

e.bat & =4z,k=01,23

r=‘z‘=2

Trong d6 z :—1+\/§i:> 2t
Q= Argz=?

Vay z = 2(cosz—ﬂ+isin2—7r)
3 3
& = 4\/§(COS£+iSin£) =4 l(\/§+i)
6 6 8
& —42(cos ZE 1 isin 2Ty = s - (—1+i3)
3 3 8
¢, :%(cos%ﬂ'sin%[):— 4 é(\/g+i)

&, =i/§(coss?ﬁ+isin5?ﬂ) =4 %(1—1\/3)

(- l-)loo

Vi du 3. Tim modun va acgumen cua s phitc ~ z = W
+1i

Gidi: Dit z, =1—i,z, =~/3 +i

00 Aoc T, .. Y ST
.Z, . Tacomodun va acgumen cua cac so phtrc trén la:

T d6 co: z =z,

|Zl| = \/5,6?1 ='4rgz = —%

|zz| =2,0, = Argz, :%

Vay |z, |=2", drgz,'" = 257 = —n,[27]
szzoo _ 2_200,Arg227200 __ 2027T _ %ﬂ,pﬂ']

14
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A+ 50 ~-200 -150
Cudi cung |Z| =227 =2

Arg|z| = —%

\ 1>t
Vi du 4: Ching minh rang Vz € C thi

\1 +22‘ >
Giai:

14z <t
2

‘1+zz‘<1

Gid st 3z = x +iy € C sao cho

X+ +2(x*-y*) <0 x’ <y

- 3 :>2x2+2x+3<0

3
x2+y2+2x+z<0 x2+y2+2x+z<0

IR I
2 2

Chirng t6 mau thuan.
Vidu 5: Cho a,b,ce C va ‘a‘=‘b‘=‘c‘=1, azc,b#c
Chirng minh

c— b

Arg 4 :lArg— [7[]
c—a @ a

Giai:

Hay xét sé phirc dudi day, déy dén L _

b

https://fb.com/tailieudientucntt
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Vi du 6: Cho a € R hiy tinh can bac 4 trong tp C ciia sd phirc:
z=8a>—(1+a’] +4a(1+a)i
Giai:
A . 25: P
Nhén xét z= [2a +(-a )l]

Vay Jz = tPa+(1- )]

Tiép tuc nhan xét théy:
2
2a+(1—-a%)i= {L[(l +a)+(1- a)i]}
V2

—2a-(1-a%)i= {%[(1—@ —(1+ a)i]}

Suy ra cic gia tri ctia ¥z sé la:

NG

ig{(uan(l—aﬁ}, i%{(l—a)—(1+a)i}

Vidu 7: Giai phuong trinh véiansd z € C:
z N =z+z

Giai:

Nhén xét z,=0 1a nghiém

Xétz#0,dit z=ce”,ceR,,0€R

eztze ¢’ (cos46 +isin40) = 2cosd
¢’ cos48 = 2cosé
o
sin46 =0

40=0 [2x] 40=r [27]
< <cosd >0 hoac cosd <0
¢’ =2cos6 ¢’ =-2cosb

1

Liyd=0=¢=23

1

L§y6’=377[:>g=26

16
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Chuwong 1: Gidi han cia day sé

1

. 5 -
Liyg =27 = ¢ =26
4
Vay cac nghiém z # 0 la:

— 93
z,=2
1

Z, = 26((cos%+isin3§j =2 3(=1+19)

1

z, = 26[c0s%r+isin57ﬂj =23(=1-19)

123", Ap dung s phirc vao lwgng gidc
A. Khai trién cosn8,sinné, tgné

Cho 8 € R,n € N".Ap dung cong thitc Moivre va cong thirc nhi thirc Newton
n
cosn@ +isinnd = (cosd +isin @) = ZC: cos" " 0" sin* @
k=0
Tach phén thuc va phﬁn a0, nhan duoc
cosné =cos" @ —C>cos" > Osin’ @ +---+

sinn@ = C! cos" ' @sin@ — C’ cos" > Osin’ O + -

Sau khi thay sin”>@ = 1—cos’ @ vao cac cong thirc trén s& co:
1. cosné biéu dién dudi dang mot da thic cua cos@, goi d6 1a cong thire Chebyshev
loai 1.

2. sinn@ bang tich cia sin@ véi mot da thirc ciia cosd , goi 1a da thirc Chebyshev loai 2.

sinné
sinn _ cos'e . Citgf—Clg’0+--
cosnf  cosnf  1-Clg’0+Cltg'o—--
cos" @

3. tgnf =

B. Tuyén tinh hoa cos” @,sin” 0, cos” 0.sin’ 0
y 2 b

2cosl=w+w=0+—
7))

) — 1
2isin=w-w=w——
1)

Cho#eR,peN,w=€"=

17
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Chirong 1: Gidi han ciia déy s6

p p
Vay 27cos’ 6 = (a) +ij va (2i) sin? @ = [a) —lJ
® @

Str dung cong thure nhi thire Newton va xét cac truong hop sau day:

a. Trudng hop p=2m,me N°

2°" cos™ @ = [a) + wl ]Jr Cém( "y a)2{n—2 J +C5,

1. =2c0s2m+2C,, cos2(m—1)0+---+2C}"" cos20 +C;',

0s’" 0 = 2‘(2'”“)( Cy + Z Cs cos2(m— k)Hj

2°"(=1)"sin*" @ = [a) _ j C ( B+ 21 - J +ee (=D CY
o’ @
2. =2c0s2m@ —2C}, cos2(m—1)0 + -+ +(=1)"C;

i g = 2D (1) (( D"

Z( ) CY cos2(m— k)ej

b. Truong hop p =2m+1,me N
1.

27 c:osz’”“6’=(a)2’”+1 + j+C§m+l(( g 21m D+ +C2'”m+l(a)+lj
o @

=2cos(2m+1)8+2C}, . cos(2m—1)0+---+2C}'  cosO

2m+10 2 Zmzc

k=0

,cos(Zm+1-2k)0

2m+

2.

1 1
2m+1 » m : 2m+l g 2m+1 1 2m+— _ vee
27" (=" sin""" 0 = (a) +—— |-Gl @ et | T

w w

= 2isin(2m +1)0 -2i.C;, ., sin2m — 1)@ +---+ 2i(=1)"Cy. ., sin&

2m+

g 2D "’Z( ) Ck  sin(2m +1-2k)6
Pé tuyén tinh hod cos” 0.sin? O truéc hét tuyén tinh hoa ting thira sé cos” @,sin? @,

sau d6 thuc hién phép nhan rdi ciing tuyén tinh hoa cac sé hang thu duoc.

Vidu 7: Cho (n,a,b) € N x Rx R, tinh céc tong:

C, =Y cos(a+kb), S, =) sin(a+kb)
k=0 k=0

18
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Chuwong 1: Gidi han cia day sé

Giai:
n . . n . r

Xét C,+iS, = Ze’(“kb) =e"* (e’b)( Néu b € 277
k=0 k=0

C, =(n+1)cosa, S =(m+1)sina

Néu b ¢ 277

(Db
( lb)n+l 1 e ? ZZSIHLb i(ﬁﬂ] smLﬂb
Cn+iS,1=ei“ ¢ p 1_ =e" > 2 =t 2/, 2
¢ eZE 2isin— sin—
1
smib smn——’_lb
C, = cos(a +—j 2b , S, = sm(a +—j 2
sin — sin —
. +1
Vi du 8: Ching minh Vne N, Z|sm k| &
ZSml

Giai:

Visin0=0va |sin k| <1 nén

Zn:|sink| = Zn:|sink| > Zn:sinzk b %.Zn:(l — cos2k)
- — k=0

k=1

n+1 < n+1 1 sin(n+1)
—— Z —-—. - .COSn
2 2 sinl
Vi —Sm(.n ad) .cosn| < —
sinl sin 1
n +1 1

nén sink

Z| | ZSinl

1.3. DAY SO THUC

Sau khi xem xét day s6 thuc,ching ta hoan toan c6 thé mo rong cho day sé phirc vi rang
mot ddy sb phirc twong dwong véi mot cip diy sb thuc.

1.3.1. Cac khai niém co bin ciia diy s thue
A. Dinh nghia
Mot day s thyc 1d mot anh xa tir N vao R, ki higu:

u:N—->R

19
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Chirong 1: Gidi han ciia déy s6

hay don gian nhét.ki hiéu (u,)
Vé6i n=n, € N xéc dinh, u, goi la s phan tir thit ny cta day, u, thuong 1a mot bicu thirc

phu thuéc vao n goi 1a phan tr tong quat cua ddy, ching han cho cac diy sau day:

. (o) G) [[H%N

B. Sur héi tu, sw phan ki ciia diy s6
1. Ddy (u,) hoi tu vé a € R néu

Ve >0,dn, € N,Vn e N,n > n, :>|un—a| <¢

Kihiéu limu, = a, rd rang (u,-a) hoi tu ve 0.

n—>»0

2. Dy (u,) hoi tu néuc6 s6 @ € R dé limu, = a

3. Ddy (u,) phan ki néu né khong hi tu, nghia la:
Va e R,3¢>0,Vne N,3n, € N,n, > n,

un—a|25

4. Dy (u,) nhan +oo 1am gidi han néu
VA>0,3n, e N,Von>n, =>u, >4

Ki hiéu limu, = 400, d6i khi néi rang (u,) tién t6i +oo

5. Ddy (u,) nhan -co lam giéi han néu
VB<0 3dn,eN,Va>n,=u,<B.

Ki hiéu limu, = —o0

Day c¢6 gi6i han la +oo hodc -oo cling goi la phan ky.
C. Dy sb bi chin

1. Néi rang (u,) bi chan trén béi s6 4 € R néu Vne N,u, < A.

2. Noi rang (u,) bi chan du6i béisdé B e R néu Vne N,u, > B .

3. Noi rﬁng (up) 12 day bi chdn néu ton tai M € R, saocho VneN, un| <M.

1.3.2. Tinh chit ctia day hi tu
A. Tinh duy nhit ciia giéi han
Pinh li: Diy (u,) hoi tu vé a thi a 12 duy nhat

Chirng minh: Gia st lim = g, lim = a,,q, # a,

n—0 n—o
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1
bat g:§|al—a2|
dn,n, e N, Vn>n = |un —al| <&
Vn>n, = |un —a2| <¢

Goi n, = Max(n,,n,),Vn > n, s€ co:
2 R
|a1 - a2| < |un —a1| + |un —a2| <2e= —|a1 —a2| mau thuan.
3

B. Tinh bi chin
1. Day (u,) hoi ty thi bi chan trong R.
2. Day (uy) tién dén +oo thi bj chan dudi.
3. Day (u,) tién dén -co thi bi chan trén.

Chirng minh:

1. Gia st limu, = a < 3n, ‘v’n>n0:>un—a|<l

n—>0

S|un —a|+|a| <1+|a|

= U,

,1+|a|}:> VneN,

Pt M = Max|u, w| <M.

Mno

seeey

2. Gidsu limu, = +o0,dn, Vn>n, =>u, >1

n—>0
Datm= Min{uo,...,un0 ,1}:> u, =m

3. Quy ve 2. béng cach xét (-uy).
Chuy:
1. Ton tai cac day s6 bi chan nhung khong hoi ty, chéng han

(,) = ((=1™").

2. Moi day khong bi chan sé€ phan ky.

3. Mot ddy tién t6i +oo thi khong bi chin trén, diéu nguoc lai khong ding, chang han:
()= ((=1)"n).
C. Tinh chit dai s ciia diy hdi tu

1. limu, =a= 1im|un| = |a|.

n—»0 n—»0

2. limu, =0 < limfu,|=0.

n—o n—>x0

3. limu, =a,limv, =b= lim(u, +v,)=a+b

n—0 n—>

21
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4. limu, =a = limAu, = Aa .

n—o n—

5. limu, =0, (v,) bi chdan = lim(u,v,) =0.

n—>o0

6. limu, = a,limv, =b = lim(u,v,) = ab.

n—>0 n—»0

. . . u, a
7. limu, =a,limv, =b # 0= lim—* = —

n—o n—>0 n—o V
n

Chirng minh:

1. Ve>0 dnyeN ‘v’n>n0:>un—a|<8

ma H”n| —|a” < |un —a| <&E> lim|un| = |a|.
n—»o0

2.Vitaco Hun|—0‘: u, = un—0|.
3. Ve>0 dn,n,: Vn>n1:>un—a|<§,
Vn>n2:>vn—b|<£,
2

bat n, = Max(n,,n,),Vn > n, =

un+vn—(a+b)|<£+£:8.
2 2

4. Ve>0 3In,Vn>n, = un—a|<L
1+|4
A
:>|/1un—/1a|=|/1|un—a|£ E<¢
144
5. dM e R, saocho Vne N, vn|SM
Ve>0 3dn,,Vn>n, = |u,|<
1+ M
eM
= u v, =u,lv,|< <&
1+ M

6. Goi a, =u, —a.Vay (a,) hoitu vé 0
Tacouy, =(a+a,)v, =av,+a,v,

ma limav, = ab vi(v,) bi channén lime,v, =0.

n—>0 n—»0

22

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Chuwong 1: Gidi han cia day sé

, |
7. Trudc héttasé chira lim— = —

n—)wvn
Vi lim|v,| =[b| # 0 nén 3n, € N,Vn>n, :>an|—|b” <@:> v >@
Taco 0< i—l‘z v”_b| g%vn_ |
v, b vn.b| b

il

suyra Ve >0 ElnzeN,‘v’n>n2:>|vn—b|<78

1

Ly ny=Max(n;,n), Vn > n, = <&

n

.U 1 oy
Ta thay —* = u, — ,theo 6. ta nhan dugc lim—* = — .
vn vn n—o Vn b

D. Tinh chit vé thit ty va nguyén ly kep
1. Giast limu, =/ € (a,b) Khido In,,Vn >n, = a<u,<b

n—0

2.Giasu limu, =/ va 3n,,Vn>n,cé6 a<u,<b khidéb a<l<b

n—0

3. Gia su 3 day (uy), (Va), (Wy) thod man:

dn,,Vn>ny, = u, <v, <w,va limu, =limw, =a

n—>0 n—©

Khido limv, =a

n—»0

4. Giasu Vn >n, ma u, <v, va limu, = +c0 Khi d6 limv, =+

n—>0 n—>0

Chirng minh:
1.
un—l|<l—a:>a<un

dn,,Vn>n =
an,,Vn>n, = |un —I| <b-l=u,<b
Lay ny = Max(n;,n,) = Vn > n, co a<u,<b
2. Lap luan phan chung va theo 1.
3. V¢>0,3n,n, e N
‘v’n>n1:>|un—a|<5

‘v’n>n2:>|wn—a|<8
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Lay n3=Max(ng,n;,nz), Vn > n, s€ co:
—&<u,—as<v,—as<w —-a<g¢

Viay limv, =a.

4. LiyA e R.,An,Nn>n =u, > 4
Goi n;=Max(no,n;),Vn > n, => v, > A

Chimg t6 limv, = +c0.

Ch y:

1. Pé chimg minh day (u,) hdi tu vé a, thong thuong chi ra day (&,)hoitu vé 0 va thoa man

un—a|sgn

2. Bing cach chuyén qua phan tir d6i, nhan duge két qua sau day:

Néu 3n,,Vn>n, = u, >v, va limu, = —oo thi limv, = —oo

n—>0 n—0

Vi dy 1: Chimg minh lim-- = 0

n—»0 n
Giai:

1
Ve>0 3n, ‘v’n>n0:>—<ghayn>l
n &

1 5
Vay chon n, = E (—j +1 Ki ki¢u E(x) I1a phan nguyén cua x.
£

n *

Vidu 2: Tinh limu, = lim

5 ; neN
n—»0 nox =y +k
Giai:
. N - n n’
Vne N, unzz - D) —5—=—F—=V,
on +k on+1 nm+1
N n n
u, = 3 = =Ww,
on +n n+l
limv, =limw, =1= limu, =1
n—»0 n—»0 n—»0
0 khila| <1
Vi du 3: Ching minh lima" =41 khia=1

n—o

+ o0 khia >1

24
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Giai:
Xét a >1,3h e R, déa=1+h

a"=(1+h) ZCh’ > 1+ nh

i=0

lim(nh) = +0 = hm(l + nh) =400 = lima" =+

n—x0 n—>0

Xét |a|<1,a¢0:> ! >1:>11m(|1|J —+oo:>11m|a| =0=lima" =0
a

|a| n—>00| n—»0 n—>0

Vé6ia=0rd rang a"=0,Vn = lima, =0

n—>0

Xéta=1=a" =1= lima" =1

n—>0

Vidu 4: Tim lim%, aeR

"
n—»0
Giai:

Xét a=1 10 rang lim4/a = lim1 =1

n—0 n—>0

Xét a>1, ap dung cong thirc nhi thuc Newton

a=Waf =f+lla 1) = Tcila 1]
= a2y Wa-1)f =1 ala 1)

k=0

—VneN thi0<a-1<%

_lzgn:hm{/;zl

n n—>0
a n—»0

-1
ma Va = (n\/IJ nén lim% =1
a n—»0

Két luan Va e R, lim4/a =1.

n—>0

1 ] 1
Xét0<a<1:>—>1:>11m"\/::1
a

n—>0!

Vi du 5: Tinh hm(a—j a>laeN
n

Giai:
1 1

Viag®>1nén dhe R:: dé av =1+h , ap dung cong thurc nhi thire Niuton (Newton)
25
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vn e N\{0,1}

o ey S A Gt VR Gt W
= 2 :

1 n 1 n
a® a“
n_l 2 .
=2 > h" = lim—%— = +©
n 2 n—»o0 n
e oy
a” (a”)a a“ .oa’
Suy ra =<1 =|— | = lim— =+w0.
n“ n n n—o p®

Ap dung nguyén li kep dé dang thiy duoc két qua van ding Vo € R
Ngudi ta néi rang ham mii ting nhanh hon ham luy thira.

Vi du 6: Tinh lima—, aeR

n—swo pl
Giai:

bit n, = E(|a|) +1,Vn > n, s€ co:

@| _flel el lel Y lel  le) flal lal la}lel _,

Al (12 mf\m+1 n) \1 2 n)n "
= lima—n=0

n—-wo pl

Nguoi ta néi rang giai thira ting nhanh hon ham sé mi.
1.3.3. Tinh don di¢u cia day so
A. Day don diéu

1. Dy (u,) ting néu Vn € N,u, <u

n+l2
Diy (u,) ting ngit néu Vn € Nu, <u,.,.

2. Day (uy) gidamnéu Vne N,u, > u

n+lo
Diy (u,) giam ngitnéu Vne N,u, > u,,, .
3. Ddy (u, ) don diéu néu no ting hodc giam.

Diy (u, ) don diéu ngat néu no ting ngit hodc giam ngat
Pinhli 1:

1. Moi day tang va bi chan trén thi hoi tu.

26
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2. Moi day giam va chdn dudi thi hoi tu.
Chirng minh:

1. (un) bi chan trén = 3/ = Sup(u,) => Ve >0,3n,saocho - <u, <I<l+e&

Vi (w) ting > Vn>n, =>l-¢<u, <l+&=

u, —l| =,
Vay limu, =/ = Sup(u,),ne N .

2. Ap dung két qua 1 d6i véi diy (-uy).
Dinh li 2:
1. Day (u,) tang va khong bi chan trén thi dan dén + oo .
2. Diy (u,) giam va khong bi chin du6i thi din dén — .
Chirng minh:

1. (u,) khong bi chén trén < V4 > 0,3n, sao cho u, >4

Vi (uy) tang nén Vn >ny, = u, 2u, > A= lim = +o.

2. Ap dung két qua 1. véi day (-up)
Chuiy

1. Néu (u,) ting thi hodc (u,) hoi tu hodc limu, = +o.

2. Néu (u,) ting va hoi tu dén 1 thi / = Sup(u,,n e N) va Vne N = u, <I.

3. Néu (u,) tang thi day bi chan dudi boi ug,

Vi du 7: Chting minh rang (un) . z héi tu
=1 n+ k
Giai:
Vne N cb

1 1 1 1
n= + — = >0
2n+1 2n+2 n+l (2n+1)2n+2)

n+l

<1

U <n <
n+1

n

Vay (u,) tang va bi chdn trén nén n6 hoi tu.
Vi du 8: Tim gidi han cta day sé cho dudi dang an sau:

2
B S+x,

T 2x,

n—

X , X, > 5

27

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Chirong 1: Gidi han ciia déy s6

Giai: Trudc hét dung qui nap chimg minh x,>0 Vn

- x,>5 dungvoi n=1

Gia st x, >0 ta s¢€ chimg minh x, , >0
2
A A 5 + xk 5 A \ X A A
Thatvay x,,, = 2— > 0 (do tr sO va mau so déu duong)
X

k
Chimgto x, >0 Vn
Mit khac, dua véo bat dang thirc Cosi (Cauchy) thi
1 5
X, ==(—+x,,)2 V5, Vn
2 x,,

5
Suy ra xn2 >5 hay x, =2—
X

n

Cong vao cac vé voi x, ta co:

5
2x, 2—+x, hay 2x, >2x,
x

n

Chung to day (x,) don diéu giam.

Két hop hai két qua trén ta ¢6 limx, =a >~/5

n—>0
2 2
. S+x,,° . .. WL nd
Vi X,=————nen llmxn =lim————
2x 1 n—>o0 n—>0 2xn_l

n

5+a°
Tird6 taco a == vaa>A5
a

Giai phuong trinh d6i véi @ nhan dugc a = \/g .

Vidu 9: Cho 2 day (u,),(vs) thod man

1 . . U, —u
limu, = limy, =0, (v,) gidm ngat, lim——" =/

n—»o n—o n—o —
vn+1 Vn

Chtmg minh lim 22 = |

n—>x0 vn
Giai:

un+l un _Z

v, ,—V

n+l n

Cho ¢ >0,3n, € N,Vn > n, = <eg,

28
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Lay p,n € N sao cho p >n > n s€ co:

|(un+1 - lvn+l)_ (un - lvnx < g(vn - vn+1)

‘(up —lvp)—(upf1 _vafll < g(vm1 —vp)
Cong lai cac vé vGi vé s8 co:
‘(up —l.vp)—(un —l.vn)‘ < 8.(vn - vp)

Cho p >+ van ¢ dinh,n > no tr trén nhan duoc

|un—lvn| < e&v, . Hay LI P

Vi (v,) giam ngit va dan vé 0 nén v,>0 , Vn > n,.
B. Diy ké nhau

Hai diy (u,), (va) goi 12 ké nhau khi va chi khi (u,) ting (v,) giam va lim(v, —u,) =0

Pinh li: Hai diy ké nhau thi hoi tu va ¢ chung mot gi6i han I,ngoai ra

</I<vy .  <v

Vne Nu,<u,, K < A r
Chirng minh:
VneN goiw, =v, —u, = (W,,) gidm vi Wpi1-Wyn= (Vpe1 — Ups+1) - (Vo — Up)
= (Vn+1 - Vn) - (un+1 -u,) <0
(Wn) giam va hoi tu vé 0=> w, > 0 Vn hay u, < v,.
Ching t6 (u,) tdng va bi chan trén boi vy, (v,) gidm va bi chan dudi boi ug

Suyra limu, =/,limy, =1,
n—>0 n—>0

Vilim(v,-u,)=0=1[=1,=1

Theo chily 2 & muc A suy ra u, < Upsp <l < Vg < Vg
, . N, 1 ..
Vi du 10: Chimg minh ring (e,)=|1+—| hoi tu.
n

Giai:
Trudc hét chi ra (e,) ting

Theo cong thure nhi thirc Newton sé& c6
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Chirong 1: Gidi han ciia déy s6

. :(1_,_1)” :1+nl+”(”_I)L_,_”(”_1)(”_2)i+...+”(”_1)"'(”_”+1)L

n n 1.2 #n? 1.2.3 n’ 1.2..n n"

UNTENE S U IUUUR B (PO S U TS TR dout 1 EUUUR O (PO 0 Y O
2! n k! n n n n! n n

Suy ra

1\ 1 1 1 1 n-1 1 1 n
e.. =1+ =l+1+=-1-——)++—=0-——)--(A- + 1- (11—
! ( J 2!( n+1) n!( n+l) ( n+l) (n+1)!( n+1) ( n+1)

en+1 nhiéu hon e, mot s6 hang duong va tir s6 hang thir 3 tré di moi so hang cua e, nho hon

2 R . 1
s0 hang tuong ing cua ey vi 1——<1-— . Suy ra ey > €.

n n+1
Ngoai ra en<2+l+l+---+l<2+l+%+...+%’
2! 3! n! 2 2 2"
1
suy ra en<2+%:3, Vn
1——
2

Goi gidi han cta (e,) 1a so e, 10 rang e > 0 .Sau day dung s6 e 1am co so cua logarit.

lim(l + l) =e.
n—x© n

Vi du 11: Ching minh rang (e’,) = (

n

1 ) X

—) hoi tu vé e
o k!
Giai:

. e | o W ~ o\ ! .1
Vne N ,dit v, =e, +——.10rang (e,’) tdng ngat va hm(vn - en): lim—=0
n.n! e n>o p.n!

Hon nira ta ¢o:

. ; 1 1
-V =en+1—en+ -
(n+D(n+1D)! n.n!
.- y 1 L 1
(n+D)! (m+D(n+1)! nn n(n+1)(n+1)!

= (v,) giam ngit. Trudc hét ching minh e ¢ Q bang phuong phap phan ching:

4 . < 1 B , \ * ~ 4
That vay, néu e = llmZ— maeeQ tucla e :£, p,q € N ,tas€co:
n—)ookzo |

30

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Chuwong 1: Gidi han cia day sé

4,1 1 1 «
eq:Z—:2+— _:ﬁ, aeN
k! 2! q' ¢!
p 1

9 q9 4 q4q

1 3 x .
Hay a <p(g-1)! <a+— < a+1.Di€u nay mau thuan vi (a,p(q-1)!,atl)e (N )3
q

. e 1 Cr X
Sau day ta s€ ching minh hmzﬁ =e: RO rang khi k c6 dinh va n > k thi
k=0 K

1 1.1 1 2 1 1 k-1
e >2+—(1-—)+—-1-——)1-—)+-+—(1——)---(1——
f 2!( n) 3!( n)( n) k!( n) ( n)
1 1
Chon—>oosuyrae22+—+—+--+—=¢,
21 3! k!
Nhu vdy e > e, > e, . Theo dinh li kep suy ra e;we.
Hé qua: (Pinh li vé cac doan 16ng nhau)

Cho hai day (a,), (by,) thod man :Vne N,a, Sbn,[a,m,b

n+l bn] Vé
lim(b, —a,) =0

J<[a

54

Khi d6 ton tai duy nhat s6 / sao cho ﬂ[an,bn] = {1}

neN
Chirng minh:
Vi (ay),(b,) ké nhau nén ciing hoi tu va Vn ¢6 a, < ag.; <1<by <b,
1.3.4. Day con

Cho (uy),tlr cac sd hang ctia n6 1ap mot day moi (u, )voing <m<..<n<..
Got (u, ) la mot day con cua (u,).Ching han:

(u2n) va (uzn+1) 1a céc day con cua (uy)

(unz ) la cac day con cuia (u,)

(unz_n) khong phai l1a day con cua (u,) vi s6 hang ug xuét hién 2 lan tng véi n=0,n=1
Pinh li : Néu (u,) hoi tu vé a € R thi moi ddy con ctia né ciing hdi tu vé a
Chirng minh:

Ve >0,3n,,Vn>n, =

u,—al<e

Vi n, — o khi k = o0, nén 3k,,Vk >k, :n, >n, =

u —a‘<g suyra limu, =a.
k> Tk

ny
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Chirong 1: Gidi han ciia déy s6

Ch y:

*Néu lim = +oo thi limu, =+

n—»o k—o

o Tr dinh li trén, chung ta nhan dugc diéu kién du cho diy sé phéan ki: Néu ton tai hai diy
con hoi tu vé hai sb khac nhau thi ddy s phan ki. Ching han (-1)" phan ki vi ¢6 dy con ((-1)*
Yhoi tu vé 1 va diy con ( (-1)™") hoi ty vé -1

Hé qua: DPé (u,) hoi tu dén [ diéu kién can va di 1 hai ddy con (ua,) va (upn:;) déu hoi
dén .

Chirng minh:

Diéu kién can suy tir dinh i 1.

Diéu kién du:

:Ve>0, 3dn,n,,Vp>n = ‘uzp —l‘ <e&

Vp >n, = ‘uzpﬂ —l‘ <&

bat ng=Max(2n;,2n,+1) léy n € N sao cho n=2p hoac n=2p+1

Truong hop n=2p = p >n, = un—l|=‘u2p—l‘<g.

Truong hop n=2p+1 = p > n, = |un —Z| 2 ‘”2p+1 —l‘ <¢g.

Trong moi trudng hop ¢ |un —l| <&=limu, =1/.

n—o

Pinh li: (Dinh li Bonzand — Vayoxtrase), (Bolzano -Weierstrass): Tur moi day (u,) bi chan
déu c6 thé léy ra mt day con hdi tu

Chirng minh: Dung phuong phap chia doi .
Ta sé& xay dung bang qui nap hai day thuc (a,), (b,) ké nhau va mot day con

u, € [an,bn], VkeN
Vi (u,) bi chdn nén tdn tai ag,by sao cho Vn e N ¢b a, <u, < b,,rd rang

U, € [ao,bo],‘v’k eN

Cho n € N gia su (a b )e R® saocho a, <b, . Tap {”m € [an,bn],k € N} 1a v6 han va

1
b —-a =—(b,—a
n 2,,(0 O)

n

an+ n

Xét diém gitra cua [an,bn ] , 13 rang it nhat mot trong hai khoang chira u, la
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Chuwong 1: Gidi han cia day sé

<b

n+l*

A r LA . 2
v6 han. Do d6 ton tai (ap+,bye1) € R™ sao cho a

1 1
Vo han va bn+1 4y = E(bn - an) = F(bo - aO)

n+l Tap {unk € [a71+19bn+1]9k € N} la

R{ rang cac doan [an,b,] 16ng nhau. Vay Vn ton tai | sao cho ‘unk - l‘ <b,—a,

Vi lim(b, —a,) =0 = limu, =1

k—w
Vi du 12: Chting minh rang moi ddy (u,) tudn hoan va hoi tu 1a diy dimng
Giai:

(u,) tudn hoan nén 37 € N*,Vn € N,u u

n+T = “n

Liy n, € N, VkeN cou

ny+kT = uno

(un0+ kT) la mot day con va la day dirng nén /11—?.10 Uy, pr =Y

ny

Vi (un) hoi tu = limu, =u, ving bat ki vay (u,) = (u,,) Vn ,d6 la day dung.

n—o

* +
Vi dy 13: Cho ddy (u,) thoi min Vm,ne N°, 0<u <"

mn

Chirmng minh limu, =0

n—>0
Giai:

YneN co

2n
0£M2n§—2—>0
n

2 1%, Vay limu, =0.

0<u), < —->
n(n+1)
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Chuwong 2: Ham so6 mot bién so

CHUONG II: HAM SO MOT BIEN SO

2.1. CAC KHAI NIEM CO BAN VE HAM SO
2.1.1. Cac dinh nghia co ban
A. Pinh nghia ham s6
Cho X 1a tap khong réng cia R. Mot anh xa £ tr X vao R goi 1a mot ham s6 mot bién s
f:X—>R
x> f(x)
X goi la tap xac dinh cua f', f(X) goilatap gidtri cia f . Poi khi ky hi¢u
y=f(x), x€X xgoiladdisd,y goilaham sb.
B. Ham chén, 1é
Cho X dbi xtmg véi O tic 1a Vx € X,—x € X
Ham s6 f (x) chan khiva chikhi f(x) = f(—x) .
Ham s6 f (x) 1é khi va chi khi f(x) =—f(—x).
C. Ham so tuin hoan
Ham s £ (x) goi 1a tudn hoan trén X néu ton tai 7 € Ri sao cho Vx e X thi
xtt e X va f (x+t7)=f (x).
S6 T dwong bé nhét trong cac s6 7 goi 1a chu ki ctia ham sb tudn hoan f(x).
D. Ham s6 don digu
Cho f(x)voi x € X.
1. Noéirang f(x)tangnéu Vx,x, € X,x, <x, = f(x,) < f(x,).
vaf (x) ting ngatnéu  Vx,,x, € X,x, < x, = f(x,) < f(x,).
2. Néirang f(x) giamnéu Vx,,x, € X,x, < x, = f(x,) > f(x,).
va f(x) giamngitnéu  Vx,x, € X,x, <x, = f(x,) > f(x,) .
3. Noirang f (x) don diéu néu no ting hodc giam.

Néi rang f (x) don diéu ngat néu né ting ngat hodc giam ngit.
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Chwong 2: Ham so6 mot bién so

E. Ham so bi chan

1. Him s6 f(x) bi chin trén trong X néu ton tai s6 A sao
Vxe X,f(x)<A.

2. Ham sé f (x) bi chan dudi trong X néu ton tai sé B sao cho:
VxeX,f(x)>B
3. Ham sb f (x) bi chan trong X néu ton tai cac sb A,B sao cho:
Vxe X,BL f(x)<A.
Hé qua: Néu A 1a s6 chin trén cta f (x) trong X thi
Sup f(x)=Sup{f(x),xe X} < A4
X
Néu B 1 s6 chin duéi cia f (x) trong X thi
Inf f(x)=1Inf{f(x),xe X} >B
X
F. Ham s6 hop
Cho f: X >R vag: Y >R voi f(X) Y goianhxa
&f:X—>R
x = g(f(x)
Hay y = g( f (x)) 1a ham s hop cta hai ham f vag.
Pinh li:
Néu f, g:X — R bichan trén thi f +g cling bi chan trén va
Sup(f(x) +8(x)) < Sup f (x) +Sup g(x)
1. Néu f,g: X — R bi chan trén va khong am thi f . g bi chin trén va
Sup(f(x)-8(x)) < Sup f(x).Sup g(x)
2. Néu f: X — R bichan trén va A € R, thi Jf bi chan trén dong thoi
Sﬁ(tpl-f(X) 7 ﬁSpr(x)
3. Bé f: X — R bi chin duéi, diéu kién can va du 1a - £ bi chan trén va khi d6

If;f f(x)= —Sitp(—f (x))

Chirng minh:
1. Rorang f(x)+ g(x) < Sup f(x)+ Sup g(x) ching to f (x)+ g (x) bi chén trén.
X X
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Chuwong 2: Ham so6 mot bién so

Theo hé qua suy ra Sup(f(x)+ g(x)) < Sup f(x)+ Sup g(x)
2. Vx e x,0 < f(x) <Sup f(x),0 < g(x) < Sup g(x)

= Vxe X,0< f(x).g(x) < Sup f(x).Sup g(x)
X X
Tuong tu nhu trén.
3. Coi A nhu ham hang. Ap dung 2 s& c6 Sup Af (x) < A.Sup f(x)
X X
Vi A=0. Pang thirc can chimg minh 13 hién nhién

(e . 1 ‘
Véi A>0. ap dung bat dang thirc ing vdi hang so6 5 va ham s0 Af (x)

Szp(%-/if(x)) < %Sgp ()
=  Sup Af (x) > ASup f(x)
=  SupAf(x)=ASup f(x)

4. Gia st f(x)bichan dudi, dat m = Inf f(x) < f(x) = Vx € X,—f(x) £ —m.
X
Vay - f(x)bi chan trén va o rang Sup(—f(x)) < —Inf f(x).
X X

Mat khac
J(x) < Sup(=1(x)) = f(x) 2 =Sup(~f(x)) = Inf f(x) 2 —Sup(=f(x))
X X X
Sau khi so sanh hai bat dang thic suy ra Inf f(x) = —Sup(—f(x)).
X X
Phan dao chimg minh tuong tur.

G. Ham s6 nguoc
Chosonganh f: X —>Y, X YcR
Anh xa nguoc £ 1Y > X goila ham sé nguoc cua f
Yy x=f7()
Thong thudng d6i sb ki hiéu 1a x, ham s6 ki hiéu 1a y, vy ham ngugc ciia y = f(x)la

hamsd y = f'(x). Vi thé trén cung mit phang toa do Oxy, d6 thi ctia hai ham sé f va f'1a d6i
xung nhau qua duong phan giac cua goc phﬁn tu thu I va III.

Vidu1l: Cho f,g: R — R thoda man Vx,ye R, (f(x)—f(y))gx)—g(»)=0
Chung minh rang it nhit mot trong hai ham s 14 hang s6.

36

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Chwong 2: Ham so6 mot bién so

Giai:
Giasir a,b € R va f(a)# f(b) taséchira g(x) 1a hiang s. Trudc hét co

VxeR: {(f (a) = f(2))(g(a) — g(x)) =0

(f(B) = f(0))(g(a) - g(x)) = 0

Trir ting vé va dé y dén g(a)=g(b) suy ra:

(f(a)= F(b))(g(a) - g(x)) = 0 = g(x) = g(a)
Vidu 2: Tim ham f(x) trén R sao cho x.f(x)+ f(1-x)=x’+1 VxeR
Gidi: Giastrton tai f(x),thay x bai 1-x vao hé thirc da cho:
A-x).f(1=x)+ f(x) =2-3x+3x" = x°
Suyra (x’—x+1)f(x)=(x* —x+1)
= f(x)=x"-x+1
Kiéntra f(x)=x"—x+1 thoa min.
Vidu 3: Cho f(x)=x va g(x)=1-x trong [0,1]. Kiém tra tinh ngit ctia bat dang thirc:
%f{}?(f () + g(x)) < ‘?(ff{]’f (x)+ S{gf{]ﬂ g(x)
%’t{]?(f (1)g(x)) < fgf{]ﬂf (x) b[’gt{]ﬁ g(x)
Giai:

Sup f(x) = Sup g(x) = 1; Sup(f(x)+ g(x)) = Sup1 =1; Sup(f(x)g(x)) = Sup(x - x*) = L Chung
[0.1] [0.1] [0.1] [0.1] [0.1] [0.1] 4

1
to tinh ngdt thod man (do 1 < 2 % <1)

2.1.2. Cac ham sb thong dung
A. Ham luy thura

Choa € R. Ham luy thira v6i sb mii  ,dugc ki hi¢u 1a P,, 1a anh xa tir R, vao R, xac

dinh nhu sau Vx € R, P, (x) = x°
Néu a>0,coirang P,(0)=0 Néu a =0, coirang P,(0) =1
D6 thi ctia P,(x) cho bai h.2.1
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H.2.1

B. Ham mii co' s a

Xét a € R, \{1}. Him mii co s6 a, ki hiéu Ia exp, x, 1a 4nh xa tir R vao R., x4c dinh nhu
sau: Vx € R, exp,x=a'. D6 thi cia y = a* cho bai h.2.2.
C. Ham logarit co s6 a

Xét a € R, \{l}. Ham logarit co s6 a, ki hiéu 1 log_,la anh xa ngugc véi anh xa exp,,
nhu vay V(x,y) € R, xR, y=log, x> x=a

Do thi ciia ham s6 y = log, x cho béi hinh h.2.3.

Chu y: Ham luy thira c6 thé mo réng khi mién xac dinh 1a R.

A
A
y y
log,x, a>1
a*, a>1
1 0 1 X
/ aX’ O < a < 1

> X log,x, 0<a<l

H.2.2 H.2.3

Tinh chét ctia ham s 16garit

1. log,1=0
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log, xy =log, x +log,y

2. Vx,yeR,, X
log,— =log, x—log,y
y

Va eR log, x“ = alog, x
3. Va,beR;, log,x=log,a.log,x

4. VxeR,, log, x =—log, x

a

Chu ¥: Sau ndy nguoi ta thuong lay co s6 a 1a sb e va goi 14 16garit népe hay 16garit tu nhién

: s : Inx
cua x, ki hi¢u y = Inx va suy ra log, x = na
na

D. Céc ham s6 luong giac

Cac ham sb lugng gidc: sinx, cosx, tgx, cotgx da dugc xét ki trong chuong trinh phé thong
trung hoc. Duéi day ching ta chi nhac lai mot so tinh chat co ban cta chiing.

Tinh chét:

1. sinx x4c dinh trén R, 1a ham s6 1€, tudn hoan v&i chu ki T =2 7 va bi chan:
—1<sinx<1,VxeR

2. cosx xéac dinh trén R, 12 ham s chén, tuan hoan véi chu ki T =2 7 va bi chan:

—1<cosx<1,VxeR
3. tgx xac dinh trén R\{%+ kz,k € Z },1a ham s6 1¢, tudn hoan v6i chu ky 7 =7 va nhan

gia tri trén khoang (—o0,+00) .

4. cotgx xac dinh trén R\{ k7, k € Z }, 1a ham s6 1¢, tudn hoan véi chu ky 7 =7 va nhan

gid tri trén khodng (—o0,+00).

E. Cac ham sb lwong giac nguoc

1. Ham arcsin la anh xa nguogc cua sin: [— %,%} - [— l,l]

Ki hiéu la arcsin: [— 1,1] — [— %,%} .

Vay ta co: Vx € [— l,llVye[—%,%}, y=arcsinx <> x=siny

Chu ¥:
o Vxe [— 1,1], sin(arcsinx) = x
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Chuwong 2: Ham so6 mot bién so

e f(x)=arcsin(sin x) 1a ham I¢, tudn hoan véi chu ky 27 va cho duéi dang:

X néu x e {O,Z}
2

. /4
T—X néuxe 5,7[

f() =

D6 thi ctia y=arcsinx cho trén hinh 2.4

A y YA
Arccos

Arcsin

(SN

2 -l > 1
Vs
o 2 N\ _,
» 2 0 T X
2
H.2.4 H2.5

2. Ham arccos la 4anh xa nguoc ctia cos: [0,72'] - [— 1,1] ki hi¢u:

arccos: [— 1,1] — [O, 7r]
Vx e [— 1,1], Vy e [0, 7[], Y =arccosx < x =cos y

D6 thi ham s6 y=arccosx cho trén hinh 2.5
Chuy:
o Vxe [— 1,1], cos(arccosx) = x

e g(x)=arccos(cos x) 1a ham s6 chén tuan hoan véi chu ky 27 va biéu dién duéi dang:

g(x)=x néu x e [0,7[]

(T . . T . . .
e Vi b arcsinx | € [0, 7r] va cos b arcsin x | =sin(arcsin x) = x

A . V3
VE_ly arccos x + arcsin x = 3

40
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Chwong 2: Ham so6 mot bién so

3. Ham actang la 4nh xa nguoc cua g : (— %,%] — R, ki hiéu:
arctg : R —> [— z,zj
22

Vay ta co ‘v’xeR,Vye[—%,%

D6 thi ctia y=arctgx cho trén hinh 2.6

j Yy =arctgx < x =1tgy

Chuy:
eVxeR tg(arctgx)=x

e h(x) = arctg(tgx) xac dinh trén R \{% + ;zz} 12 ham s6 1é tuan hoan véi chu ky 7 va
h(x)=x, xe€ [O,ZJ
2
4. Ham accodtang la 4nh xa nguoc cua cotg: (0,77) = R ki hiéu:
arccotg: R — (O, 7;)
Vaytaco VxeR,Vye (0,%) y=arccotgx < x=cotgy
D6 thi ham y=arccotgx cho trén hinh 2.7

yA

%
2

m

<y

NN

H.2.6
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Chuwong 2: Ham so6 mot bién so

YA
T //
2 /
— | arccotg
b Gt
""" < >
O /A N T X
2
H.2.7
Chuy:
e VxeR, cot g(arccot gx)=x
o k(x)=arccot g(tgx) xac dinh trén R\7Z.tudn hoan voi chu ky 7zva

k(x)=x,x € (0,7)

o Vi (%— arc cot g(cot gx)j IS ((), 72') va cot g(%— arctng = tg(arctgx)

A V4
Vay  arctgx +arccotgx = E

Nguoi ta goi ham s6 luy thira, ham s6 mii, ham s6 16garit, cdc ham s lugng giac va cac
ham so0 lugng giac nguoc la cac ham sé so cap co ban.

F. Cac ham hypebélic thuin

1. Ham sinhypebdlic 1a anh xa sh: R — R xac dinh nhu sau:

Vx €R, shx = %(ex —e)
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2. Ham coésinhypebdlic 1a anh xa ch : R = R xac dinh nhu sau:
1 X —X
Vx € R, chx:E(e’ +e )

3. Ham tanghypebolic 1a anh xa th: R — R xac dinh nhu sau:

2x_1
Vx e R, thszh—x:e2
chx e +1

4. Ham cotanghypebdlic 1a 4nh xa coth : R® — R, xac dinh nhu sau:

2x
Vx eR, cothx=%=L=eIJrl
shx thx e -1

Tinh chit:
1. Shx,thx,cothx la cac ham sd 1é con chx 1a chidn vaVx € R,chx > 0
2. Vx,a,b,p,q € R, cac ham hypebolic thoa man cong thirc sau day

2 2

o ch’x—sh’x=1= Hyperbon— —=— =1 bi¢u dién tham s6 s& la:
a” b
x =acht
y=bsht teR
e ch(a+b) = cha.chb+ sha.shb ; sh(a +b) = sha.chb + shb.cha
ch(a —b) = cha.chb — sha.shb sh(a —b) = sha.chb — shb.cha
th(a +b) = tha + thb : th(a—b) = tha —thb
1+ tha.thb 1 —tha.thb

o ch2a=ch*a+sh’a=2ch’a—1=1+2sh’a.
sh2a = 2sha.cha .

2tha
1+th*a’

th2a =

ch’a = %(ch2a +1); sh’a= %(ch2a -1).

o chp+chg = 2chpﬁ+qchM

chp —chq = 2shpT+qsh%

shp + shq = ZSh%wch%

+ —
shp — shq = 2ch%sh%
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Tinh chét dd néu 1y giai tén goi sinhypebdlic, ...

Do thi ciia cac ham shx, chx cho trén hinh 2.8, con d thi cac ham thx, cothx cho trén hinh
2.9

ch y coth
sh

v

N
| H
—
=3
v

H.2.8 H.2.9

G. Cac ham hypebdlic ngugce

1. Ham Acsinhypebdlic la &nh xa nguoc cia sh : R — R, ki hi¢u:
Argsh : R — R hayla V(x,y) € R*,y = Argshx < x = shy
2. Ham Accésinhypebolic 1a anh xa ngugc cia ch: R — [1,+oo] , ki hiéu:
Argch: [1,+oo) —> R ,tucla Vx e [l,+oo), VyeR,,y=Argchx < x =chy
3. Ham Actanghypebdlic 1a anh xa ngugc cua th : R — (—1,1), ki hiéu:
Argth : (—=1,1) > R, tucla Vx € (-1,1),Vy € R,y = Argthx < x = thy
4. Ham Accotanghypebélic 13 4nh xa nguoc cia coth : R® — R\ [— 1,1], ki hi¢u:
Argcoth : R\[-1,1] > R, tac 1
VxeR\ [—1,1],‘v’y €R’,y=Argcothx < x=coth y
Biéu thirc logarit ctia ham hypebdlic nguoc:

1. Trudc hét thiy ngay rang Argshx 1a ham s6 1¢ va vi:

y = Argshx @xzshy@x:%(ey—e_y)
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Hay a” —2xe¢’ —1=0vado ¢’ >0nén ¢’ = x++1+x’
Cubicing Vx e R,  Argshx =In(x ++1+x%)

2. Vx e [1,+oo),‘v’y € R, ,y=Argchx & x =chy

1
<:>x:E(e’+e‘y)c>e2y—2xey+1:0

Vi ¢’ >1nénliy ¢ =x+/x" -1 =Vxe [1,+oo) Argehx = In(x ++/x> =1)
3.
Vx e (-11),Vy e R,y = Argthx < x = thy

y -y

- , ]+ 1. 1+
ox="C ox+)=e’-lo e =t y=—In—"
e’ +e”’ l=x 2 1-x
A: s 1. 1+x
Cudicung Vxe(-L1)  Argthx =—In——
2 lax
4 WxeR\[-LI]  Argcothx = Argthi = Lin1EY
20 x—1

H. Pa thirc, ham hiru ti.
1. Anh xa P: X >R duoc goi 1a da thirc khi va chi khi ton tai ne N va

n

n+l1 i

(ay,a,...,a,) € R"" saocho Vx e X, P(x) = E a.x
i=0

Néu a, # 0, goi n 1a bic ctia da thirc, ki hiéu degP(x)=n

2.Anhxa f: X = R dugc goi la ham hiru ti khi va chi khi ton tai hai da thirc

P,Q: X — R saocho Vx e X,0(x) # 0, f()c)zM
Q(x)
. P(X)pnr M v s i
Goi f(x)= 00) la ham hiru ti thue su khi va chi khi: degP(x)<degQ(x)
X
3. Ham hiru ti ti gian 1a cac phan thirc c6 dang:

B
hote X *C
(x—a) (x"+px+q)

Trong d6 k e N, a,p,q,A,B,Clacac s6 thue va p2 —4q <0

Duéi day ta dua ra cac dinh 1i dwoc ching minh trong 1i thuyét dai s6
Pinh li 1: Moi da thtrc bac n véi cac hé sb thuc déu co thé phan tich ra thura sb trong dang:
P(x)=a,(x- al)k' (X — a,)k’ (x* + DX+ ql)ﬂ' (7 DX+ qm)ﬁ’“

Trong d6 «, (i = ﬂ) 1a cac nghiém thyc boi &, cla da thic con p;,q;, B; € R
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[ m
voi j=12..mva ) k+2> B, =n., p’—4q,<0;j=1m
i=1 j=1

Pinh li 2: Moi ham hitu ti thuc sy déu c6 thé phan tich thanh tong hiru han cac ham hitu ti
t6i gian.

. 3
Vidu4: Cho a eR, \{1}, giai phuong trinh log, x —log , x +log . x = p
Giai:

A Cn *
bicu kién x e R,

1 1 1 3
Inx - + = —
(lna 2Ina 4lnaj 4

Shx=lhas x=a

Vidu5: Cho ne N,x e R haytinh [](2ch2"x~1)=P

k=0
Giai:
ch2t = 2ch’t—1 Yt = 4ch’t—1=2ch2t +1
= 2cht—1= Behe
2cht +1
p_ d (2ch2kx B 1) _ ﬁ 26h2k:x +1 _ 2ch2" ' x +1
=0 o 2ch2" x +1 2chx +1

Vi du 6: Cho x,y € (~1,1) hdy bién ddi biéu thirc Argthx + Argthy .

Ap dung hay bién doi f(x) = Argth L+ 3thx
3+ thx

Giai:
Argthx + Argthy =llnx+1 +11ny+1 :lln(x"'l)()”'l)
P o )

X+y

1+

1. 1+xy+x+y 1 l+xy

*in ZIn Argth XY
2 l+xy—x-y 2 1_x+y 1+ xy

1+ xy

1
—+thx 1 |
f(x)= Argth3— = Argth—+ Argth(thx) = —In2x
1 3 2
1+ gl‘/’lx

Vi du 7: Giai phuong trinh: arcsin(tgx)=x
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Giai:

b

)
H

V4
X#—+krm, xe(—

biéu kién:

A1 oy
A1 oy

1gx € [— 1,1] =X € [—

arcsin(fgx) = arcsin(sin x)

= tgx=sinx

:>sinx(1— ! j:O
COS X
me:O

—

cosx=1

=>x=kr, keZ.

Vi kr ¢ [— %,%} nén phuong trinh vo6 nghiém.

2.1.3. Ham s6 so cép
Dinh nghia: Ham 6 so cép la nhitng ham s6 duge tao thanh boi mot sd hitu han cac
phép tinh cong, trir, nhan, chia va cac phép 1y ham hop dbi voi cac ham s6 so cip co ban va cac
hang s6.
2.2. GIOI HAN CUA HAM SO
2.2.1. Khai niém vé giéi han
A. Dinh nghia gi¢i han
Ta goi & —lan can clia diém a € R 1a tap Q,(a) = (a—5,a+ )
Goi A- lan can cua +o0 la tap Q,(+00) = (A, +0) v6i A>0 va kha 16n.
Goi B- lan cén cua — oo 1a tap Q,(—©) = (—00,—B) vdi B>0 va kha 1on.
Cho f xac dinh & 1an can diém a (c6 thé khong xéac dinh tai a )
1. Néirang f c6 giéi han1a [ khi x din dén a (goi tat: c6 gidi han 1a / tai a) néu
Ve >0,3Q (a)  X,Vx e Q (a)\a} = |f(x) -l <&
2. Noirang f c¢6 gi6i han 1a + oo tai a néu
VA >0,3Q,(a) < X,Vx € Q (a) \{a} = f(x) > A.
3. No6irang f co6 gidihanla —oo tai anéu — f c6 gidi hanla +oo taia

4.Néirang f c6 gidihanla [ tai +oo néu
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Ve >0,3Q,(+0)  X,Vx € Q, (+0) = [ f(x) -] < £.
5.Noirang f co6 gi¢i hanla / tai — oo néu
Ve >0,3Q,(-0) < X,Vx € Qu(-0) = [ f(x) - <&.
6. Noi rang f o gi6i han 1a +oo tai +o00 néu
VA >0,3Q,,(+0) c X,Vx e Q,,(+0) = f(x) > A.
7. Noi rfing f cogidihanla —oo tai +o0 néu va chi néu — f co gidihan la + oo tai
+ o0

8. Noi rang f co gidi han la + 0 tai _ néu

VA4>0,3Q,, (—0)c X,VxeQ,, (—0)= f(x)> 4.

9. Noi rang f c6 giéi han 1a —oo tai —oo khi va chi khi — f co6 gidi han la +o00 tai —oo
Khi f(x)cé gidi han 1a / tai a hodc tai +oo néi rang f(x) ¢ gi6i han hiru han tai a hodc tai

+oo0. Nguoc lai f(x)co gioi han 13 + oo, néi rang n6 c6 giéi han vo han.
B. Dinh nghia gi¢i han mgt phia.
1. Noirang f c6 gi6i han trai tai a la [, néu
Ve>0,3n>003Q,(a) c X),Vx0<a-x<n=|f(x)-}|<e
2. Noirang f c6 gi6i han phai tai a la [, néu
Ve>0,3n>0,Vx, 0<x—a<n=|f(x)-h|<e
Kihiéu f co gidi hanla [ tai a thuong la:
limf(x) =1 " hodc  f(x)—=>1
Tuong tu c6 céac ki hi€u:

lim f(x) = 400,—00;  lim = [,400,—0
xX—a

x—>to0

Kihiéu f c6 gidi han trdi tai a la [, thuong dung  Iim f(x) = f (af) =,

Tuongtw  lim f(x) = f(a*)=1,

Hé qua: Piéu kién can va du dé lim f(x) =113 f(a" )= f(a") =1
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2.2.2. Tinh chit ciia ham c6 giéi han.
A. Su lién hé véi day sé
Pinh li: D& f(x) c6 gi6i han 1a [ tai a didu kién cin va du 1a moi day (u, ) trong
X hoi tu vé a thi lim f(u,) =1
Chirng minh:
Cho f(x)——=—1! va u, - a.Khido

Ve>0,3n>0,Vx0<|x—d <n=|f(x)-]<e

Vi limu, =a = 3n,(n),Yn>n, =

n—>0

u, —a‘ <n

Nhu vay Ve >0,3n,,Vn > n, =|f(u,)- 1| < & nghiala lim f(u,) =1.

Nguoc lai, cho (#,) - a ma li_)nalof(un) =1/ s€co }li_rgf(x) = |

Néu khong, tic 1a 3&e>0,vn>0, 3x & |x—d<n va [f(0)-1=¢, tic
laVn e N*léy n= ’li,Elundé |un —a| < ,qué |f(u,, )—l| > &. RO rang lg{loun = a nhung
li_r){)lof(u,l) # [ vo ly. Chung té phai xdy ra 11}’){11 f(x)=1
B.Tinh duy nhit ciia giéi han

Pinh li: Néu lim f(x) =/ thi / 1a duy nhit.

Chirng minh:
La hé qua cua dinh li vé tinh duy nhét ctia giéi han cua diy s6 va dinh li vira phét biéu
o trén.
C.Tinh bi chan
Pinh li: Néu lim f(x) =/ thi £(x)bi chan trong mét 1an cén cia a.
Chirng minh:
Liy e =1, 3n>0,Vx e Q, (a)\laj=|f(x)-1 <L
Hay |f(x)|=|f(x) =1+ <|[f)—i|+[] <1+l
Chu y:

o Truong hop a = +00,a = —oo cling ching minh tuong tu.
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e Dinh 1i ddo: Ham f(x) khong bi chén trong lan cén cua a thi khong c6 gidi han hiru han

tai a.
2 1. 1. N . .
Chang han f(x) = —sin— khong c6 gidi han hitu han tai 0.
X X
D.Tinh chit thir tw ctia giéi han va nguyén li kep.
Dinh li 1: Cho lim f(x) = /. Khi do:
1. Néu ¢ </ thitronglancandubécia a: ¢ < f(x)
2. Néu [ <d thitronglancandubécia a: f(x)<d
3. Néu c¢</<d thitronglancandubécia a: c< f(x)<d
Chirng minh:
L. e=l-¢>0,3n,VxeQ, (a)\la} = |[f(x) =] <l-c=c< f(x)
2. e=d-1 3, VxeQ (a)\laf=|f()-]<d-1= f(x)<d
3. 3n=Min(mm,),Yx € Q,(a)\{a}j = c < f(x) < d

Chu y: Pinh li trén khong con ding khi thay cac bat dang thirc ngat bang cac bat dang thirc
khong ngat.
Pinh li 2: Cho lim f(x) = [, khi do

1. Néu ¢ < f(x) trong lan cin ctia a thi ¢ </

2. Néu f(x)<d tronglan canctaathi [ <d

3. Néu ¢ < f(x)<d tronglancanchaathi c<I/<d

Nho vao 1ap luan phan chimg, chiing ta thdy dinh li trén thuc chat 1a hé qua cua dinh i 1.

DPinh li 3: Nguyén li kep:

Cho ba ham s& f,g,h thoa man: f(x)< g(x) < h(x) trén X; lim f(x) = limh(x) =1

Khidéo limg(x)=1

Chirng minh: Ve >0,37,n,,Vx: 0< |x —a| <n = |f(x)—l| <&

O<|x—a|<m, =h(x)-l<e

| f(x)-1 | <&

Lay 1 = Min(n,,m,) thi Vx € X : O<|x—a| <n=
|h(x)—l|<8

=>—e<f(x)-1<g(x)-I<h(x)-Il<e¢ Tacla limg(x) =1/
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Chu y: Pinh 1i dting v6i cac truong hop a = +00,a = —0
Pinh li 4: Néu trong 1an can ctiaa c6 f(x) < g(x) va lxiirif(x) = +oo thi:
}(13} g(x) =+
Chirng minh:
VA>0,3n,Vx:  O<|x—dl<np = f(x)>A

Mat khac 37,,Vx: 0<|x—a|<772:>f(x)£g(x)

Lay 1 = Min(n,,1,),Vx : 0 < |x—a| <n= g(x) > A chimgtdé g(x)———>-o
Chu y:
e Dinh li dung véi truong hop a = +0,a = —©
e Tuong tu c6 dinh li khi f(x) ———>-

E. Céc phép tinh dai sé ciia ham s6 c6 giéi han

DPinh li 1 (Truong hop gidi han hitu han):
L fO)—= 1= [f 0 —=-l
2. f(x)—=0 < |f(x)|—=0
3. f()—=— va g(x)———>L = f(x)+g(x)—=— +1,
4. f()—=—I=>Af(x)—=—4, AeR
5. f(x)——=;0 va g(x) bi chdn trong lan can cta a = f(x).g(x)——=—0
6. () >y VA §(0) =l = F(0.8(0) — 1y

fx) 4L

7. f(X)Tll va g(X)—m—)lz 7503?
) o(x

xX—a l
2

Chirng minh:
. Ve>0,3n>0,Vx: 0<|x—d<n=|f(x)-]<e

Ma | FOol =]l <[ £ ()~ 1] < & = | £ (0| —=

2. Hién nhién vi || £(0)| - 0| = £(x)] =] £(x) - 0]

3. Ve>0,3n>0,vx: 0<|x—d < =|f(0)-] <§
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dn, >0,Vx: O<|x—a| <n, :|g(x)—12| <§
Goin = Min(n,,n,),Vx: 0< |x—a| <7 s€co:

|ﬂm+ﬂm—m+eﬂﬂﬂ@—dﬂﬂm—u<§+§=e
Chung to  f(x)+ g(x)—=—/ +1,

4. VYe&>0,3n>0,Vx: O<|x—a|<77:>|f(x)—l|<% v6i LeR

4

Suy ra Vx : O<|x—a|<n:>|ﬂf(x)—ﬂl|£ﬁ<g
1+{2]

Ching to Af (x)——=— A

&
1+ M

5. Ve>0,3n,Vx: 0<|x—d<np =|f(x)|<
Trong d6 g(x) bi chin bai s6 M trong 1an can Q, (a).Tucla
vx,3M, 3,0 0<[|x-al<np, =[gx)|<M

bat 1 = Min(n,,1,) thi

Vx: O<|x—d<n=|f(x)glx) =g < li\:[;l <e= f(x).g(x)—=—0

6. Dt h(x) = f(x)—1, = h(x)—=—=>0= f(x).g(x) =1.g(x) + h(x).g(x)
Vi g(x)———/, nén bi chan trong 14n cén cua a.
Theo 4. thi /.g(x)——=—1.1,, theo 5. thi A(x).g(x) = 0
Vay f(x).g(x)—=—4h

1

x—a l
2

7. Trudce hét ta chi ra

g(x)

Vi g(x)——=>1, # 0= |g(x)|—=>L,| > 0. Theo dinh Ii 1 vé tinh thtr tr ctia gi6i

han thi 37, > 0,Vx: O<|x—a| <n :>|g(x)| >M

2
L1

1 _[e@-b] _2g) -1
g(x) 1

P A

Vx: O<|x—al<nm=0<
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1
Vi |g(X)—Zz|m—)0 Véy e
g(x) l
. 1
Ap dung 6. v6i L = f.—
g g

Pinh li 2 (Trwong hop giéi han voé han):

1. Néu f(X)——=;—>+0% va g(x) 2 m trong lan cdn cua a thi f(x)+ g(x) ——=—>+©

2. Néu f(X)——=—>+0% va g(x) > m >0 trong lan can cua a thi f(x).g(x) ——=—>+©
Chirng minh:

1. VA>0,3n,Vx: O<|x—a| <n=>f(x)>A-m

= f(x)+g(x)> 4. Tacla f(x)+g(x)—=—>+o

A
2. VA>0,3n,Vx: 0<|x—a|<77:>f(x)>—
m

A
= f(x).g(x)>=m=A4. Tacla f(x).g(x)——=>+%
m
Chu y: - Pinh 1i trén dung cho truong hop a = +00,a = —©
- C6 sy tuong ty cho dinh 1 2 khi f(x) ———>—

F. Gi6i han cia ham hop
Chof: X—>R, g: Y->Rva f(X)cY

Pinh li: Néu f(x) —==b va g(y)—=—/ thi g(f(x) —=!
Chirng minh:
Ve>0,3n,Vy: 0<|y—-bl<n=lg(y)-1|<e
36,,Vx: 0<|x—a|<§,7:>|f(x)—b|<f7

Ching to: Vx: 0 <|x—a| <o, = |g(f(x))—l| <¢g.
Vay g(f(x)——1
G. Gidi han ctiia ham don diéu
Pinhli1: Cho f: (a,b) > R, a,be R hoic a,be R valaham ting.

1. Néu f bichantrénthi lim f(x)= Sup f(x)
x—>b~ (a,b)
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2. Néu f khong bi chan trén thi lim f(x) = +o

x—>b~
Chirng minh:
1. Goil=Supf(x). Ve>03le(ab)déi-e< f(&)<I

(a.b)
Do f(x) tang nén:
Vxe(a,b): E<x= fE)Sf(x)=2l-e<f()SI=l-e<f(x)<l+¢
Hay |f(x)—l| <¢
Giast be R.Dat n>b-¢E>0,Vx: 0<b-x<np=|f(x)=l<e
Chimg t0 f(x) ——=—/
Gidsit b=+o0.Ldy A>E Vx> A>E=|f(x)—]| <e.Chingto f(x)——1
2. VAeR,3ée(a,b)= f(&)>A.

Vay Vx € (a,b) saocho x> <& = f(x)> f(&)> 4.
f(x) > A ching t6 f(x) —=;—>+®©

Vi b = +oo, xét tuong tu nhu trén
Chuy:
e Néu b hiru han, dinh li trén n6i vé gi6i han trai tai b.
o Tur dinh 1i suy ra: moi ham tang trén (a,b) ludn cd gidi han hiru han hodc vo han tai b.

e Dinh 1i 1 ¢6 thé suy dién cho truomg hop f(x) giam trén (a,b). Két qua trong cac trudng
hop dugc mo ta trén hinh 2.10.
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/' (a,b) > R Két luan P thi
Fy
Tangvabi | f(0)——s>Supf() /
(ab) [
chan trén g g
_ A
Giam va bi I \ \\
chan dudi S ) ——=—>Inf f(x) — — % : >
(ah)
Giam va bj
chan trén S ) —=>Supf(x) T \ \\
(a.b) ‘ \ : >
Tang va bi S(xX)—=—Inff ' 5 A
chan dudi I l/ /
— —> N
Tang va khong T _ I
bi chan trén S(X)—=>+o | / - |‘/ -
L I >
Gidm va khong T R T .
bi chan dusi | f(x)———>—o0 ‘ \ ‘
Giam va khong f'(x) ———>+ \\'
bi chan trén - — \\I R
4 T
Téang va khong| f(x)——— -0 > >
bi chin dudi / ‘

H.2.10

Pinh li 2: Néu f(x) xéc dinh tai a va tang ¢ lan cén cua a thi luén tdn tai mot gidi han trai

va mot gidi han phai hitu han tai a va: lim f(x) < f{a) <lim f{x)
X—>a X—>a
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Chirng minh:
RO rang: f(x) tang va bi chdn trén boi f(a) ¢ lan cén bén trai cla a.
f(x) tang va bi chan dudi bdi f(a) 0 lan can bén phai cia a.
Theo dinh 1i 1, ching ta nhan dugc két qua can ching minh. Ta c6 két qua

tuong tu khi f gidm. Hinh 2.11. mo6 ta dinh 1i 2.

A

y
fa)
f(a)
@) /‘
0 a X
H.2.11
2.2.3. Cac gi6¢i han dang nhé
A. lim Y~ jim Y = 2.1
=0 X =0 QN x

Chirng minh: D& dang thiy dugc x € [— %,%) \{0}

sin x
<1.

thi c6 bit dang thuc kép: cosx <
X

Dung dinh nghia ching minh dugc limcosx = 1. Vay suy ra cong thire (2.1)

x—0
: . Y
B. lim|l+—| = lim|1+—| =e (2.2)
PO 00 x X—>—00 x
Chirng minh:
. . 1 1
‘v’xeR+\{0,l},3neN sasocho n<x<n+1= <—<—

n+l x n

n X n+l
Suy ra (1+ ! j S(Hlj S(Hlj .
n+l1 X n

56

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Chwong 2: Ham so6 mot bién so

Theo vi du 10. & chwong 1 va tinh chat dai s6 cta day hoi tu thi:

n n+l -1
(1+ ! ] :(1+ ! ) .[1+ ! j —>e
n+1 n+1 n+1
n+l n
(1+lj :(1+1j .(1+l)—>e
n n n

Suy ra (1 + —j ———>¢. Thyc hién phép bién doi x = —y

X
X -y ig
lim(1+lj = lim 1+L = lim 1+L =e
X—>—0 X y—>+o0 -y y—>+0 y—- 1
2 r A . i \ sin u(x)
Tong quat neu u(x) ———0 thi (1+M(X))u(x) ———>e va ) —>1
u(x
C. lim Inx = 400, lim Inx = —o0 (2.3)
X—>+0 x—0"

Ching minh: Vi Inx tang trén Ri nén tai + 00 ham $6 6 gi6i han hitu han hodc la +o0.

Gia sir c6 gidi han hitu han / thi lim Inx =/ = limIn2x.

X—>+0 X—>00

Tuy nhién In2x =In2+Inx >/=71+2 voly.

A x 1
Vay Inx———>+4w. VxeR, hx=-ln———— -
X—>+0 X x>0

Vidu 1: Chiing minh: limsinx =0,  lim 1 =0

x=0" x—>doo y
Gii:
Ve>0 (£bé) VxeQ,(0)\{0} co [siny] <.

Liy n=&Vx: 0<[|q<e=[sinx<e

<g<:>|x|>l:A
&

Ve>0 dé )

X

Vay 34 € R:,‘v’x: |x| > A=
X

1
< €. Chl'rng to —TO
X +

Vidu 2: Tinh lim 2x+1-3 lim(\/x2+1—\/x2—1)

x—4 /x+2_\/§’ X—>0
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Giai:
V2x+1-3  2(x—4).(Jx-2 +4/2) 2242 25
i-2-42  (-4H.W2x+1+3) 7 23 3

V2 +1-+x -1 = 2 >0
Ve +1++4x +1 77

COSXx — CcoS3x
2

Vidu 3: Tinh lim

x—0 X
Giai:

2 . 2-x+2 . 23x
cosx—cos3x _ (cosx—1)+(1—cos3x) Sy B 210 5

Vidu 4: Tinh lim( el lj : lim(l + sin x)§

x—o x +1 x—=0
Giai:
X2 [7l+x2](7 2x2 ]
x* -1 2 PR | R
2 =17 5w ¢
x +1 1+ x S

1 sinx

(1+sin x)i = (1+sinx)sinx" » ¢

D. Sw ton tai gi6i han cia cac ham so cip

Pinh li: Ham s so cip xac dinh tai x, thi lim f(x) = f(x,)

2.3. PAI LUQNG VO CUNG BE (VCB) VA PAI LUQONG VO CUNG LON (VCL)
2.3.1. Dai lwong VCB
A. Dinh nghia:
Anhxa a: X — R, goi 1a dai lugng VCB tai a néu nhu a(x)———0,aco thé 1a + oo
hodc -
Hé qua: Dé ton tai lim £ (x) = diéu kién can va du 1a ham s6 a(x) = f(x)—/ 1a VCB

tai a.
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B. Tinh chit dai s6 cia VCB
Dua vao tinh chat dai s6 cua ham co gidi han, nhan dugc tinh chét dai sb cua cac VCB

sau day:

1. Néu a,(x),i =1,2,...,n la cac VCB tai a thi tong Z(xi(x) , tich Hal.(x) cling la
i=1 i=1

VCB tai a
2.Néu a(x) 1a VCB taia, f(x) bi chin trong lan can cua a thi a(x).f(x) 1a VCB tai a.
C. So sanh cic VCB
Cho a(x), f(x) la cac VCB tai a.

. N \ £ . AT .
1. Néeu ———— 0 thi ndi rang & 1a VCB cap cao hon £ tai a, ki hiu o = o(f) tai a,
xX—a

cling n6i rang A3 1a VCB cap thap hon « tai a.
2. Néu gﬁm # 0 thi nodi rang «, B 1a cac VCB ngang cap tai a.

Dic biét ¢ = 1thi ndi ring «, B 1a cac VCB tuong dwong tai a. Khi d6 ki hiéu o ~ £ tai a.
R rang néu a, f ngang cap tai a thi @ ~ ¢ taia.
3. Néu y = o(ar*) thi néi ring y 1a VCB c6 cip cao hon k so véi VCB o taia
4. Néu y ~ca®  (c#0) thinéirang y 14 VCB c6 cip k so v6i VCB « taia
Hé qua 1: Néu y ~ o, B ~ f, tai a thi limZ = lim %
s>a B xsa B
Hé qua 2: Néu o = o(f) taiathi a+ B~ f taia.
Hé qua 3: Qui tic ngit bo VCB cép cao:

Néu o 1a VCB cép thap nhit trong sé cac VCB a;, (i = I,_m)

va " 1a VCB cap thap nhét trong s6 cic VCB j3, (i = I,_n) tai a . Khi do:

m

Sa, *

! o . a
hm’n‘l—:hm

x—>a Zﬁj x—>a ﬂ

j=1

Chu y: Cac VCB dang nho la:

£

1. x“wo,a>0
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2. axw(),(a>l) axwo,(0<a<l)

3. shx T)O, thx T)O, Argthx W)O

4. Sinx ——0, tgx ——0, arcsinx ———0
x—0 x—0 x—0

5. arctg — 0

2.3.2. Pai lwgng VCL
A. Dinh nghia

Anhxa A: X — R goi 1a dai luongVCL tai a néu nhu A(x) ———>+00 hodc—o0

(acothé 12 + o0 hodc — o).

Hé qua: P& A(x) 1a VCL tai a thi cAn va du 1a a(x) = 1a VCB tai a.

(x)
B. Tinh chét ciia VCL
1. Néu A(x),i=12,.,n la cac VCL ciung dau (+OO) hay (—OO) tai a thi tong

Z A.(x) 1a VCL mang dau do tai a.

i=1
Néu B,(x),i =1,2,...,n 1a cac VCL tai a thi tich [ [ B,(x) 1a VCL taia
i=1

2.Néu A(x) 1a VCL tai ava f(x) giit nguyén ddu tai a va lan can cia nd thi  A(x).f(x)
la VCL tai a.

C. So sanh cac VCL
Cho A(x),B(x) lacac VCL tai a

A(x)
B(x)

1. Néu

————> o0 thi n6i rang A(x) 1a VCL cap cao hon B(x) tai a, hay B 1a

VCL c6 céap thip hon 4 taia

A(x)
B(x)

2. Néu ———>¢ # 0 thinoi rang A, B 1a VCL ngang cép tai a.

Dic biét ¢ =1 thi ndi réng A, B 1a cac VCL tuong duong tai a, ki hiéu 4 ~ B tai a.

. A A
HE qua 1: Néu 4 ~ 4,,B ~ B, tai a thi limﬁ = limﬁ

x—a B(X) x—>a Bl('x)
Hé qua 2: Néu A(x) 1aVCL cép cao hon B(x)taiathi A+ B~ 4.
Hé qua 3: Qui tic ngit bo cacVCL cap thap:
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Néu A" 1a cic CVL cip cao nhit trong s6 cac VCL  4.(x),i =1,2,...,m va B 1a VCL cép

cao nhat trong s6 cac VCL B, (x),j =12,...,n tai athitacod

S 4(x)

lim=— = limA—(x)

X0 x—a B* (x)
Z;Bj(x)
j=

Chu y: Cac VCL sau day thuong hay dung:

I x*————>+0, (a>0)

X—>+0

2. @ ———>+o0,(a>1) a' ———>+m,(0<a<1)

3. log, x ———>+m,(a > 1) log, x———>+%,(0<a <1)
4. log, x ———>—x, (a > 1) log, x ——5—-=, (0 <a< 1)
5. chx ——=—>+x, shx ———>+, Shx ———>—©
6. cotth)wo, cotth—oo

L 1 A [si
Vidu 1: Tinh hm(smx.cos}, lim 22

x—0 X x>0y

. 1 L 1
Sinx ——>0,|cos—| <1 = limsin x.cos— =0
. x> X x—0 X
Giai
1 : .sinx
—— 0, smx|£1:>11m =0
x X—>00 X—>0 x
. 2 3
, , . sin2x . g x—x
Vidu 2: Tinh lim— y hm—g —
x=0gin4x =0 N x
sin2x ~ 2x .sin2x . 2x 1
. = lim— =lim—=—
sindx ~ 4x =0gindx 04x 2
Giai:
2 3 2
K . gTx—x .X
tg’x ~ x°,sin’ x ~ x* = hrnéT— =lim— =1
x—0 SIn” x x~>0x
2 2 2
3 h o x +x-—1 .o x +x+1 .ox +1
Vidu 3: Tim llmz—, 11m3—, lim 5
X—>0 2X _2 x50 x _|_2 x>0 ¥ _1
Xt +x-—1 .ox 1
Giai: lim > = lim ==
X—0 2x _2 X—0 2x 2
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X +x+1 x* 1
| =lim—=1lm—=0
X—0 x3 +2 X—>00 x3 x>0
X+l X
lim 5 = 11rn—2 =1
x—owo x _1 x>0

2.4. SU LIEN TUC CUA HAM SO
2.4.1. Cac khai niém co ban
A. Ham lién tuc tai mot diém
Cho f: X — R va ae X .Néiriang f(x) lién tuc tai a néu

lim f(x) = f(a) hay lim f(x)= f(lim x)

x—a
Tacla Ve > 0,37 >0,Vx: |x—a|<77:>|f(x)—f(a)|<€
B. Ham lién tuc m{t phia tai a

Cho f: X — R,a e X.Noirang ham f lién tuc bén tréi tai a néu
lim /() = f(a") = /(@)

Ham f lién tuc bén phai tai a néu
lim () = f(a") = (@)

Hé qua: Pé ham £(x) lién tuc tai a diéu kién can va du la:
fla)=fla") = f(a)

C. Ham lién tuc trén mét khoiang
1. Ham f(x) lién tyc tai moi diém x € X thinoi réng no lién tyc trén tap X .
2. Ham f(x) lién tuc trén khoang mé (a,b) va lién tuc trai tai b,lién tuc phai tai a noi ré‘mg
no lién tyc trén [a,b]
D. Ham lién tuc tirng khiic
Ham f: [ab] >R, abeR.
No6i rang ham f lién tuc tung khuc trén [a,b] khi va chi khi Ine N va
(ay,a,.. an) € [a,b]"+1 sao cho a=a,<a,<..<a,=b va f lién tuc trén tat ci cic khoang

mo (a a,, ),i =0,L...,n—1 va c6 giéi han phai hitru han tai a,, c6 gi6i han trai hitu han tai a,,

E. Piém gian doan ciia ham s
1. Néu f(x) khong lién tyc tai a, néi rang f(x) c6 diém gian doan tai x = a .
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2. Néu a l1a diém gian doan va f(a"), f(a") 1a cac s6 hiru han thi goi x = a 1a diém gian

doan loai 1 cta ham sb va goi h,(a)= f(a") - f(a") la budc nhiy cua f(x) tai a.

Hé qua: Néu f(x) ting (giam) ¢ lan can diém a khi d6 £'(x) lién tyc tai a khi va chi khi

h,(a) = 0. Diéu nay suy ra tir dinh li 2 ctia ham s6 don diéu.

3. Néu a 1a diém gian doan ciia f(x) va khong phai la diém gian doan loai 1 thi noi ring
f(x) co diém gian doan loai 2 tai x =a.

Céc dinh nghia trén dugc mo ta trén hinh 2.12.

MAN
/ Ua

v

a a a, a, a aq a, a, b
loai 1 loai 2 lién tuc tung khic

H.2.12

2.4.2. Cac phép toan dai sé ciia ham lién tuc
Pinhlil: Cho f,g: X —> R, ae X,AeR
1. Néu f(x) lién tyc tai a thi | of | (x)| lién tuc tai a.
2. Néu f(x),g(x) cung lién tuc tai a thi f(x)+ g(x) lién tyc tai a.
3. Néu f(x) lién tuc tai a thi Af(x) lién tuc tai a.
4. Néu f(x),g(x) lién tyc tai a thi f(x).g(x) lién tuc tai a.
f(x)

5. Néu f(x),g(x) lién tuc tai a va g(x) = 0 thi T lién tyc tai a.
g(x

Ch y:

e Dinh li trén duoc phat biéu twrong tu cho cac ham lién tuc trén cing khoang X

63

CuuDuongThanCong.com https://fb.com/tailieudientucntt

v


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Chuwong 2: Ham so6 mot bién so

e Néu f(x) va g(x) lién tuc tai a thi Sup(f,g) va Inf(f,g) ciing lién tuc tai a.
Véi Sup(f,g): X > R Inf(f,g): X >R

x = Sup(f(x),g(x)) x = Inf(f(x),8(x))

o 1
Thatviy  Sup(f.g) = (f +g+|f +g)

Inf(f.g) = %(f+g—|f+g|)

Chung minh dinh 1i 1 tvong ty nhu ching minh dinh 1i vé cac phép toan dai sé ciia ham c6
gidi han hitu han.

Pinh li 22 Cho f: X —> RjaelX, g: Y—>R va f(X)cY.
Néu f(x) lién tuc tai a va g(p) lién tuc tai b = f(a) thi ham hop g(f(x)) lién tuc tai a.

Chting minh twong tu nhu chirng minh dinh 1i vé giéi han ctia ham hop.

Chu y:

e Dinh li 2 ciing dugc phat biéu twong tu cho £ lién tuc trén X va g lién tuc trén Y.

e Sur dung dinh li 2, nhan dugc cac gidi han quan trong dudi day:

Vi khi thoa man dinh i 2 thi }CI_I)I;l g(f(x) = g(}l_I)I(Tll f(x)) do do:

(im 080 +%) _

x—0 X

log, e (2.4)

a

Pacbist Lm0t Y)
x—0 X

1 (2.5)

X

lim® =&y S0 Lax1) (2.6)

x—0 X

That vay goi y =a” =1 = x =log,(y +1). Theo (2.4) s& co:

i S lim—2 =L g
=0y »=0log (1+y) log, e
1imw =q (2.7)
x—0 X

Goi y = (x+1)* =1 = aln(l+x) = In(1 + y)

1imw im2®) ling[ y aln(x+ I)J .y

x>0 X x>0y In(y+1) X
Tu trén dé dang nhan dugc dinh 1y sau:
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Dinh ly 3: Moi ham 36 so cép xac dinh tai x = a thi lién tuc tai a.

2.4.3 Tinh chit ciia ham s6 lién tuc trén mot doan
Cho f: [a,b]—> R lalientuc, a<b.

A. Tinh trit mat ciia ham sb lién tuc

Pinh li 1: Néu f(x) lién tuc trén [a,b] va f(a).f(b) <0 thi ton tai ce(a,b) dé
f(e)=0

Chitng minh: Thyc hién phuong phap chia doi doan [a,b]. Néu trong qué trinh chia d6i
tim dugc diém ¢ s€¢ dung lai. Néu khong tim dugc c thi nhan dugc day cac doan 1ong nhau
([an,bn]) trong do f(a,) <0, f(b)>0vab —a, = bz—na :

Suy ra lim f(a,) = f(lima,) = /() <0 va lim f(b,) = f(limb,) = f(c) 2 0

trong d6 ¢ € (a,b). Vay f(c)=0.

Pinh 1i 2: Néu f(x) lién tyc trén [a,b] khi dé f(x) nhan gia tri trung gian
gita f(a) va f(b) nghia la:
vy elf (@, f®)}3celabl f(=7
Chirng minh :
Dinh li [a dung v6i v = f(a) hoac y = f(b).
Gia st f(a) < f(b) va xét f(a)<y< f(b).Dat g(x)= f(x)—y lién tuc trén [a,b] va
g(a) < 0,g(b) > 0. Theo dinh 1i 1 thi ton tai ¢ € (a,b) dé g(c) =0 hay f(c)=y.
B. Tinh bi chin ciia ham s lién tuc
Pinh li 3: Haim sé f(x) lién tuc trén [a,b] thi dat duoc gia tri 16n nhat va nho nhat trén
[a,b] nghia 1a:
Ax, x, €labl,  Vrelab]eo f(x,)< f(x) < f(x,)
Chuing minh :
Trude hét chimg minh f(x) bi chan trong [a,b]. Gia su f(x) khong bi chan, tuc la:

Vne N,3x, [a,b]:> |f(xn) 2n

(x,) bichan nén theo dinh li Bolzano-Weierstrass ton tai day con cua nd
(xnk)—> X, € [a,b] = ‘f(an > n,.
Chuyén qua gi6i han s& c6 | f(x, )| =+00. Vo 1livi f(x) lién tuc tai x,.

Goi m = Inf f(x) va M = Sup f(x).
[a.0] [a.5]
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r 1 * 1 . .
Lay e=—,ne N ,dx, [a,b] = — > f(x,) —m = 0.Theo dinh li Bolzano-Weierstrass
n n

X, — X, € [a,b]
El(xnk ) la day con cua (xn) vaqyl > f(x,)-m=0

ny

Qua gidi han s€ c6 %im S, )= f(x,)=m
Tuwong ty 3x,, dé f(x,,)=Sup f(x)=M
[a.0]

H¢ qua: Néu f: [a,b]—> R lientuc thi f([a,b])=[m,M]c R
Trong d6 m = Inf f(x), M = Sup f(x)
[a.0] [a.0]
2.4.4 Tinh lién tuc déu
A. Pinh nghia: Cho f: X — R.Noirang f lién tuc déu trén X néu
Ve>0,dn > O,V(x',x”) eX?: |x'—x"| <n= |f(x‘) —f(x")| <&

Chu ¥ rang trong dinh nghia ndy s6 7 € R khong phu thudc vao x' va x", nd khic véi tinh
lién tuc ctia ham f taia, 6 d6 7 co thé phu thudc vao a.
Hé qua: Néu f(x) lién tuc déu trén X thi lién tuc trén X .

Diéu nay 1a hién nhién, vi ldy a = x' bat ki thi diéu kién f(x) lién tuc tai a 1a thoa mén.Tuy
nhién, mot ham sd £(x) lién tuc trén X c6 thé khong lién tuc déu trén X

chang han xéthamsé f: R — R choboi f(x) = x’. That vay

Jde>0,Vnp> O,El(x',x") € R? sao cho |x’—x"| <nva ‘x’z—x”2‘ > ¢
A Al 1 " 1 5 4 1 " 1 A} 1 " " 1
Lay x"e R, ,x'=x +577 khi d6 |x—x | :577 va ‘xz—x 2‘ =nx +Z772 >

. ; | 1 1 1
ncu lay x"= i. Cuthé chon ¢ =—,x"=— va x'=—+—p
n 2 2n 2n 2

Dinh li Hiyne (Heine)

Néu f(x)lién tuc trén doan dong [a,b] , a,b e R thilién tuc déu trén [a,b].
Ching minh :

Chung ta 1ap luan phan ching nhu sau: Gia st f(x) khong lién tuc déu , tirc 1a

de>0,Vn> O,El(x',x") € [a,b]2 dé co |x'—x"| <nva |f(x') —f(x")| >¢

Vne N',lay n = l,EI(x'n X" )e [a,b]2
n

66

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Chwong 2: Ham so6 mot bién so

> &

1
sao cho |x'n —x"n| < ;Vé|f(x'n ) —f(x")

Vi (x'n) bi chin nén ton tai diy con (x'nk) hoi tu vé c e [a,b], co tuong Ung day con

(x"nk ) duong nhién bi chén.

Viy ton tai mot ddy con cia nd (x"nk_ ) hdituvé c e [a,b].

"
ny

1 i 5 X
< — va qua gidi han suy ra c=d dong thoi:
n

J

~ '
RO rang ‘x n, X

‘ S, ) - f&", )‘ > ¢ .Qua gioi han, do tinh lién tuc suy ra

/()= f(c) 2. Voly.
Vi du 1: Chimg minh rang f(x) = Jx lién tuc déu trén khoang [O,+00)
Giai:
Liy x, > 0, ham s6 lién tuc déu trén [0, xo]

Lay x,,x, tuy y trén [x0,+oo), x, <%,

Xy —X Xy —X
Taco /Xy —4/X] = z L 2 _log
Xy FAlx 24X,

Ve > 0,38 =2&\[x,, ¥x,x, saocho |x, —x,| <& =|f(x) - f(x,) <&

Vay lién tuc déu trén [x0,+oo) h

Hop hai khoang lai ta nhén dugc f(x) = \/; lién tuc déu trén [O,+oo)
Vi du 2: Chimg minh rang f(x) = cos’ x khong lién tuc déu trén [0,+oo)
Gidi: Ta phai chira

d¢ >0,V 5,3x,,x, sao cho |xl —x2| <0 ma |f(xl)—f(x2)| > &

That vay: Vo > 0,3k;, X, = N2k, X, = NREk+1D)7 eR

T T

< <0
JQk+D)z +2kx  2kn

Xy =% =k +D)z —~2kr =

4 T
Lay k >
(Lay e

)= ‘cosxi —cosxlzk‘ =2 (lay € =2).
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Chuwong 3: Phép tinh vi phdn ham so mét bién so

CHUWONG IlIl: PHEP TiNH VI PHAN HAM SO MOT BIEN SO

3.1. PAO HAM
Tir nay vé sau (dén hét muc 3.8) luén ki hiéu f: X > R, X #¢ va X khong thu vé

mot diém, tac 1a X 1a khoang nao d6 trén R, va R™ 1a tap cc anh xa da néi ¢ trén, con C, la
d6 thi cia ham s f .
3.1.1. Pao ham tai mt diém
3.1.1.1. Dinh nghia dao ham tai mt diém
ChoaeX,a+heX,feR" Noi réng f kha vi tai a néu ton tai gi61 han hitu han

i S+~ f(@

h—0 h

Gidi han nay thuong ki hiéu f'(a) hay Zf (a) goila dao ham ctua f taia.
X

goi la ti s0 cua cac so gia ham so va so gia doi so.

g L@t =f@ _ 4@
h Ax

3.1.1.2. Dinh nghia dao ham mgt phia
1. Choae X,a+he X.Noi réng f kha vi phai tai a néu ton tai gidi han hitu han

o Sath)= f(@

h—0" h

Gidi han nay ki hiéula f p'(a) , 201 1a dao ham phai cua f tai a.
2. ChoaeX,a+he X.Nobi réng f kha vi trai tai a néu ton tai gi6i1 han hitu han

o flath) = (@

h—0" h

Gi6i han nay ki hi¢u 1a f,'(a), goi la dao ham trai cua f tai a.
Hé qua 1: Bé f kha vi tai a diéu kién can va di 13 f kha vi trai va phai tai a dong thoi
f'(@) = f,' (@)= f'(a)
Hé qua 2: (diéu kién cin ctia ham kha vi)
Néu f khavitaiathi f lién tuc tai a
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Chuwong 3: Phép tinh vi phdn ham s mét bién sé

Ching minh: Liy he R" d&¢ a+he X

10 rang f(a+h):f(a)+h_f(a+h)_f(a)

I
ma L@ ”z_f(a) s f'(a) = f(a+h)——> f(a)
chung téd f lién tuc tai a.

Chu y:
l. fco thé lién tuc tai a nhung khong kha vi tai a chéng han cac ham dudi day va dd thi cua

chang trén hinh 3.1. mé ta diéu do
h
e feR"chobdi f(x)= |x| . lién tyc tai 0 nhung khong kha vi tai 0 vi % khong co gidi
han khi # — 0, & day ta thiy £1(0)=-1#1= £'(0)

e feR™ choboi f(x)= Jx lién tuc tai 0 nhung khong kha vi tai 0 vi véi h e R]

h 1
—=—=———+®

h \/Z h—0"

1
.sin—, #0
feR" chobsi fx)=1"""%

0 x=0

lién tyc tai 0 vi | f (x)| < |X|W)0 = f(0) nhung khong kha vi vi

1
h.sin— 1
h _ sin-~ khong c6 gidi han khi / — 0

A Y Y 4

»

i

H.3.1
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Chuwong 3: Phép tinh vi phdn ham so mét bién so

2. Néu f kha vi phai (hodc trai) tai a thi f lién tuc phai (hodc trai) tai a.
3. Néu f kha vi phai va trai tai a thi / lién tuc tai a.
3.1.1.3. Ynghia hinh hoc ciia dao ham

Néu f kha vi tai a thi ton tai tiép tuyén ciia dd thi C, tai diém A(a, f(a)) . Tiép tuyén nay
khong song song véi truc Oy va cé hé s goc 1a f'(a).

Truong hop f khong kha vi tai a ma ton tai f'(a) va f,'(a). Lac do goi diém
A(a, f(a) eC ,la diém goc cua C,,va hai ban tiép tuyén tai A khong song song vdi nhau.

Truong hop f khong kha vi tai a nhung co

fla+h)— f(a)

>+00 hodc — oo

h h—0"
hoac Slat hz mAC) >t hoac —

thi tai A(a, f(a)) dudng cong C, c6 mot ban tiép tuyén song song vai Oy.

Hinh 3.2. m6 t& cac ndi dung trén.

v

[w]
o
bk 4
S
)
e

H.3.2

3.1.1.4. Y nghia co hoc ciia dao ham

Cho chét diém chuyén dong tai thoi diém t duoc dinh vi boi vée to ban kinh 7(7) (Xem
hinh 3.3.)
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Chuwong 3: Phép tinh vi phdn ham s mét bién sé

V4
A

r(t)

v

H.3.3

Goi r = ;(t) 1a phuong trinh chuyén dong cua chat diém.

Gia st tai thoi diém ¢,,¢, véc to ban kinh ctia chat diém 1a 7(¢,),7(t,)

C— A ()1
Goi v = A _rt)=r@)
tz_tl lz_tl

1a véan toc trung binh tir thoi diém ¢, dén ¢,

Van téc tirc thoi v(¢,)cta chat diém tai thoi diém # s& 1a gi6i han cua ti sd trén khi
t,—t, >0

vt = tim N0

t, >t tz

H(6,) =)
—
Viy van toc tic thoi ciia chat diém chinh bang dao ham cua véc to ban kinh theo thoi gian t.
3.1.2. Cac phép tinh dai s6 ctia cac ham kha vi tai mot diém
Pinh li 1: Cho f va g kha vi tai a khi do
1. f+g khavitaiava (f+g)'(a)=f"(a)+g'(a)
2. VAe R Af khavitaiava (Af)'(a) =1.f'(a)

3. f.g khavitaiava (f.2)'(a)= f'(a).g(a)+ f(a).g'(a)

N

Néu g(a) 0 thi L kha vitaiava (i] (@)= (D& (“)2_ J(a)-g'(@)
g g g (a)
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Chuwong 3: Phép tinh vi phdn ham so mét bién so

Chirng minh :
%((f +g)a+h) ~(f +g)a))= —(f(a +h)— f(a))+ (g<a +h) = g(@))——=— /(@) + g'(a)
2 %((if)(a +h) = (@)= A (f(a )= £(@))—=> (@)

%((fg)(a +h) - (fe)(a))=— (f(a +h) - f(a))g(a+h)+ f(a)g(a+h)-g(a))

|

>|—

(fla+h)— f(a))j gla+h)+ f(a)[ (gla+h)- g(a))j—>f (a).g(a)+ f(a).g'(a)
do g(a+h)——;>g(a) vigkha vi tai a.

g'(a)
g’(a)

4. Trude hét ching minh (l] (a)=-
g

2(x) lién tuc tai a va g(a) # 0 vay g khac khong trong mot 1an can cia a, do d6 ton tai

1 ) .
ham — xac dinh ¢ 1an can cia a, vdi h du bé thi

g
e el sy
h\\g m\gla+h) gla) h gla+h)g(a)

- {gla+ ) -g(@)

;_) ' a). 21
gla+h)g(a) g (a)

suy ra

g'(a) _ f'(a)g(a) - f(a)g'(a)
g (a) g’(a)

(ij(a)=(f j(a) F@——+ f(a).=8
g ()

DPinh li 2: (Pao ham cta ham hgp).

ChoaeX, f:X >R, g:Y—Rv6i f(X)cY.Néu f khavitaiavagkhavitai
f(a) thi ham hgp gof kha vi tai a va

(gof)'(@) = g'(f(@)).f " (a). 3.1
Chirng minh:
Liy he R tuy ysaocho a+h e X . it
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h

S@rN=J@ _ ) néuh#0
&(h) =
0 néuh=0

suyra f(a+h)= f(a)+hf'(a)+ he (h)
& (h)—5—0

Liy k € R tuy y sao cho f(a)+k e Y. Pat

{g(f(a)%)—g(f(a))
gz(k) =

p ~g'(f(a)) néuk =0
0 néuk =0
suy ra g(f (@) + k)= g(f (@) +kg'(f(a))+ ke, (k)
&, (k) —=—0
VheR saocho a+he X sécd

(gof Na+h) = g(f(a+h))=g(f(a)+hf'(a)+he (h))

= g(f(@)+(hf"(@) + he, (W)g'(f(a))+ (hf (@) + he,(h) )&, (hf () + he,(h))
= g(f(@)+hf'(@g'(f(a))+ he(h)
trong d6 £(h) = & (h)g'(f(@))+ (f'(a) + & (h))&,(hf (@) + he (1))

Vi g(h)—=—0, &, (k)—=;>0 suyra &(h)——;—0. Din dén

(gof Xa + h) - (gof \a)
h

—— ["(a).g'(f(a))

DPinh li 3: (Pao ham cta ham nguogc).

Giast f: X — R don di¢u ngat va lién tyc trén X kha vitai a € X va f'(a) # 0

Khi d6 ham nguoc ciia f1a ' : f(X)— R khavitai f(a)va

(£)(f(@)= ﬁ (3.2)

Chirng minh: Theo gia thiét ton tai song 4nh f vay ton tai ham nguge f~' lién tuc trén

f(X).

Vye f(X)\ {f(a)} chiing ta xét
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Chuwong 3: Phép tinh vi phdn ham so mét bién so

S-S @)
y—f(a) y=f@ - f(a)
) -a
néu f'(a) # 0
Chimg t6 ™ kha vitai f(a) va (f)(f(a))= ﬁ = (@)@ =1

Néu goi Cf,1 la dd thi cia ham f' thi cac tiép tuyén tai A(a,f(a)) eC, va
A'( f (a),a) eC - d6i xtg véi nhau qua dudong phan giac ciia goc phan tu thir I va I

Hinh 3.4. m6 ta diéu do

a a //
f(@) 1@ Jy )
0 0 f(a) a X=

H.3.4

3.1.3. Pao ham trén myt khoing (anh xa dao ham)
A. Pinh nghia: Cho f € R” kha vi tai mdi diém x € (a,b) c R
Ki hi¢u anh xa f":(a,b) > R
x = f'(x)
la 4nh xa dao ham hay dao ham cua f(x) trén (a,b) thuong ki hi¢u f'(x) hay
daf

d—(x),Vx e (a,b) . Ciing néi rang f(x) kha vi trén (a,b) c X
X

B. Cic tinh chit

Céc dinh li dudi day suy ra mot cach dé dang tir cac dinh 1i & muc 3.12.
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Pinhli1l: Cho f,g: X — R khavitrén X, (tuc l1a (a,b) = X ) khi do.
. f+g khavitrén X va (f+g)'= f'+g'
2. VAe R, Af khavitrén X va (Af)'= Af"
3. f.g khavitrén X va (f.g)=f'g+ f¢'

. g(x)#0 trén X thi / kha vitrén X va (ij

_f'g- /g
g g 2

g

N

Bing mot phép qui nap don gian, nhan duoc:
Néune N va f,,f,,...f, khavitrén X thi

Zn:f[khévitrén X va (ifl] =ifi.
i=1

i=1 i=1

Hf kha vi trén X va [Hf,.] = fEfi S Sl fo

i= k=1
Pinh 1i 2: Cho f € R* va g e R" . Néu fkhavitrén X vagkhavitrén f(X) thi gof
kha vitrén X va
(gof )= (g'of) [’
Mo rong (hogof )'= (h'ogof )(g'of ) /"
Pinh li 3: Cho f € R* don diéu ngit trén X ,kha vitrén X va f'(x)# 0 trén X khi d6
£ khavitrén £(X) va
A
(f )= Iz
3.1.4. Pao ham ciia cac ham s6 thong thuwong

A. Ham s mii
Cho f(x)=a", f:R—>R

f(x+h)—f'(x):a”h—ax |

=aqa — a’Ina (nhd vao cong thuce (2.6
P ; p ( g (2.6))

Vay ham mt kha vi trén R . Dac biét (e*)'=¢"

B. Ham s6 logarit
Cho f(x)=log, x=y,f eR" . Himnguoc x =a’
1 1

xX'=a’lna= y'= =
y
a’lna xlna
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1
béac bi¢t y =Inx thi y'=—
x

C. Ham luy thira
Cho f(x)=x"=y,aeR,f e R¥ lay logarit ca 2 vé s& co
Iny=alnx
Str dung dao ham ctia ham hop ta co
Y = al = y'=ax”"
y X

Trudng hop x < 0 tuy theo a dé biéu thirc x*™' xéac dinh thi ta van ¢co y'= ax“™

D. Ham lwong giac
Cho f(x)=sinx,f e[-LI]\

sin(x+Ah)—sinx . cosh—1 sinh
=sinx +c

0SX——
h
2sin® —
=sinx +CcoSXx——
. 2sin® —
A , sinh .
Theo cong thuc (2.1) suy ra L 7 ——0

Vay (sinx)'=cosx, VxeR

Tuong tu c6 thé chira f(x) = cosx ciing kha vi trén R

. : Vg : T .
va cosXx = sin x+5 = (cosx)'=cos x+5 = —sinx

suy ra #gx kha vi trén R\{%-I—kﬂ',k € Z} va

(1gx)'= (sinx]' _cos’x+sin’x 1 C1t1gix

COSX COS2 X COS2 X

cotgx kha vitrén R\ {kz,k € Z} va

1
(cotgx)'=——— = —(1+cotg’x).
sin® x

E. Ham lwgng giac ngugc

Cho f(x)=arccosx=y,f € [0,71'][_1’1] ta s€ ching minh f'(x) kha vi trén (—1,1).
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That vay ham ngugc ciand x = cosy. x'= —siny = —y/1—cos’ y vi y € (0,7)

1 1
Vay (arccosx)'=— =—
Jl-cos’y  1-x
. 1
Tuong ty (arcsinx)'= -
I-x

1
(arctgx)'=
1+

(arccot gx)'= — 5
1+ x

F. Ham cho theo tham sb

Cho f € R* duéi dang tham s6
x:i(a,p)—> X, yi(a,B)—>R
x =)
y=y() éite(@p)=T

Néu x,y kha vi trén T, ton tai ham ngugc ¢ = @ '(x) kha vi va ¢'(¢) khac khong trén T,

Cu thé {

thi theo cong thure tinh dao ham cua ham sb nguoc va ham sb hop s& nhan duoc

& _yo

& o) (3.3)

G. Pao ham logarit
Néu f c6 dang tich ctia cac nhan tir v6i s6 mii ¢b dinh hodc £ =u",u =u(x)>0,v=v(x),
thi ta c6 thé xét dao ham logarit cua £ twong tu nhu ham luy thira trong myc C hodc ham s6 mi
trong muc A Sau d6 st dung dinh li dao ham ctia ham hop.
That vay f(x) =u“v"@” trong d6 a, B,y € R con cac ham u(x),v(x),o(x) kha vi trén
X valuon duong trén X . Khi d6.
Inf(x)=alnu+ fInv+yhe

' ul vl a)!
L:a~+ﬂ~+yk.
u 14

: u' v o
= f'(x) = [a—+ p—+ 7—]f(x)
u A% (4]
Hoic c6 thé biéu dién
f(x) — ealnu+,6’lnv+7lnw

Céc cach tinh dao ham thong qua cong thirc dao ham ctia ham l6garit goi 1a dao ham 16ga.
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H. Bang cic dao ham ciia cac ham so thong dung

y =C = const Vx e R y'=0 VxeR
y=x",a €R VxeX y'= o VxeX,cX
y =sinx VxeR y'=cosx VxeR
Y =COoSX VxeR y'=—sinx VxeR

y =1gx VxeR\{%

1
+k7r,keZ} y'=—:7 =1+1g°x VXER\{%-F]WZ’,]CEZ}

COS X

1
y = cot gx VxeR\{kﬂ,keZ} V'=-— = —(1+cotg’x) VxeR\{kﬂ,keZ}
sin” x
yv=a" VxeR y'=a"lna VxeR
y=log,x VxeR, y'= ! Vx € R,
xlna
) 1
y = arcsin x Vxe[—l,l] A= Vx e (-L1)
1-x°
1
Y = arccos x Vxe[—l,l] y'=- Vx e (=11
L x
1
y=arctgx VxeR y'= > VxeR
I+ x
1
y=arccotgx VxeR y'=- - VxeR
I+ x
y=shx VxeR y'=chx VxeR
yv=chx VxeR y'=shx VxeR
1
y=thx VxeR y'=— =1-th’x VxeR
ch™x
1 >
y=cothx VxeR\{0} y'=——>—=1-coth"x Vx € R\ {0}

sh™x

Vi du 1: Hiy tinh dao ham tai 0 ctia cac ham s6 sau (néu co)

L f)= x°sin—
0
2. f(x)=x3
3. filx)=x?
Giai:
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Chuwong 3: Phép tinh vi phdn ham s mét bién sé

S - £ "I,
' h h

1

, LW-f0) k1

. ; = ———=7>1% , f(x) khong kha vi tai 0

1

= hsm%h—_ﬂ)>0 = f‘(O)

h§
_ 3
s LSO K1
h h 1 h—0
h3

—o , £,(x) khong kha vi tai 0

h—0"

Vidu2: Cho f € R* khavitai a € X.Hiy tim
2 —
lim @t h)—fla+h)

h—0 h

Giai:
fla+h*)—f(a+h) :hf(a+h2)—f(a) _fla+h)-f(a)
h n’ h
Vi du 3: Chimg to rang f € R” cho boi biéu thie dudi day khong kha vi tai moi x € R

——f'(a)

x+1 néuxeQ
S (x)= i
3—x néuxeR\Q
Giai: Nhan thay tap Q va R\Q déu tru mat lay x, € R
lim f(x)=x,+1, lim f(x)=3-x,
0" YeR\D

Dé lién tuc tai x, thi x, +1=3-x, < x, =1
Vay ham khong kha vi tai x #1
fa+mn-fA) _h 1

Xétl+heQ,

h h oy
xe i¥nertg, < JUEP=SO_E
h h  hero

Vay khong ton tai f'(1)
Vidu 4: Cho fva g kha vitai a tinh
o S()g(a) -~ f(@)g(x)

xX—a x_a

Giai:
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Lap ham sé A(x) = f(x)g(a) — f(a)g(x) kha vi tai a va h(a) =0
L S2@) - f(@g(x) _ | hx) =~ h(a)
xX—a XxX—a xX—a XxX—da
= f'(a)g(a)—-g'(a) f(a)

Vi du 5: V& do thi cua ham s6 va dao ham cua ham s6 sau day.

= ()

1. y= x|x|
2. y= ln|x|
Giai:

Trude hét ta hiy tinh y'(x)

{—xz x<0 {—Zx x<0
1. y=x|x|= = )'=

x2 x>0 2x x>0

2

_x n
. =0, »,0)=0. »'0)=y,'0)=0= y'= 2|x| trén R

3,'(0) = lim
x—>0"

1
In(-x) x<0 D i#9 o
2. y:1n|x|: = y'= = y'=—voi xeR
Inx x>0 1 i
— x>0
X
Hinh 3.5. mé ta cac d6 thi ciay va y’
A y y N
) 1 _ 2 1 / .............
iy = S
=
y
H.3.5
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Vidu 6 : Tinh dao hamy ' ctia ham sb

{len(l+t2)

y=t—arctgt
L
— 2
Giai: yo= B dizarcg) | 1eit L
de  din(1+1¢7) 2t 2
1+¢°

3.2. VI PHAN CUA HAM SO
3.2.1. Pinh nghia vi phan tai mjt diém

Cho feR",fkha vi tai ae X. Vi phan cia f tai a ki hiéu df(a) xac dinh bai

cong thirc
df (a)= f"(a).h v6i heR
Vay df (a) 1a mot ham tuyén tinh cta h
Xéthamsé f(x)=x trén R, f'(x)=1,Vx e R vay dx =1.h
Tur @6 cling thuong ki hiéu df (a) = f'(a).dx
Hé qua: Pé f(x) kha vi tai a diéu kién cin va du 1a ton tai hing s6 A € R va mot
VCB «a(h)tai 0 sao cho
f(a+h)— f(a)=Ah+ha(h) dongthoi A = f'(a).
That vay f(x) kha vi tai a khi va chi khi ton tai f"(a)

fla+h)~f(a) _
h

Nghia la %13(1)

f'(a)

Hayla Z@F hz D ) = ahy———0

fla+h)—f(a)=f'(a)h+ha(h)
Vay f'(a)=4
Tuong tu nhu dao ham tai mot diém, ta nhan duogc tinh chét dai s6 cua vi phan.
Pinhli: Néu f,g € R* vakhavitai a € X thi
L. d(f +¢g)a)=df(a)+dg(a)
2. d(H)(a)=Adf (a) v6i A € R
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3. d(f.g)a)= f(a)dg(a)+ g(a)df (a)

4 d(ij(a)= L (g(@)df (@)~ f(@)dg(a)) khi g(a) %0
g g (a)

Chuy:
e f(a+h)—f(a)=Af(a) 1a sb gia cua ham s6 ung véi sb gia d6i s6 Ax = h. Vay néu
£ (x) kha vi tai a thi v6i h kha bé s& co cong thirc tinh gan dung s gia clia ham sb
Af (a) = df (a) .
e Xétham hop gof . Néu f kha vi tai a va g kha vi tai f(a) theo dinh 1i 2 thi gof kha vi
tai a. Ttc 1a
d(gof Ya) = (gof V(@) = g'(f(@).f (@) = ¢'(f(a)df (a).

Nhu vay du x 1a bién doc 1ap hay bién phu thudc thi dang vi phan déu gidng nhau. Ngudi

ta n6i vi phan cap 1 co tinh bat bién.
3.2.2. Vi phan trén mgt khoing
Cho f € R kha vi trén (a,b) < X . Vi phan ctiia ham s6 trén (a,b) dugc xac dinh theo
cong thirc
df (x) = f'(x).h voi x € (a,b).
Tuwong tu nhu dinh 1i trén, ta nhan dugc dinh 1i sau day.
Pinh li: Néu £, g kha vi trén (a,b) thi trén khoang d6 ciing thoa min cac hé thic sau.
L d(f +g)(x) = df (x) + dg(x)
2. d(Af)(x) = Adf (x)
3. d(f.g)x) = f(x)dg(x) +g(x)df (x)

4 d(ijm: L (g)df () - f(x)dg()) khi g(x) % 0
g g (x)

Vi du 1: Tinh gn ding sin 60°40'
Giai:
bat f(x)=sinx,tacd f'(x)=cosx

Chon x, =60° =2 khi d6 h=40'= 0z _ 7
3 60.180 270
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Theo cong thirc x4p xi ta co:
. oA s o 0o T
sin 60°40'~ sin 60° + cos 60°. ——

270
~ V3 T 0866+ 0,006=0872
2 27270

Vi du 2: M6t hinh cau b?mg kim loai ban kinh R, khi nong Ién ban kinh n¢ thém mdt doan

AR . Tinh thé tich méi cta hinh ciu mét cach chinh xac va gan dung.
Ap dung bang s6 R =5c¢m, AR = 0,lcm
Giai:
Cong thirc tinh thé tich ¥ cta hinh cau la:

Vziﬂ'R3
3

Sau khi giadn nd, ban kinh hinh cAula R + AR, thé tich méi cta hinh ciu tinh chinh xac la:
_ 4 3 4 3 3
V+AV = EE(R + AR)” = 572’(5 +0,1)" =176,8687 cm

Néu tinh gan dang, ta xem: AV =~ dV ( S6 gia ctia thé tich gin bang vi phan) va khi d6 thé

4 . »
tich V' = T”R3 xem nhu ham so ctia d6i s6 R . Vay:

dV =V,"AR = 47R> AR
=47.5°.01=107 cm®

Thé tich ban dau cua hinh cau:

V= §7Z'R3 =§7r53 =166,6667 cm’

Vay thé tich méi cua hinh cau tinh gin dang 1a:
V+AV &V +dV =176,6667 cm’
Sai s6 tuyét dbi trong bai toan nay la:
176,8687 cm® —176,6667 cm® =0,2027 cm®
Nhu véy sai s6 twong ddi 1a:

_ 02027 _ 0,0011
176,868

83

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Chuwong 3: Phép tinh vi phdn ham so mét bién so

3.3.PAO HAM VA VI PHAN CAP CAO
3.3.1. Pao ham cép cao
A. Dinh nghia

1. Cho fkhavitrén X ,néu f'(x)khavitai @ € X thinéiring f c6 dao ham cip 2 tai a
va ki hiéu dao ham d6 1a f"(a). Tuong tu dao ham cap n cua f(x) tai a, ki hiéu 1a £ (a)
chinh 12 dao ham ctia ham £ " (x) tai a.

2. Né6i rang f(x) kha vi dén cdp n (hay n lan) trén X khi va chi khi ton tai £’ (x) trén
X, neN trongdd f”(x) la dao hamcia £ (x)

3. Noi rang f(x) kha vi vo han 1an trén X khi va chi khi f(x) kha vi n lan trén X,
Vn € N . Sau day thuong ki hiéu ¥ (x) = f(x)

Chuy:

e Néu f khavinlantrén X thi Vp,q € N saocho p+g<n taco

( £ )W) = [0

e Tap xac dinh ciia ) thuong chta trong tap xac dinh caa £

B. Dinhli
Cho AeRneN', f,g e R" khavinlantrén X , khi d6 trén X co cac hé thiic sau day:
(F+e)"=r1"+g"

L) =

2. (fz)” = ZCff(k)g("’k) goi la cong thirc Leibnitz

k=0

3. g(x)#0 trén X thi s kha vin lan trén X
g

Chirng minh:
1. va 2. duoc chimg minh dé dang bang qui nap
3. chirng minh qui nap theo n nhu sau:
V6in =1, cong thirc ding theo dinh 1i 2 trong 3.1.3.
Gia st f,g khavi(nt+1)1an trén X va cong thirc Leibnitz da dung véi n tic 1a:

(f.g)(") = iC:f(k)g(”’k) do 1a tong cua nhimg g™ kha vi trén X nén ton

k=0

tai (f.g)"" va
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n+l

n n n
(f.g)(n+l) _ zcrllcf(kﬂ)g(n—k) " zcrl:f(k)g(n—kﬂ) _ Zcrllflf(z)g(mu) n Zcrllcf(k)g(nﬂ—k)
k=0 k=0 k=0

=1
n+l

n+l
— ZC’lzflf(l)g(anl) + chllcf(k)g(nﬂfk) (Vi C;l =0va C:Jrl — O)
1=0 k=0

n+l

n+l
_ k-1 K\ (k) (nil-k) _ kK pk) (ntl—k)
- Z(Cn + Cn )f -8 ! - ZCn-Hf g k

k=0 k=0
4. Qui nap theo n.
Véin =1 ta cod cong thic (ij = @ chung t6 rang (ij kha vi
g g g
Gia st rang f,g kha vi (n+1) lan va tinh chat da ding v6in. Vi 1", g, f,g' kha vin lan
@ kha vin
g

trén X nén f'g— fg' va g” kha vin lan trén X . Theo gia thiét qui nap

f

lan trén X nhu vay < kha vi (n+1) lan trén X .
g

3.3.2. Vi phan cép cao
A. Dinh nghia

1. Néu f kha vi dén cdp n tai @ € X thi bicu thirc £ (a).h" goi 12 vi phan cép n tai a ki
hidula d" f(a). Vay la d" f(a) = f" (a)h" hay d" f(a) = " (a)dx"
2. Néu f kha vi dén cdp n trén X thi vi phdn cép n cia ftrén X duoc ki hiéu la
d" f(x),x € X vaxac dinh theo cong thirc sau
Vxe X, d"f(x)=f"x)h" = £ (x)dx"
B. Cong thirc tinh vi phan cp cao

Tir dinh 1i vé& dao ham cép cao, truc tiép nhan duoc cac cong thirc tinh vi phan cip cao dudi
day
Pinh li: Néu f, g kha vi dén cap n trén X thi khi d6

I d"(f+g)=d"f+d"g
2. Véi AeR, d"(Af)=id"f

3. d"(fg)=Y Cid'fd""g
k=0

4. Néu g(x)# 0 thi s ¢6 vi phan dén cap n.
g
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Ch y:

(n)
e Khong c6 cong thirc don gian cho [1] cling nhu d” i

g g

e Tinh bét bién ciia vi phan bi pha v& khi lay vi phan cip cao (tir 2 trd 1én), Vi du sau s&
chtng to diéu d6. Cho ham hop gof , trong d6

) =x,g(f)=f* = g(f(x)=x°
= dg(x) = 6x°dx = d’g(x) = 30x"dx’
Mat khic dg(f)=2fdf = d’g(f) = 2(df)’
ma  df =3x%dx = d’g(f) = 18x*dx* # 30x*dx’

3.3.3. Lop ciia mot ham
A. Dinh nghia

1. Cho ne N, Tanéi f thudc 16p C" (ki hidu f € C") trén X néu f kha vin lan trén
X va £ lién tyc trén X .

2. Noirang f € C* trén X néu f kha vi vo han lan trén X .
3. Noirang f € C® trén X néu f lién tuc trén X .

Chu y: Nhu vay, mot ham c6 thé kha vi n 1an trén X nhung chua chéic da thuoe C”".

Chang han
2 .
x“sin—, x#0 g . R A 1, A
f(x)= X kha vi trén R nhung khong thudc 16p C trén R

0 4 x =0

That vay
2xsin1 cos1 x#0
f'(x)= X x khong c6 lingf'(x)

0 P ===l

4. Néi rang f € C" timg khuc trén [a,b] khi va chi khi tdn tai p e N, ay,--,a, € R dé
feC" wen [a,a,,] (=0,.,p-1)

x* néux e (0,]

Chang han f(x) =
ghan () {0 néu x € [-1,0]
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2x néux e (0,1]

S = {0 néu x e [— 1,0]
Vay f(x) e C' tén [-1,1]

2 néuxe(0,]
0 néuxel-1,0]

J'(x) ={
f € C? ting khic trén [— 1,1]
B. Dinhli
Pinhli 1: Néu f,g € C" trén X thi
. (f+g)eC" trén X
2. Af eC" trén X, A€ R
3. feeC" trén X

4. iEC" trén X khi g(x)#0 VxelX

g
Dinh 1i nay thuc chét 1a hé qua cua dinh li trong muc 3.3.1.

Pinh li 2: Cho feR" va geR', f(X)cY.Néu f va g thudc 16p C" thi
gof € C" trén X

Chirng minh : Qui nap theo n.
V6in =1 dinh li dang (theo dinh 1i 2 trong muc 3.1.3.)

Gia sur dinh 1i da dung véin, cho f,g € C""' trén X vatrén Y. Tacod
(gof)'=(g'of) S
Vi f,g'e C", tir gia thiét qui nap chimg to g'of € C". Honnira f'e C" Vay tich
(g'of).f'e C", chung t6 gof € C""'
Vidu1l: Cho f(x)=x", meN,xeR
Tinh " (x) véine N
Giai:
[y =mx"", f"(x) = m(m—1Dx""2,
O =m@m=1)..(m -k +1)x"*
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Churng t6
mm—1)..(m—-—n+D)x"" néun<m
F(x) ={m! néun=m
0 néun>m

Vi du 2: Ching minh néu f(x) = sinx thi
VxeRVneN  f"(x)= sin(x+ n%)
Giai:
Truong hop n=1. Pling (sinx)'=cosx = sin(x + %)
Gid st cong thirc diing véin
M (x) = sin(x + n%) = f"(x)= cos(x + n%) = sin(x +(n+ 1)%)
Tuong tu cling nhan dugc

T
(cosx)™ = cos(x + nEJ, Vx,Vne N

Vidu 3 *: Cho y = arctgx hay tinh y"(x)

Giai:

. o1 ) ( ﬂ'j
Vix=tgy=y'= > =C0s" y=cosy.sin y+—
1+ x 2

" : . T T\,
y'= {— sin y.sm(y N E] + cos y.cos(y + Eﬂy

= cos’ y.cos(Zy of %j = cos’ y.sin Z(y n %J
Béng qui nap suyra y"” = (n—1)!cos” y.sin n( y+ %j
e LY 7% A
TacoZ:arctg—ZE—y (xét x #0)
x

Vay y" = (n- 1)1%sin n(r—27)
(1+x%)

1 ) 1
Hay y(n)(x) — (_1)"_1(]1 — 1)!ﬁsm(n.arctg;j
+x7)°
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Vi du 4: Tinh dao ham cip 100 cta ham s6 f(x) = x*sinx
Giai:
Ap dung cong thirc Leibnitz

100

U0 = Y Cho(x) (sim )
k=0
S () = Clog*(sin )" + Gy (¢°) (sin )™+ Cig () (sin )™
= x”sin(x + 5077) + 200x sin(x + %Tﬂj +9900sin(x + 497)

= x?sin x — 200x cos x — 9900 sin x
Vidu5: Cho f:(-L1)> R

2x+3

R (n)
Gt D) hay tinh /" (x)

fx) =

Giai: Phantich f(x) thanh cac phan thtc ti gian

5 1 1. 1 1 1

f(X):E.(x—l)z _Z'x—l+z'x+l
myn_ D (DT al 1. .,
S (x)_z'( 1) = T 4.( 1 —(x—1)"“+4'( 1) —

Vidu 6*: Cho f,(x) = x""In(1+x) véi x € (—1,+0).
Chtng minh f(x) kha vi n1an trén (—1,4+0) va trén d6 co

L@ = -1y

= (1+x)

Giai:
Cac ham x"' va In(1+x) kha vi v han lan trén (—1,40) viy f,(x)e C” trén

(—1,400) . Chung minh qui nap theo n.
|
+n=1 f'(x)=—— dung
I+x

+ Gia str cong thue ding voi n, theo cong thirc Leibnitz

n+l

£ =T, (0} = () + L/ ()

dxn+1
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=x(n —1)!iﬁ+ (n+1)(n —1)!'2 a +1x)k

k=1 k=1

d —k k n+1
= _1)!;{(1 o qent +x)k}

“n+l-k & -1
_(”_1)!{2 1+ ) +Z(l+x)l}

k=1 1=2

n n < n
_(n_l)!{l+x+(1+x)”“ +;(1+x)k}

n+l
=n!
o (1+ x)k

Vay cong thuc dung véi nt+1.

Néu x # 0 sécd

1

1—
TR I B )] (+x)" _(-D1+x" 1)

k:1(1+x)k l+x 12 1 x(1+x)"
1+x

Vi du 7*: Cho cic da thitc P(x),Q(x) vahamsd f € C* trén R voi

P(x) x<0
O(x) x>0
chung minh P =Q

f(x):{

Giai:
Vi feC” =Vnco f0)=P"(0)=0"(0)= degP =degO
Gidst P(x) =a,+ax+..+a,x" v6ine N
O(x)=b,+bx+..+b,x"

Vn =0,,..,m s€co a, =b, thatvay

_Po_o0"o _,
|

n

PO)=a,=0(0)=b,; a,

n! n!
= P(x) = 0(x)

f(x) néu g(x)>0

Vidu 8*: Cho f,g € C” trén R va h(x) :{ )
() +(g()  néugx)<0
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Chimg minh 4 € C* trén R
Giai:

0 néur=0
3

Dé dang nhan dugc @(f) = {

t© néur<0

Thudc 16p C* trén R = gog € C* trén R => h= f +¢@og € C’ trén R.

3.4. CAC PINH Li VE GIA TRI TRUNG BINH
3.4.1. Dinh li Phéc ma (Fermat)
A. Piém cuec tri cia ham s

Cho f eR". Goi ham sb dat cuc tri dia phuong tai @€ X khi va chi khi ton tai
0Q,(a)c X, dé Vx € 2,(a) thoamin f(x)— f(a)>0 hodc f(x)— f(a)<0

Truong hop thir nhit xay ra noi rang f dat cuc tiéu dia phuong tai a, trudng hop sau noi
ré‘mg f dat cuc dai dia phuong tai a.

Néu chicé f(x)— f(a)>0 hodc f(x)— f(a)<0 ndirang ham s dat cuc tri dia phuong
ngat tai a.
B. Dinh li Fermat

Pinh li: Néu f(x) kha vi tai a va dat cuc tri dia phuong taia thi f"(a) =0

Chirng minh: Theo gia thiét ton tai £2,(a)sao cho Vx € 2,(a) tacd f(x)— f(a)<0

(Ta da gia thiét ham dat cuc dai dia phuong)

Vh e R sao cho a+h € 2,(a) s&cod

h>0:>f(“+h2_f(“)so

h<o:>f(“+h2_f(“)zo

Chuyén qua giéi han khi # — 0 s& co

"(@)<0
TAO=D S, =0
f'(a)=20
Ham dat cuc tiéu dia phuong cling chirng minh tuong tu

Cht y:

e Sau nay thuong noi ré‘mg ham dat cyc tri tai a theo nghia la dat cuc tri dia phuong tai a.
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e Néu ham dat cyc tri tai a thi a phai la diém trong cia X . Nhu vay néu f(x) xac dinh
trén [a,b] thi khong c6 khai niém dat cuc tri tai dau mut a va b, co chang chi noi vé cac dao
ham trai tai b va phai tai a.

e Dinh li Fermat c6 thé phat biéu tong quat hon: Néu f(x) kha vi phai va trai tai a va dat

cuc dai (cuc tiéu) tai a thi

Si'(@)=z0va f,'(a)<0

(f;'(@)<0 va f,'(a)20)
e Ham sd ¢6 cuc tri tai a chua chic kha vi tai a
Chang han
R S
fx) = |x|sm - néu x = 0

0 nfux=0

. . 1
c6 cuc tiéu khong chat tai 0 vi 0 < |x| sin®—,Vx # 0, f(k—j =0,VkeZ.
X v/4

Tuy nhién khong kha vi tai 0 vi

|K|sin® N

S~ 1(0) _

p B khong c6 gidi han khi 7 — 0

e Ham s kha vi tai a va f'(a) =0 chua chéc dat cuc tri tai a, chfmg han
f(x)=x

; L [xX*<0 véix<0o ) o
c6 f'(0) =0 tuy nhién Vay n6 khong c6 cuc tri tai 0.
x 20 v6ix=>0

3.4.2. Dinh li Ron (Rolle)
Pinh li: Cho / & R“") thoa man.
1. f lién tuc trén [a,b]
2. f khavitrén (a,b)

3. f(a)= f(b) khidé ton tai ¢ € (a,b) sao cho f'(c)=0
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y
(@)= f(b) N
CAvEEE:
0] ac b X
H.3.6

Chirng minh:
Theo tinh chit cia ham lién tuc trén [a,b] thi f(x) s& dat gia tri nho nhat m va I6n nhat

M trén [a,b]
m =J%/fl,"ilf(X) c Inf]f(X) ;o M= A[/lc[lff(x) = Sup f(x)

[a,b a,b

Néum=M thi f(x)=const = f'(x)=0 Vx e (a,b)

Néu m<M, vi f(a)= f(b) nén khong c6 dong thoi M = f(a) va m= f(b) hoidc
m= f(a) va M = f(b). Ching t6 ham dat gia tri nhd nhat m hodc 16n nhat M tai diém
ce€(a,b) Tucla f(c) < f(x) hodac f(c)> f(x) theo dinh li Fermat thi f'(c)=0

Chu y:

e Dinh li Rolle c6 thé minh hoa hinh hoc nhu sau :

Ton tai it nhat mot diém M (c, f (c)) e C, v6i c €(a,b) tai do tiép tuyén cua C, song
song voi truc 0x. Xem hinh 3.6.

e Diém c e (a,b) tuong ing s6 & € (0,1) sao cho ¢ = a+O(b - a)

3.4.3. Pinh li s6 gia hiru han. (dinh li Lagoring (Lagrange))

Pinh li: Cho f € R“’] thoa man:

1. Lién tuc trén [a,b]

2. Kha vi trén (a,b), khi d6 ton tai ¢ € (a,b) sao cho

fb)=f(a)=(b-a)f'(c)
Chirng minh:
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Xétham ¢ € R1“"! x4c dinh boi o(x) = £(x) _SB)= (@) s rang @(x) lién tuc trén

b—a
[a,b], kha vi trén (a,b) va @(a)=¢@(b) = f(a). Theo dinh li Rolle t6n tai ¢ € (a,b) sao cho
P'(c)=0
(0'(6’) — f'(c)_ f(blz_f(a) =0
-a
Suy ra 1@ =D vy 16)- f(@) = fiexb -0
Nhu vay Af(a) = f'(¢).h trongdd h+a=>
0e(0,]), c=a+6bh
Chuy:

e Dinh li Lagrange co thé minh hoa hinh hoc nhu sau :
Tén tai it nhat mot diém M (c, f (c)) € C, v6i c e(a,b) ma tiép tuyén tai d6 song song vai
duong thing AB, trong d6 A(a,f(a)), B(b,f(b)). Xem hinh 3.7.
Hg¢ qua 1: (Pinh li gi6i han cua dao ham )
Cho x, € (a,b), f € R'"“” thoa man
1. f(x) lién tuc tai x,
2. f(x) khavitrén (a,b)\ {xo}

3. Iim f'(x) =1 khido f khavitai x, va f'(x) lién tuc tai x,

Chirng minh:
Vi lim f'(x) =/ nén V&> 0,37 >0 sao cho

Vxe(@b)\{x,}: O<|x-—x|<n=|f'(x)-l<e
Ap dyng dinh li Lagrange trén [x, xo], nhu vay ton tai ¢, € (x,x,) sao cho

S ) = f(x) = (x=x,)f"(c,) vaduong nhién

cx—x0| <|x—x0| <n

S) = (%)
X=X,

0

Tir d6 suy ra

l‘ =|f'(cx)—l| <&
Diéu nay chimg to f"(x,) = va tir diéu kién ciia dinh li suy ra f"(x) lién tuc tai x,.
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f () B

f(a) ..................

v

H.3.7

Chuy:

Chuing ta nhéan duoc dinh 1i twong tu ddi v6i dao ham trai hodc phai
H¢ qui 2: Cho f e R’ thoa man
1. f lién tuc phai tai a

2. f kha vitrén (a,b)

3. lim f'(x) =/ khi dé ¢6 f,'(a) = lim f(“h;_f(") =1

h—>0*
H¢ qua 3: Cho f € R“" thoa man.

1. f liéntyc tai x, € (a,b)

2. f khavitrén (a,b)\ {xo}

X=Xy X — 'xO

3. lim f'(x) = +o0,(~o0) khi d6 = +00, (—00)

3.4.4. Pinh li s6 gia hiru han suy rong (Pinh li Cési(Cauchy))
Pinh li: Cho f,g € R thoa man:
1. f,g lién tyc trén [a,b]
2. f,g khavitrén (a,b)

3. g'(x)#0 Vx e (a,b).Khidéton tai c € (a,b) sao cho ACORIAC) = S ()

gb)—g(a) g'(c)
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Chirng minh:
Trudc hét thay ngay g(a) = g(b), vi néu g(a) = g(b), theo dinh 1i Rolle suy ra ton tai
c € (a,b) @ g'(c) =0, vo li theo gia thiét.
Xétham sé ¢ € R cho bai

ey e S® =@
) = 1)~ fl@)= = (g(x) - g(@)

Ham ¢ thoa mén cac didu kién cua dinh li Rolle nén ton tai ¢ € (a,b) dé ¢'(c)=0,

. 1) f(@ F)- f@) £
i fe)-2 27D i Zon :
el SO o —e@ T ™ e —e@ g

Chuy:
e Thiy ngay rang dinh 1i Lagrange la truong hop riéng cia dinh 1i Cauchy
(liy g(x) = x trén [a,b])

e Dinh li Rolle 1a truong hop riéng cua dinh li Lagrange (cho f(a) = f(b)).
Vidu 1: Cho f € R“"! thoa man

1. f lién tuc trén [a,b]

2. f kha vi phai va trai trén [a,b]

3. fla)= f(b)
Chtng minh rang 3¢ € (a,b) & fi'(@©)f,'(c)<0

Giai:
Tuong tu nhu chimg minh dinh li Rolle
Néu m =M thi rd rang £ (x) = const trén [a,b] suy ra
Vee(a,b) ¢6 fi(c)=0= f'(c)=f,'(c)=0= f'(c).f,'(c) =0
Néu m<M. Gia st ham 7 dat Maximum tai ¢ € (a,b)

flesh =1 _,
=71 ¢

Vaynéu h> 0 thi

néu h <0 thi

flexh=1@©)
E

Qua gidi hankhi 7 — 0 s€co f,'(c) <0 va f'(c) =20

Cubi cing suy ra f,'(©).1,'(c)<0
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Vidu 2: Cho f khavitrén (a,b), a<b va thoa man
fla)=f(b)=0,f,'(@)>0,f'(b) >0. Ching minh ton tai ¢,,c,,c, € (a,b) sao cho
€, <€ <6, f(c;)=0,f"(c;)=f"(c;)=0
Giai:

lim £ =@ _ f,'(@)>0,f(a)=0=3a >0 dibé dé:

x—a* XxX—a

Vx € (a,a+a) ¢6 f(x) >0 ching han f(a+%}>0

tvong ty 3B >0 du bé dé f(b—§j<0. Vi flién tuc trén {a+%,b—§} nén

dc, € (a +%,b —gj c (a,b) sao cho f(c,)=0. Ap dung dinh 1i Rolle cho cac doan [a,cz] va
[cz,b] s& Jc,,c, & f'(c;) = f'(c;) =0 trongdd a<c, <c,<c, <b.
Vi du 3*: Cho f kha vi trén tip X . Chimg minh dnh f'((a,b)) 1a mét khoang ciia R
trong d6 (a,b) € X’
Giai:
Gia st a<b va f'(a)< f'(b) lay ke (f'(a),f'(b)) s& chimg minh ton tai
de(ab) & f'(d)=k.

Ki hiéu ¢, = M’ U=t f'@], ¥V =[t./'®)]
—a
S fe) néu x # a

Xétham ¢(x) = x—a
f'(a) néux=a

= ¢(x) lién tuc trén [a,b] va ¢(a) = f'(a),p(b) =t, theo dinh 1i vé gia tri trung binh
chimg t6 U < ¢([a,b))

S®=70) néu x # b
Tuong tu xét y(x) = x—>b
f'(b) néux=>»

Suyra w(a) =t,,w(b) = f'(b),w(x) lién tuc trén [a,b] =V  w([a,b])
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ma (f'(a), f'(b))cU UV . Do d6 néu k € (f'(a), f'(b)) thi tdn tai ¢ € (a,b) ching han

o(c) :M =k =3d e (a,c) = (a,b) d&& f'(d) =k
a

Vi du 4%: Cho f lién tuc trén [a,b], kha vi trén (a,b) trir ra n diém trén (a,b). Chimg minh
n+l

, sao cho Zai =1 van+l so

i=1

rang ton tai n+1 s6 duong «;,...,a

n+

¢, €(a,b),(i=1,..,n+1) saocho a <¢ <..<c,,, <b thod man

n+l

n+l

f(b)=f(a) = (Z%f'(ci)](b —a)

Giai:

Gia sit f khong kha vi tai cac diém a;, i=lLnvia<a <a,<..<a,<b
Ap dung dinh 1i Lagrange cho n+1 khoang ta ¢

d¢ e(a,a): fla)=f(a)=f'(¢)a ~a)

de, €(a,a)) 1 fla) = f(a) = f'(c)a, —a)

de, €(a,,b): f(B)- f(a,) = f'(c,n)b~a,)

. a, —a a, —a b—a .
Pitg, =—"—, a, =—=—",.., a,,=—2=>a, R,
—-a b—a b—a

Véf@}:ﬂ@=(ﬂ@—f@ﬂ%mﬂ4fwa—fm»=(iﬁﬁ%qﬂw—m

3.5. UNG DUNG CAC PINH Li VE GIA TRI TRUNG BiNH
3.5.1. Cong thirc Taylo (Taylor), cong thirc Macloranh (McLaurin)
A. Dinh nghia
1. Cho ham f kha vi dén cép (n+t1) tai ae X tacla f e C” tai lan can cua a va c6 dao

ham cép n+1 tai a. Goi da thitc P,(x) v6i degP,(x) < n thoa min diéu kién

PYa)= P  k=0n

1a da thirc Taylor cia f(x) tai 1an can diém a, hay 13 phan chinh qui ctia khai trién hitu han

bacntaiacua f(x)
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2. Néua=0thi P(x) goila da thic McLaurin caa f(x)

B. Dinh li

Néu P (x) la da thiic Taylor cia f(x) tai lan can ciia a thi n6 1a duy nhat va cé dang

+_f<")(a)
n!

f'(a)

I (x—a)

(x—a)+

B, (x) = f(a) +

Chirng minh:

Gia sir ton tai da thic tht hai 1a Q,(x) khi d6 hiéu P.(x)=Q,(x) la da thic co

bac khong vuot qua n va c¢6 nghiém x = a bdi n+1 chimg t6 P, (x) = O, (x)
bit P(x)=4,+ A(x—a)+...+ 4 (x—a)"

Pn(k)(a) = k'Ak = f(k)(a) = Ak = f(:'(a) (k ¥ Oal:"'?”)

Ching to P,(x) = g%(x —a)'
C. Cong thirc Taylor
Cho P (x) la da thuc Taylor ciia f(x) tailan can cuaa
1. Goi r,(x) = f(x)— P,(x) 1a phan du Taylor bic n tai a ciia f(x)
Hé qua: Phan du 7,(x) c6 dang:

~ f(n+1)(c)
(n+1)!

Hay c =a+6(x—a), 0<6<1,goilaphin du trong dang Lagrange

(x=a)"" voi c € (a,x)

r,(x)

Chirng minh:
Rorang r,(a)=r,"(a) =...=r"(a) =0
Pit G(x)=(x—a)"" = G(a)=G(a)=...=G"(a) =0 va G"""(a) = (n+1)!

Véi x # ava x € £2;(a), theo dinh Iy Cauchy s¢ co

() _n(-n@ _ )

= , , ¢, € (a,x)
G(x) G(x)-G(a) G(e)

r(e) _r(e)-r(a) _1,"(c,)

G(c,) G(x)-G'(a) G"(c,)

,C, €(a,¢,)
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Sau (n+1) 1an 4p dung dinh 1i Cauchy, két qua s& 1a

() _n"e)

= véi ¢ € (a,c,) c (a,c, ) = ...C (a,x
G(x) G(HH)(C) ( ) ( 1) ( )

ma ") = f"(e),G" P (c) = (n+1)!

£ @)

(n+1)! (x=ay™.

Suyra r,(x) =

f(”“)(a +6(x —a))
(n+1)!
cong thic Taylor bac n, hay khai trién hitu han bac n ham f(x) tailan can cua a
n (k) 0 (n+1) ax
3. Goi cong thuc f(x)zzf ()xk—i-f @)
— K (n+1)!

hay khai trién hitu han bac n ciia f(x) tai lan can cua 0.

(x—a)"" 1a

2. Goi cong thic f(x)= Zf(k)( a)

T gy N , . R
x"" la coéng thirc McLaurin béc n,

Ch y:

(n+1)
e Néu £V bichan ¢ 1an can cia a thi rd rang A = ) (x —a) dan dén 0 khi
(x—a)" (n+1)!

X —>a nghiala 7 (x) = 0((x - a)")

e Véi gia thiét £ bi chan ¢ lan cén cua a thi c6 thé lay gan dung f(x) ¢ 1an cin cta a
biing da thirc P,(x) véi sai s6 1a 7,(x) = 0((x - a)").

e Nguoi ta ¢a ching minh phan du viét trong dang khac, goi 1a dang Cauchy:

N L C e
n.

D. Cong thirc McLaurin cua cac ham thwong dung
L. f(x)=e", VxeR.

Tathdy f e C” trén R va f©(0)=1 Vke N

n k

x
Suyra e’ =) —+0(x")
20
2. f(x)=sinx, VxeR, feC”

0, k=2m

YR i ® 0 = o k_ﬂ.z
f (x)—s1n(x+k2]:>f (0) =sin= {(_1)"’, k=2m+1
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2m+1

& X
sinx = D" O(x*"?
,,,Z:;)( )(2m+1)! )

x2m

(2m)!

3. f(x)=1+x)*, aeR, xe X , X phu thuoc . Véi x & lan cén cua O thi
fecC”

TU.’O'Ilg tu cosx = Z(_l)m + O(x2n+1) .
m=0

P =ala-1).(a—k+D)(1+x)"*
FO0) = a(@—1)..(a—k+1)

'(a_k+1)xk +0(x").

Suyra (1+x)* = 1+Za(0{—1)..
e k!

Céc truong hop dac biét:

e Vé6ia=-1

=l-x+x" —..+(=D"x"+0(x")
l+x

1
= ——=1+x+x" +..+x" +0(x")

I-x
o Véri05=l

2

«/1+x=l+5x—§x +0(x7)
o V(’J’iOt:—l

2

1 iy 3
=1-—x+=x"+0(x’

V1+x D GN8 )

4. f(x)=In(l+x),06lancan 0 thi f € C”

n!

£ @) = (= (0) = (1)l
(x+D""
g x"
In(l+x)=x—"—+...+(=)""=—+0(x")
2 n
5. f(x)=arctgx, Vx € R
0 néuk =2m

(Xem vi du 6 muc 3.3.3.)

0 (k) —
fecC”, f (0)—{(_1),,,_1(2,"_2)!’ néuk =2m+1
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3 5 -l
Vay arctgx = x XXy D X"+ 0(x*™)
5 2m—1

6. f(x)=tgx, f eC” ¢lancancuad.

x> x
sinx 3 X
Ta bicu dién #gx = = 32 54' =x+—+0(x")
coSXx X X 3
_7+7
2! !

3.5.2. Qui tic Lopitan (L’Hospital)
Cho ae X, f,g € R* thod min cac diéu kién sau:

1. lién tuc tai a va kha vi 6 lan can €2;(a)\ {a}

2. g'(®)=#0 Vx € 2,(a)\{a}

3. timd ¥y
s~ g'(x)
Khi d6 1imM=1.

e g(x) - g(a)
Chirng minh:

Ve>03a>0Vx: O<|x—d<a= VRGN P

g'(x)

Liy x € Q2 (a)\ {a} sao cho 0 < |x — a| < @ . Theo dinh li Cauchy s& ton tai

S - fla) _ f'(c,)
g(x)—g(a) g'(c,)

c, € .Qa(a)\{a} sao cho 0 < |cx —a| < |x—a| dé co

Chimg to Ve > 0,3 > 0,Vx € 2 (a) = M—l <&
g(x)—g(a)
nghia la limM =
e g(x) - g(a)

Chuy:
e Néu f(a)=g(a) =0 thi rd rang qui tac L’Hospital cho ta diéu kién du dé tim gii han
tim L) jim L)

dan 0
"0 Seg(n) o g(n)
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va va nhu vy

fx g

e Néu lim f(x) = limg(x) = oo, thi bang cach xét cac ham sd
xX—>a xX—a

A  n 2 .3 Ny o)
cling nhan dugc diéu kién deé tim gidi han dang —.
o0

e Nhan thay rang trong phép chimg minh qui tic L’Hospital néu a = oo hodc / = oo két qua
van dung.

e Can luu ¥ rang qui tic L’Hospital chi cho diéu kién du dé tim gi6i han. Boi vi khi khong

tdn tai lim f' (x) van ¢6 thé ton tai lim J) . Chéng han :
xoa g (X) x—a g(x)

. X+ 1 S + "o 1-si S

lim X% Y _ 1 Tuy nhién hmm — lim——* khong ton tai

X—>0 2x 2 X—0 (zx)' X—>0

o . f'(x) ‘n r LR s . .3 s . . \

e Dé tim hm—'( ) duong nhién c6 thé ap dung qui tac L Hospital trong d6 f va g thay
xX—a g x

boi f' va g'. Nhu vay, trong mot bai toan tim gidi han , co thé lap lai qui tic L’Hospital mot )
lan.

Vi du 1: Hiy phan tich e™* dén x°

Giai:

sin x

. . A . 15 1 . .
Vi x — 0 thi sinx — 0 nén ™" = 1+s1nx+—s1n2x+gsm3x+0(sm3x)

sinx = x—%x3 +0(x*)
sinx __ 1 3 1 2 4 1 3 5 3
= N7 —l+x—gx +5x +0(x") +gx +0(x))+0(x")

:1+x+%x2+0(x3)

Vidu 2: Tinh limSe 2 X
-0 x(1—cosx)
Giai:

Ap dung céc cong thirc khai trién hitu han s& nhan duoc

: lx3 +0(x")
. x-—sinx
lim =lim . =—
(11— cos) ”"x(gm(f)j

Vidu 3: Tinh lim ¢ —vi-cosx

x=0" \/ sin x
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Giai:

Vi—e™ = \1-(1=x+0(x)) = {/x + 0(x) = v/x + 0(/x)

SV D LSV
M=\/l—(l—7+0(x)]_ 5 00 ==+ 0)
Vsinx = 1/x—%+0(x4) = Jx + 0(+/x)

X
Vvl-e* —+/1—cosx \/;+O(\/;)—\/E—O(x) Jx

Vay lim = lim

=lim—=-=1
x—0" ‘,Sin X x—0" \/; + 0(\/;) x—0" \/;
Vidud. Tim
o lim A+ )
x—0 ﬁx
b. limx“Inx, (a>0)
x—0*
Giai:
(04

a. Nhan xét limM im 1t _ % i In(l + ax)

x—0 (,Bx)' x—0 ﬂ ﬂ x—0 ﬂx

) .1 L WD X, .. —x°
b. hmx“lnx:hmﬁzl, llmwzhmizo
x—0" x—>0" x—>0* : x=0" o
. (G5
X X
Viay [=0.

Vidu5: Tinh

2. dim g ey >/0)

x>+ § ¥

a

b. lim>—, (a>1,a>0)

x>+ g ¥

Giai:

1
In Tl im |
o (nx)= x1: 1 — 0 khi x — +oo chimg té lim it
x*)  ax*' x” o xt

=0

a-1

(x*)  ox

(@) " a'lna

, léy dao ham hiru han n 1an sao cho & —n <0 . Khi d6
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—D..(a—n+1)x*" im X
a(a—-1)..(a—-n+Dx — 0 ching to lim x_:0
ax lnn a X—>+0 X—>+00 ax

Véy ta cling so sanh dugc cac VCL Inx,x“,a” tai oo vdi nhau. Két qua da co6 trong muc
1.3.2.
Vi du 6: Bang phuong phép 16ga hiy tinh cac gidi han sau day
1 i

. . (sinx )1- . ==
I, = lim x*, I, = hm( ) €% I = lim (cot gx)nx
x—0"

x—>0" x—=0\ X
Giai:
Inx* =xIlnx — 0 (theo vi du 4)
x—0"
=1, = e’ =1
1 .
sin x )i-cosx 1 sin x 1n|s1n x| - ln|x|

In| = In =

X 1—cosx X 1-cosx

(Injsin x| - Inx})’ _ xcosx —sinx

(1-cosx)' xsin® x
(xcosx—sinx)' —Xxsinx B -1 ¢ 1

(xsin” x)' sin’ x +2xsinxcosx  sinx x>0

——+2cosx
X
=1,=e"
S
In(cot gx)"¥ = ——Incot gx
Inx
1 1

(Incotgx) cotgx sin’x’ X 1

(Inx)' 1 sin x cos x x—0*

o

=1, = e
3.6. SU BIEN THIEN CUA HAM SO
3.6.1. Tinh don di€u ciia ham kha vi
Pinhli 1: Cho f € R’ théa man:
1. f lién tyc trén doan [a,b]

2. f kha vi trén khoang (a,b)
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3. f'(x)=0,Vx € (a,b) khi d6 f(x) khong doi trén [a,b]
Chirng minh:
Lay bat ky x,,x, €[a,b]. Theo dinh li Lagrange ton tai ce(x,,x,) sao cho

)= ()= [, —x)=0= f(x,) = f(x;) vi x,X tuy ¥ vy f(x) khong doi trén
[a,b], tirc 1a f(x)=const trén [a,b]

Pinh li 2: Cho f lién tuc trén [a,b], kha vi trén (a,b). Dé f ting trén [a,b] thi can va du la
f'(x)>0,Vx e (a,b)

Chirng minh:
* Gia st f tang trén [a,b]. Cho x, € (a,b),Vhe R" sao cho X, +he(ab), ta co:
S(xo +h)— f(x,) >0
h

Qua gidi han khi £ — 0 nhéan dugc f"'(x,) =20

*  Nguoc lai, gia sit Vx € (a,b), f'(x) 2 0. Lay tuy ¥ x,,x, €[a,b]. Ap dung dinh Ii
Lagrange trén [x,,x,] s€ c6 ¢ € (x,,x,) sao cho:
J(x) =) =(x, =x,) f'(c)
= (X, =x)(f(x,) = f(x,)) 20 = f(x) téng trén [a,b]
Thay f bdi —f s€ nhén dugc dinh 1i trong truong hgp ham giam.
Pinh li 3: Cho f lién tuc trén [a,b], kha vi trén (a,b). Pé f ting ngit trén [a,b], diéu kién can
vadula
a. f'(x)20,Vx e (a,b)
b. Tap {x<(a,b), f'(x)=0} khong chira bat ky mot khoang co6 phan trong khong
rong nao.
Chirng minh:
e Gia sir f tdng ngat trén [a,b]. Theo dinh i 2 ta co:
f'(x)>0 Vxe(a,b)
Néu {x e (a,b), f'(x) =0} chira mot khoang c6 phan trong khong rdng tic 1a ton tai
a>0 du bé , ¢ d& f(c)=0 sao cho (c—a,c+a)c{xe(ab), f'(x)=0} hay la
Vxe(c—a,c+a), f'(x)=0. Theo dinh li 1 thi f(x)=const trén [c —a,c + ], diéu nay mau

thuan vi f(x) ting ngat trén [a,b]. Chimg t6 tdp cac khong diém cia f(x) khong chira bat ky
khoang nio c6 phan trong khong rong.
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o Nguoc lai, gia sit f'(x) >0 Vx e (a,b) va tap cac khong diém cia f°(x) khong chira bét
ky khoang nao c6 phan trong khong rong. Theo dinh 1i 2, 16 rang f ting trén [a,b]. Gia st f ting
khong ngat, tac la 3x,,x, € (a,b) sao cho x, <x, va f(x,)= f(x,) vif tang trén [a,b] nén
Vreln,n] () SF@Sf(0)= [ = f()=f(x) tén  [x,x].  Vy

(x,,X,) < {x, f(x) = 0} mau thuin véi gia thiét.Ching t6 f tang ngit trén [a,b]
3.6.2. Piéu kién ham sb dat cuc tri

Pinhli 1: Cho f e R*.Néu ton tailan can Q (a)c X va f'(x) >0 trén (a—35,a) va
f'(x) <0 trén (a+J,a) thif c6 mot cuc dai tai a.

Dinh li nay suy truc tiép tir dinh 1i 2 trong muc 3.6.1 va dinh nghia cyc tri cia ham s0.

Pinh li 2: Cho f € C” tai lan can Q(a) va thoa man diéu kién:

fl@=..=f""(@)=0,f"(a)#0
Khi do:
a. Néu n chén thi f(x) dat cuc tri tai a: dat cuc tiéu néu £ (a)>0, dat cuc dai néu
" (a)<0.
b. Néu n 1¢ thi f(x) khong dat cyc tri tai a.
Chirng minh:

Trong lan can du bé cua a, ta c6 cong thuc Taylor tai lan cén do:

f(x)= f(a)+f()(x a)+.. +f(n71)(a)(x—a)”‘l+w(x_a)n
(n—1)! n
(n)
700 = fa)+ L—&) “( _ay', Oe(ay)

a. Néun chan thi (x—a)" >0

Gia str f"(a)>0, do tinh lién tuc cia f(x) ¢ lan cén a nén (@) >0 suy ra trong

Q;(a). Vay f dat cuc tiéu tai a.
Gia st f(a)>0, khi 46 f(x) < f(a) chung to f dat cuc dai tai a.
b. Néu n l¢, (x—a)" d6i dau & lan can Qg (a) trong khi d6 £ (a)#0. Gia su

f"(a)=f, >0 do tinh lién tuc cia f”(x) nén £ () >06 lan can kha bé cua a. Lac do

(@) (x —a)" cb dau thay dbi khi x di qua a. Vay
f(x)< f(a) néu x<a
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f(x)> f(a) néu x >a véi x kha gan a.
Suy ra f(x) khong dat cuc tri tai a.
Vidul: Cho f:R—> R, g:R, = R sao cho

Va,y € R|f(x)~ f(0)| <|]x—yg(x—)]) va g0")=0

Chimng minh f 13 hing s6 trén R.
Giai:

Lay x c¢b dinh tily y trén R

x—y
Qua gidi han, vi g(0")=0=> limM =0=f"(x)
yox xX—y

Theo dinh 1i 1 thi f(x)=const trén R.
Vidu2: Cho f:R, — R,f bjchan, kha vi dén cdp 2 va f"(x)>0. Chimg minh f la
ham giam.
Giai:
Vi f"(x)>0= f'(x) ting. Gia sit Ic € R dé £(c)>0 thi theo dinh i Lagrange d6i voi

f(x) trén [c,x], Vx > ¢ 3¢, € (¢, x) sao cho
J(x)=f(c)=f'(c))x—c)= f'(e)x—c)
F@)2 f(@)+ f(O)x—c) > +o

Chung to f(x) khong bi chan. Vay f'(x) <0 = f(x) giam trén R.

2 2
Vi du 3: Tim cac khoang tang, giam va cyc tri ciia ham s&: y = x> + (x —1)3

Giai: Ham s6 xac dinh Vx e R vakhavitrén R\{0;l}
) = E(L A ;j
30x ¥x-1

y' =0 khi Yx =x-1.Giai phuong trinh nay nhan duogc x = %
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<\ s R ’ 5 / J 5 <A s A 5 \ A
Tur bi€u thirc cua y’ ta c6 bang bién thién cua ham so:

y’ - H + 0 - H +

+w\l / 3\/2\1 /¢°°

. 1
Vay ham so giam trong cac khoang (—;0), (5 ;1)

. 1
ham so tang trong cac khoang (0; 5), (I;40)

Vin = ¥(0)=y(1) =1
Vo = y(%) =2

3.7. BAI TOAN TiM GIA TRI LON NHAT, GIA TRI BE NHAT
Bai toan: Cho ham s f(x) xac dinh trén tap X . Tim gia tri bé nhit (GTBN) , gia tri
16n nhat (GTLN) ctia ham s trén tap do.
Noi rang ham f(x) dat GTBN la mtai x, € X khi va chi khi :
m=f(x))= f(x), VxeX
Noi rang ham f(x) dat GTLN 1a M tai x, € X khi va chi khi :
M=f(x))2 f(x), VxeX
3.7.1. Ham lién tuc trén doan kin [a,b]

Theo tinh chat lién tuc ctia ham sd trén mot doan kin bao gio cling tdn tai m,M. Theo dinh
ly Fermat néu ham kha vi tai x, va dat cuc tri tai d6 thi f° (X0)=0. Vi cuc tri c6 tinh dia phuong nén
cac diém tai d6 ham dat GTBN, GTLN chi c6 thé 14 hodc cac diém tai d6 ham sé khong kha vi
hodc cac diém 1am dao ham triét tiéu hodc cac diém a,b. Tir d6 cac quy tic tim m, M tuong ung
X1, Xo nhu sau:

a. Tim céc gia tri f(a), f(b).
b. Tim céc gia tri ctia ham sb tai cac diém ham sb khong kha vi.

c. Tim gia tri cia ham s0 tai cac diém lam tri¢t ti€u dao ham £ (x).
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d. So sanh cac gia tri im duoc & trén dé tim ra gid tri bé nhit, 6 1a m, tim ra gia tri 16n
nhat, d6 1a M.

3.7.2. Ham lién tuc trén khoing mé, khoing vé han

Trong truong hop nay, thay vi tinh f(a), f(b), ta tim gidi han ctia ham sb khi x dan t6i a,
dan dén b, hodc dan dénoco. Tuy nhién phai xem xét ham s6 c6 dat dugc gidi han nay khong. Cac
budc tiép theo thuc hiém nhu muc trén.

Vi dy 1: Tim GTBN, GTLN ciia ham sé y =3/(x* - 2x)> 0<x<3
Giai:
»(0)=0,»(3)=9
Ham sd kha vi trén khoang (0,3)\{2}. y(2)=0.

=t X2l khix=1, p()=1
Ax(x—2)

m= min{O,l,{@}: 0 datduoctai x=0,x=2

M = max{O,l, 1/5}: 3\/5 dat duoc tai x =3
Vidu 2: Tim GTBN, GTLN cia hamsé y=x", 0,1 <x<+o0
Giai:

Ham s6 kha vi trén khoang (0,1;4+0) .

y(0,1) = hm lim x* =+

X—>+00

\/_
y'=x"(Inx+1)=0 khi x=¢"'

1

vely=e
Vi ' 1_1dtd @i x— e
ay m =min —I,W ——5 atduoctar x =e
Ham s khéng c6 GTLN.

3.8*, HAM LOI
3.8.1. Khai niém vé ham 16i, ham 16m va diém uén
A. Dinh nghia

1. Anhxa f:X > R dugc goi la 16i néu
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Vx,,x, € X,VA€[0,1], f(Ax, + (1= D)x,) < Af (x)+(1- 1) f(x,)
N6i rang f 1a 16m khi va chi khi —f 13 15i.
Do thi cia ham 16i f trén (a,b) dugc mo ta trén hinh 3.8.
Pat  x=Ax, + (1= A)xy, M, (x,, f(x)), M, (x,, f(x,)),C, 1a dd thi cua ham s6 £

y A

S(x,

A () + (A=) f(x,)

1)
1)

><v

H.3.8

Nhu vy 4nh xa f 10i khi va chi khi véi bat ky cap diem (M,,M,) cia C,, moi diém
M e Cf ¢6 hoanh d9 nam gitra cac hoanh d¢ cuia M, va M, déu nam phia du¢i doan MM, . Néi
cach khac dudng cong nam dudi moi diy cung twong tng

2. Cho feR".Giasit X =[a,b]U[b,c] maf 15i (16m) trén [a,b], f 16m (16i) trén [b,c] .
Khi d6 diém U(b.f(b)) goi la diém ubn ciia do thi Cr cua ham s6. Nhu vay diém udn 1a diém phan
biét gitra cac cung 16i va cung 16m cua d6 thi ham so.
B. Dinh li

Pinh li 1: Dé f 1a16i trén X diéu kién cdn va dula Va € X , ty sb gia tai a coa f ting trén
X \{a}, tic la

7,(x)= S = /(@) tang trén X \{a}.

xX—a
Chirng minh:
Lay tiy ¥ a,b,c € X sao cho a<b<c . Goi A(a,f(a)), B(b,f(b)), C(c,f(c)) va P(AB), P(AC),
P(BC) la cac hé sb goc cua cac duong AB, AC, BC. Nhu vay 7, (b) = P(4B),z,(c) = P(AC).
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Nhu vdy dinh 1i dugc chimg minh khi ta chi ra P(4B) < P(AC) la diéu kién can va da cia
ham 16i.

Pit b= Aa+(1-A)c, trong d6 A = c=b

e[0,1]

f 10i c6 nghia la:
f(la+1A-Dec) < Af (a)+ (A=) f(c)

S (c-a)f(b)<(c=b)f(a)+(b-a)f(c)
o SO = fa) _f(o)-f(a)

b—a c—a

hay P(AB)< P(AC)

Pinh li 2 : (B4t dang thirc Jensen)

Néu feR* 16i, ne N ,x,x,,...,x, € X;A,4y,... 4, €[0,1] sao cho Y A, =1 thi s&

k=1
c6 f[z ﬂkka <D A f(x)
k=1 k=1
Chirng minh: Qui nap theo n
e Voin=1 ding, véi n =2 dung theo dinh nghia ham 16i.

e Gia sir tinh chat trén diung véi Vn € N, ta di ching minh tinh chét d6 cling dung véi
n+l.

Cho x,,x,,....,x,,, € X va 4,,4,,...,4,,, €[0,1] sao cho Z/lk =1.
k=1
Néu 4, =1, =...= A, =0 bt dang thitc mudn co 1a hién nhién.

Gia st (4,4,,..,4,) #(0,0,...,0) goi p=> 4 =1-4,,>0 va x*:iZ/lkxk eX

k=1 H k=1

vi X,X,,..,x, € X vif 101, suy ra

f (Z ikxkj = [+ = )x, ) < f () + (A=) f(x,0) = f () + 4,0 f(x,0)
Theo gia thiét qui nap:

n/’l n/’l 1 n
D= — P S — D=2 A4S (x,
() f(E ny k;ﬂf(X) ukzl J(x0)

k=1
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n n+l n+l
Do A e[0,1] va 2’1—" =1 suyra f[lekxkj < A f(x,)
2] k=1 M k=1 k=1

3.8.2. Piéu kién ham 16i
Pinh li 1: Gia sir f 12 16i trén X khi d6 f kha vi phai va trai tai moi diém trong cua X va

Va,b,c € X sao cho a<b<c, ta co

f(b) - f(a)
b—a

FACEFACERC Sl
—

Chirng minh: Theo dinh Ii 1, 7, (x) = f(c);l{(b) tang trén X \ {b}

e Cho u€la,b) va Vv e (b,c) s€ co:
r,(a)<7,(u)<7,(v)<7,(c). Nhu vay 7, (x) tang trén [b,c) va bi chan dudi boi 7, (u).

Theo muc G cua 222. 7,(x) c6 giéi han phai tai b, chinh la f(b) va
r,(a)<t,(w)< f,"(b)<7,(c)

e Tir d6 suy ra 7, (x) tdng trén [a,b) va bi chdn dudi boi f,'(b). Vay n6 co gidi han tréi tai
b, gisihando la f,'(b) va z,(a) < f,"(b) < f,'(b) < 7,(c)

Chu y:

o £ 16i trén [a,b] thi lién tuc trén (a,b) (Theo myc 3.1)

o f 15i trén [a,b] co thé gian doan tai a hodc lién tuc tai a hoac khong kha vi phai tai a.

Pinh 1i 1 va cac chil y dugc minh hoa trén hinh 3.9.

f)=1-+1-x",| xe[-11]
1

N

v

OFb———S g

H.3.9
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Pinh 1i 2: Cho f € R* kha vi. Bé f 15i trén X diéu kién can va du 1a £ ting trén X
Chirng minh:

Gia st £ 13 trén X, léy a,be X saocho a <b.Theodinhli1 ta co:
f'(a) < M < f'(b) = f'(x) ting trén X
—a

Nguoc lai cho f'(x) tang trén X, cho a,be X sao cho a<b va Ae[0,1], dat
x=Aa+(1—-A)b (cactruong hop a=bhoic 1=0,A=1 1a tdm thuong). Ap dung dinh li
Lagrange cho f trén [a,x], [x,b] thi ton tai ¢ € (a,x),d € (x,b) sao cho

Sx)-fl@)=x-a)f'(c)=A-A)b-a)f'(c)
S®B)-f(x)=0b-x)f'(d)=Ab-a)f'(d)
Vif tangnén f'(c) < f'(d) = A(f(x)— f(a)) <(1-A)f(D)—- f(x)).Nghiala
Sx)<AH(@a)+(1-4)f (D)
Chung to f 16i trén X.
Hé qua 1: Cho f kha vi hai 1an trén X. Dé f 12 161 diéu kién can va dula f"(x)>0
Hé qua 2: Dé u(a,f(a)) 1a diém ubn cia d6 thi ham f € R v6i a € X, f kha vi hai lan
trén X , diéu kién can va du 1a £(a)=0 va £’(x) ddi déu khi x di qua diém a.

’ r4 ot As 1~ N R 4 ” A PR x a a
Vi du 1: Xét tinh 161, 10m va tim di€ém uon cua do thi hamso y=—In—, a>0
X X

Giai:
Ham s6 kha vi moi cap khi x>0.

y=——=(1+In%)
X X

=@ +2n%)
X X

3

3'=0 khi 3422 =0 hay x =ae?
X

3 3
Taco y"<0 khi x >a.e? va y">0 khix<ae?.

3 3 3

Vay ham s6 16m trong khoang [0, ae? J , 16i trong khoang (ae2 ,+ooJ va X, =ae’ va
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Vi du 2: Cho f(x)=xInx trén (0,+x)
a. Chimg minh f 13 16i trén (0,+0)

xX+y

b. Chimg minh Vx, y,a,b € (0,4+0) cd xInX+ ylnZ >(x+y)ln
a b a+
Giai:

1 \
a. f'=lnx+1, f"=—2>0.Vayf 16i trén (0,+0)
X

a

Je X y
b. Lay x, =—,x, == va A =
Y a’’? b a+b

a x b vy a X b h%
~+ =< =+ =
f(a+ba a+b bj a+bf(aj a+bf[bj

x+ylnx+yS a_ x, x b
a+b a+b a+ba a a+b

hay (x+y)1nx+y

Sx1n£+ylnZ
a+b a b

3.9. TIEM CAN CUA PUONG CONG
3.9.1. Khai niém chung vé ti¢m cin

Puong thang (A) dugc goi 1a tiém can cua duong cong Cy néu nhu khoang cach & tir
mot diém M (x, y) € C, dén (A) dan dén 0 khi x*> + y> — 400 (Ttc 14 M chay ra v6 cing trén
duong cong Cy). Xem hinh 3.10

Gy)

y M(x,y)

\
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Nhu vay diéu kién can d&€ duong cong Cr c6 ti€ém can la duong cong d6 c6 nhanh ra vo
cung. Hon nira Cy va tiém cén cia no6 van co thé giao nhau.

3.9.2. Phan loai va cach tim tiém cin
A. Tiém can ding (Ti€ém cin song song vai truc tung)

DPuong x=a la ti€ém can ding cia duong cong y = f(x) khi va chi khi
lim f(x)=o

Gidi han trén c6 thé bao ham ca truong hop x > a ,x >a’,y — -, y = +o. Ung voi
tung truong hop s€ nhan dugc tiém can ding & phia trén hodc phia dudi, bén phai hoac bén trai
duong cong Cy. S6 a chinh 14 cuc diém cta ham sd.

B. Tiém cin ngang (Tiém cin song song v&i truc hoanh)

Duong y=b la tiém can ngang cua duong cong y = f(x) khi va chi khi
lim f(x)=b
Tuy theo x — —o0 hay x — 400 ta c6 tiém can ngang bén trai hay bén phai.
C. Tiém can xién (Tiém can khong song song voi cac truc toa do)

Pbuong y=ax+ £, a #0 latiém can xién cua duong cong y = f(x) khi va chi khi

lim S _ a

X—>00 X

lim[/(x) - ax]= 5

Tuy theo x — —o0 hay x — 400 ta ¢o tiém can xién bén trai hay bén phai.
R rang vé phia nao d6 khi di c6 tiém can ngang y=b thi khong thé co tiém cén xién boi vi

Khi d6 1im £

X—>0 X

=0 va nguoc lai.
Vi du: Tim céac tiém can cua duong cong cho boi phuong trinh

y:xln(e+1)
X

) 1 1
Giai: Ham s0 xac dinh khi e + —> 0 hay (ex +1)x > 0. Suy ra x < —— hodc x>0.
X e

Vay tap xac dinh X = (—o0,— l) U (0,+0)
e

. 1 |
lim xIn(e +—) =400 = x =—— la tiém can ding.
1 X e

X—>——
e
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lim £ =1
x—>*too X
1
1 (_72)'7

1 In(e+ ) -1 Yoe+ |

hm (y X)= hm ){ln(e +—)— 1} = lim +: lim —lx =

xX—>Fo0 x—>+o0 e

X x2

Vay y =x+ — la tiém can xién ca hai phia.
e

3.10. BAI TOAN KHAO SAT HAM SO

Nhiing két qua trong cac muc trén dan dén viéc khao sat diy dit mot ham sb vé phuong dién
dinh lugng va dinh tinh.

So d6 tong thé de khao sat ham s6 gom cac budc dudi day

1. Tim mién xac dinh f (néu nhu chua cho) va céac tinh chat dic biét ciia ham s6 nhu: chan,
1¢, tuan hoan (néu co6)

2. Xét su bién thién ctia ham sd: Tim cac khoang don diéu ciia ham sb.
3. Tim cuec tri (néu c6)

4. Xét tinh 161, Idm cia ham sd, diém udn (néu co)

5. Tim tiém c4n cta dd thi ham sé (néu c6)

6. Lap bang bién thién

7. V& db thi

Dudi day ta s€ minh hoa bai toan khao sat ham s6 qua mdt so vi du cu the.

Vi du 1: Khao sat ham sb y=f(x)=

Giai:

e Tap xac dinh : ¢ ham s6 xac dinh th1

>0 hay—1>0 Vay X =R\ (0,1]

e Chiéu bién thién: y'=(x—- —) trén X

3

y'(x)=0 khi x= OX_E Bang xét ddu cia y’
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Chuwong 3: Phép tinh vi phdn ham so mét bién so

3
X |- 0 1 B +
- - - +
e
. . 3 3
=Yy g13mkh1x<0hoacl<x<5
1 T 3
e Cyc tri: T bang xét dau ciay’ suyra X, = —
B (g)_3\/§
ymln y2 2
N . 3 1 ) N
e Tinh 161, Idm: y"=———=——==2>0,Vx € X \ {0} chung t¢ f(x) 10i trén X.
x(x—1)°
e Tiém can: lim f(x) =+ Tiém cin ding x = 1.
x—1"
1 )2
xX)=|xj,|[— =|x| | +—
7 =i =14

Ap dung cong thirc Taylor cho ham (1+ x)“

f(x)= A+ </ +|x|.O;
2x—1) 8 (x—1)2 (x-1)°

Suy ra (f(x)+x+%) — 0

X—>—00

X—>+00

(f(x)—x—%j —> 0

1 1
Vay tiém can xién y=—x—§,y =Xx+—

2

e Bang bién thién

118

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Chuwong 3: Phép tinh vi phdn ham s mét bién sé

3
X — 0 0 1 5 + ©
y - O\/ - 0 +
y" + + +
Y [+o + © + 00
\ \m/
0 2

e Do thi

\

X

Vi du 2: Khao sat ham $b Wis————
(d=x)1+x)

Giai:

e Tap xac dinh: X = R\ {*1}

s 2x% —x+1
e Chiéu bién thién: »'= 5 ; rén X
1+x)"(1+x)
Bang xét ddu ciia y’:
X| —oo -1 1 + o0
y' - + +
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Chuwong 3: Phép tinh vi phdn ham so mét bién so

Tir bang xét dau cua y’ suy ra y giam trén (—o0,—1) y tang trén (—1,1) va (1,+00)
Ngoai ra y khong dat cuc tri
e Tinh 16i 16m:

3x3 —3x? +5x -1
S 1-x)> 1 +x)*

n

Nhén xét: Phuong trinh "= 0 < 3x° =3xr +5x-1=0co duy nhét nghiém trong
7 3
khoang (0, E) , goi nghiém do la x,

Vﬁy y 16m trén (—OO,—I), (_19 X0 )9 (17+OO)
y 16i trén (xo,1) va U (xo,y (Xo)) 1a diém udn.

X

e Tiém can: lim —0

(=)l +x)

X

lim ————— =+, lim ————=-w
= (1=-x)(1+x) = (I=x)(1+x)

Nhén dugc céc tiém can dung x =£1, ngoaira lim y =0 c¢6 tiém cén ngang y=0.

x—>too
e Bang bién thién

X — -1 X 1 + ©
yl - + +

n - - 0 + -
y 0 + o +

\ ) /
— O — 00 — O
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e D6 thi
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Chuwong 4: Phép tinh tich phdn

CHUONG IV: PHEP TiNH TiCH PHAN

4.1. KHAI NIEM VE TiCH PHAN XAC PINH
4.1.1. Pinh nghia tich phan xac dinh
Cho f:[a,b] > R,a<b
1. Ta goi mét ho hitu han cac diém (x),i= O,_n sao cho
a=x,<x <..<x,_,<x,=b

la mot phan hoach (hay mot cach chia) doan [a,b] va goi A= Maxlel,, trong do

0<i<n—

Ax; = x,,, —x,;,i = 0,n—1 la budc cuia phan hoach da chon. Tap phan hoach 1a (g¢,)

2. Ta goi mot cach chon ting véi phan hoach 1a mét cich lay n diém &, sao cho

g € [xi’xi+l]’i =0,n-1

n—l1
3. Ta goi s6 thuc o = Z (&) Ax, 14 tong Rioman (Riemann) clia ham f g véi mot phan
i=0

]

A s ST bl o~ s g A S f 1A 1x
hoach va mdt cach chon.Ro rang voi f € R sz o day vo han tong Riemann o Ki hi¢u la

(O-n) *
4, Néu 1 —> 0 ma o, — I hiru han ( khong phu thudc vao cach chia doan [a,b] va cach

chon cac diém & tmg véi cach chia d6 ) thi I goi la tich phan xac dinh ctia f trén [a,b], Ki

b
hiéu la j £ (x)dx , khi d6 noi ting f kha tich trén [a,b].

Nhuvay [ £Cods =lim 37 (£)Ax @)

b
Trong ki hi¢u trén: j 1a dau 14y tich phén, j 1a 14y tich phén tir a d&én b, a 1a can dudi, b 1a

c4n trén cia tich phéan, x1a bién 14y tich phan, f(x)1a ham dudi dau tich phan, dx 14 vi phan cta
bién lay tich phan.
Ch y:
e Chiing ta s& nhan duoc ¥ nghia hinh hoc cua tich phan x4c dinh nhu sau: Néu f(x) >0
trén [a,b] thi tong Riemann chinh 14 tong dién tich cic hinh chit nhat c6 kich thudc twong tmg

Ax,va f(&),i=0,n—1.D0o la dién tich cta hinh thang gan dung dién tich cua hinh thang cong
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gioi han bai truc Ox, duong cong C,cua ham s6, cac duong thang x =a,x =b. Nhu viy
b
I f(x)dx chinh 1a dién tich cua hinh thang cong da mo ta ¢ trén, ki hi¢u 1a hinh thang [a,b, C fJ.

a

Xem hinh 4.1.
YA
|
I
|
|
|
I
I
I
i
0 a Xi i X b x
H.4.1

b b
e Néu f(x) kha tich trén [a,b] thi I f(x)dx = J. f(¢)dt. Béi vi tich phan ¢ vé phai ciing

n-1
chinh 1 gi6i han cta diy tong Riemann o, = Z f(E)Ax,, vi ca hai déu thuc hién phan hoach

i=0

[a,b]vdi cing mot ham sé f . Nhu vay tich phan xac dinh khong phu thudc vao bién 13y tich phan

e Nguoi ta dinh nghia j f (x)dx dugc tinh theo cong thirc
b

[ £Godx = =] f(x)de (4.2)
DPac biét j. f(x)dx=0 (4.3)

4.1.2. Diéu kién ton tai
A. Dieu kién can
Dinh 1i: Néu f kha tich trén [a,b] thi f bi chin trén [a,b]
Chtng minh: Ly luén phan chung:
Gia su f khong bi chan trén, khi d6 1ap dugc day con cua (o) dan dén + oo béng cach léy

cac diém &, trong lan can khong bi chan trén cia f . Chung to khong ton tai gidi han hiru han cua
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Chuwong 4: Phép tinh tich phdn

o,. Vay fbi chan trén, tuong ty f cling bi chan dudi. Tuc la ton tai m,M € R sao cho
m< f(x) <M ,Vx e |a,b]
B*. Cac téng Pacbu ( Darboux)

Cho f: [a,b] — R vaphan hoach (x;)xac dinh (i = O,_n)

bat m, = Inf f .M, = Sup f, i=0,n—-1.

[Xi’XiH XisXit1

n-1 n—1
Ta goi s = ZmiAxl. , S = ZM Ax; 1a céc tong Darboux dudi va trén, hay tong tich phan
i=0 i=0
dudi va téng tich phén trén ctia f ing voi mot phan hoach xac dinh.

Viting m, < f(E)<M, , V& €lx,x, |néns<o<S.

Mot phan hoach da dinh thi s,S1a héng s0, téng Riemann phu thudc vao
S [xl.,xm] i=0,n—1. Chimg t6 cac tong Darboux 1a can dudi ding va cén trén ding cla o

Hé qua 1: Néu thém vao diém chia méi thi s ting va S giam.

Chitng minh: Gia sir thém vao phan hoach diém x'e [xk,x,m]

Goi S' 1a téng Darboux méi, khac voi tong S cil chi trén [xk,xk+1]. Hay so sanh

M, (x,,, —x,) va M,'(x-x,)+M,"(x,,,—x") trong d6 M,'=Sup f va M/ "= Sup f.

XX x\ %1 ]

buong nhién M,'< M, ,M,"< M,

Vay M,'(x'-x)+M,"(x,,, —x") <M, (x,,,—x,)

Chung to S giam. Tuong tu s€ ching minh dugc s tang.

Hé qua 2: Moi tong Darboux dudi khong vugt qué mot tong Darboux trén.

Ching minh: Goi s,,S, ung véi ,; s,,S, tng véi ¢@,. Ta s€ chimg minh s; <S§,. Lap
¢, g0m ho tt ca cac diém clia (@, va ,. Theo hé qua 1 s& co

§5;<85;<8, <8, =5 <85,
Nhu vay ton tai 1, = Sup{s} <S
I'=Inf{S}>s

vas<I<I <8S.
C*. Diéu kién cin va di dé ham kha tich
Pinh li: Dé cho ham f kha tich trén [a,b] diéu kién can va du la
1}rrg(S -5)=0 (4.4)
Chirng minh: Diéu kién trén co thé dién dat nhu sau

Ve>0,36>0,YA<6 = S—s<&Ve elx,x, [ (i=0,n-1)
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Diéu kién can: Gia sit ham £ kha tich, tic 1a &, dan téi I khi A — 0khong phu thude vao
cach chia [a,b] va cach chon cac diém ¢& e [ X, ,+1] =0,n—1. No6i cach khac
Ve>0,30 >0,VA<o = |0n —I| <e Véelxx,|=I1-e<0,<I+¢

Vis,S 1a cac can dudi dung va can trén dung cua o, nén ta co

I—e<s<S<Il+¢

Suy ra Eiirés = %igr(l)S =/ .Hayla PEHO(S -5)=0

Diéu kién dii:

Theohé qua2, s<L <I <S

Néu m(s_s)=o:>1*=l* =/ vas<I<S$S

Mat khac s <o, <S:>|0' —I|<S s:>£1n:)10' =]

Thuong ki hiéu @, = M, —m, goi la dao dong cua f trén [xi,xl.+1],i =0,n—-1.
Nhu thé § -5 = nz_ia)iAx[
i=0
Véay dé f kha tich trén [a,b] can va du 1a
l1mZa) Ax, =0 (4.5)

A—0

4.1.3. L6p cac ham kha tich.
Pinh li 1: Néu £(x) lién tuc trén [a,b] thi kha tich trén doan d6
Chirng minh: Gia st f lién tuc trén [a,b] khi d6 f lién tuc déu trén [a,b], tuc 1a
Ve>0,30>0,VAX; <0 > 0, <¢.
Vay VA,A < s€nhan dugc

Za)Ax <52Ax =¢g(b- a):>11mnzlla)Ax =0

i=0 i=0

Pinh li 2: Néu f(x)don diéu va bi chan trén [a,b] thi kha tich trén doan do.

Chirng minh: Gia st f(x) don di¢u tang, vay o, = f(x,,,)— f(x,)

Ve >0 aazm >0,V Ax, <5:>;wa <§;f(xl+1) f(x))=¢

n—l
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Hé qua: Néu f(x)lién tuc timg khuc trén [a,b] thi kha tich trén doan d6. Dudi day ta
dua ra cac dinh 1i va s& khong chirng minh, vé mét 16p ham kha tich, 16p ham nay chira tat ca cac
16p ham da xét & trén.

Pinh 1i 3: Néu f(x)bi chan trén [a,b] va chi ¢6 hiru han diém gian doan thi f(x)
kha tich trén [a,b].

Dinh li 4: Néu f(x)kha tich trén [a,b] thi | /(x)
trén [a,b].

Pinh li 5: Néu f,g kha tich trén [a,b] thi tong, hiéu, tich ciia chung ciing kha tich trén

k. f(x) (k =const) ciing kha tich

[a,b].

Pinh li 6: Néu f kha tich trén [a,b] thi kha tich trén moi doan [a, ,B] C [a,b]. Nguoc lai
néu [a,b] dugc tach ra thanh mot sb doan va trén mdi doan d6 ham kha tich thi f kha tich trén
[a,b].

4.1.4. Cac tinh chit cia tich phan xac dinh
A. Tinh chit
Cho f,g kha tich trén [a,b] va a<b, A 14 hang sb.

1. _Iif(x)dx = jf(x)dx + if(x)dx véi ¢ € (a,b)

2. iﬂf(x)dx = ljf(x)dx

(98]
QA C— >

(f () + g(x))x = If(x)dx + ig(x)dx

4. Néu f(x)>0trén [a,b] thi i f(x)dx >0

5. Néu f(x)> g(x),Vx e[a,b] thi T F(x)dx > j g(x)dx

6. Néu f >0 trén [a,b], f lién tuc tai x, € [a,b] va f(x,) > 0 thi ff(x)dx >0

. 1
That vay 3€2;(x,) dé f(x) = Ef(xo),Vx € Q2,(x,)

1
Xét e(x) = Ef(xo) x € £2,(x,)
0 x € [a,b]\ 2,(x,)
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Suyra f(x)=e(x),Vxe [a,b]. Theo 5.

[ £ Gdx = [e(x)dx = % £(x,)28 >0

7.

j f(x)dx

sj|f(x)|dx
8. Néu me(x)SM,Vxe[a,b] thi m(b—a)SIf(x)deM(b—a)

=>m=<

1 ¢ 1 ¢
xX)dx <M .DPat y=—— x)dx
bﬂiﬂ) it bﬂJﬂ)
Goi u la gia tri trung binh ctia f trén [a,b], khi d6 ta c6
b
[ £y = p(o - a)
Néu f(x) lién tuc trén [a,b] theo dinh Ii 2 ciia muc 2.4.3 s& ton tai ¢ € [a,b]sao cho

u=f(. [f@)dx = fe)b-a)

Nhu viy trén duong cong C, d6 thi cia ham f(x) > 0 trén [a,b] bao gid ciing tim dugc
diém M (c, f (c)) dé hinh chir nhat co kich thuéc b-a va f(c) c6 dién tich bang dién tich cta hinh
thang cong [a,b, C fJ. Xem hinh 4.2

B
M2 M3

M1

LY

H.4.2
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B. Pinh li tong quat vé gia tri trung binh
Pinh li: Cho f,gkha tich trén [a,b], a<b, g(x)>0hodac g(x)<0 trén [a,b] va

m< f(x)<M .Khid6 ton tai g € [m, M] dé cho j F(x).g(x)dx = ﬂj g(x)dx.  (4.6)

Néu thém diéu kién £(x) lién tyc thi ton tai ¢ € [a,b] sao cho

[£().g()dx = f(e)[ g(x)dx (4.7)

b
Chirng minh: Gia sir g(x) <0 trén [a,b], khi d6 J. g(x)dx <0 va
mg(x) 2 f(x).g(x) = Mg(x)

b b b
m[g(x)dx = [ £(x).g(x)dx > M [ g(x)dx
b b
Néu Ig(x)dx =0 thi j-f(x).g(x)dx = 0 = Cong thic ding Vu

Néu Ig(x)dx <0 thi m< ;—1——.J.f(x).g(x)dx <M
¢ jg(x)dx ¢

Dat = | (0 (s = [ £(0)g(x)dr = uf g ()
jg(x)dx a a a

a

Khi f(x) lién tuc trén [a,b],s& Jc e [a,b] de f(c)=u

vata co if(x).g(x)dx = f(c)jig(x)dx.

Truong hgp g(x) >0 dugce chirng minh tuong tu.
C. Bit ding thirc Cosi-Svac( Cauchy-Schwarz) déi véi tich phan
Pinh li: Néu £, g lién tuc timg khuc trén [a,b] thi khi d6

Uf (X)-g(X)dXJ < i f z(x)dx.j‘ 2> (x)dx .

b
Chirng minh: VA € R ¢6 j(/lf + g)zdx >0

a
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b b b
hay ( | fzdxjﬂz + 2[ | fgdez +[gPdx>0
b
Gia su jfzdxzo
b b b
Néu I fedx > 0 thi 2('[ fgdle + J. gzdxw—oo mau thuan
b b b
Néu I fedx <0 thi 2(.[ fgdxj/i + .[ gzdxw)—oo mau thuin
b
Vay [ f.gdx =0, bt dang thirc ding.

b
Gia su I f?dx > 0. Theo tinh chét ctia tam thic bac 2 suy ra

A= [if.gdx) - j‘fzdx.j.gzdx <0

Tir @6 nhan duogc bat dang thirc can ching minh.
4.1.5. Cong thirc Niuton-Lépnit (Newton-Leibnitz).
A. Ham tich phén cia cén trén

Cho f'(x) kha tich trén [a,b]. LAy x,cd dinh, x, € [a,b]. Cho x € [a,b]khi d6 theo dinh 1i 6
thi ham f(x) kha tich trén [xo,x] v6i x tuy y trong [a,b]. Ham s6

() = [ f(0)e (4.8)

20i 1a ham tich phan cta cén trén hay tich phan ciia ham f'(x) theo cén trén
Pinh li 1: ¢(x)1a ham lién tuc trén [a,b]

Chirng minh: Liy x € (a,b)va h € R saocho x+h e [a.b] xét sO gia ham s6 tai x:

X+h

Ap(x) = p(x + h) — Pp(x) = ff(f)df = ph
trongdd Inf f< Inf f<u< Sup f<Supf (Theo tinh chét8.)
[a,b] [x,x+h] X,x+h [a,b]
Tu dd Ag(x)———0 , vay @(x) lién tuc tai x € (a,b)

Chu y: Cling twong tu nhu trén ta s& ching minh ¢(x) lién tuc phai tai a, lién tuc trai tai b.
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Pinh li 2: Néu £(x) lién tyc trén [a,b] thi @(x) kha vi trén [a,b] va cd

#'(x) = f(x),Vx €la,b] . (4.9)
Chirng minh:

Léy x €(a,b) tacd

¢(x+h2—¢(x) = 1, vOi h kha bé va ,ue[lnf f, Sup f}
]

[x,x+h] [x,x+h

Vi f(x)lién tuc tai xnénkhi 2 — 0 thi Inf f va Sup f ciung dan dén f(x), do do u

v xth oxth
cling dan d&én f(x).Theo dinh nghia cua dao hém[l, gi(]'ri han ([i(') chinh 13 ¢'(x)
Vay  ¢'(x) = f(x)
Puong nhién ¢,'(a) = f(a) , ¢'(b) = £ (b)
H¢ qua:
Néu a(x),B(x) kha vi trénX, f(x)lién tuc trénX va [a(x),ﬂ(x)] c X Vxe X thi
Bx)

G(x) = j F(t)dt kha vitrén X va

a(x)

G'(x) = f(B(x))B'(x) - fla(x))er' (x) (4.10)

B. Nguyén ham ciia ham s6 va tich phan bt dinh

Cho f,F:X —R.Goi F 1a mot nguyén ham ciia f trén X néu Fkhavitrén X vita
6 F(x)=f(x), Vxe X .

Pinh li: Néu f(x) lién tuc trén X thi s& c6 nguyén ham trén X va néu F(x) 1a mot
nguyén ham thi tdp hgp cac nguyén ham cta f la {F (x)+C, Ce R}

Chirng minh: Theo dinh li 2, rd rang ton tai nguyén ham cua £(x) 1a
() = [ f(Odt = g(x) e C'
Gia st F(x)la mot nguyén ham cia f trén X thi F(x)+C , VC € R cing la nguyén
ham cua f vi

(F(x)+C) =F(x)= f(x) , VxeX.

Nguoc lai néu ¢ 13 mot nguyén ham nao d6 cua f trén X thi F(x)—¢@(x) kha vi trén X ,
ngoai ra
(F()=4(x0)) = ()= f(x) =0 trén X
= F(x)—¢(x) = const = ¢(x) = F(x)+C trongdo C e R.
Tap hop cac nguyén ham ctia f(x)trén X goi la tich phan bat dinh cua f(x),
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Kihigu [f(x)dx. Vay
[ f(o)dx = F(x)+C 4.11)

Trong d6 F(x) la mdt nguyén ham cua f(x)trén X .

C. Cong thirc Newton-Leibnitz.
Pinh li: Néu f(x)lién tyc trén [a,b] c6 mot nguyén ham 1a F(x) trén [a,b] thi

j f(x)dx = F(b) - F(a) (4.12)

Dai lugng F(b) — F(a) duoc ki hiéu F(x)|” goila bién phan tir a dén b cia F(x).

Chirng minh: Theo dinh li trén, ton tai C € R sao cho

F(x)=¢(x)+C, trongdo ¢(x) = I f(t)dt

F(b)=¢(b)+C = j f@)dt+C = j F(x)dx+C
F(a)=¢a)+C=C
Vay F(b) - F(a) = [ f(x)dx.

Chu ¥: Cong thirc Newton-Leibnitz cho cach tinh tich phan cua cac ham lién tuc bang cach
tim mot nguyén ham ctia ham s6 d6 rdi tinh bién phan ctia né tir a dén b.

b
Vidu 1: Tu dinh nghia hay tinh Isin xdx

Giai:
Ham f(x)=sinx lién tuc trén [a,b] vay kha tich trén d6. Thyuc hién mdt phan hoach véi
b—

n

a .
Ax, = vachon & =a+ih (i=1n) vay tong Riemann la

l

o =h.) sin(a+ih)

i=1
Theo vi du 7 muc 1.2.3 nhan duoc
h

o= 2 cos a+lh —COS b+lh]
) ﬁ 2 2
2

Sin
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Cho h > 0<< A — 0 thi 0 > cosa—cosb vay

b
Jsin xdx = cosa —cosb

b
Vi du 2*: Xuét phat tir dinh nghia, hiy tinh jx”dx véib>a>0,ueR.

Giai:

Ham x“kha tich trén [a,b] vi lién tuc trén [a,b]. Thuc hién mot phan hoach

: b
(x,) i=0,n:x, =aq" trongdo q =K/:, tuc la:
a

a<ag<..<aq <..<b=aq"

A, =aq'(q—1) <b(g—1) — 0 khi n — o

Chon & = aq’ (dau mut bén trai ciia [ag’,aq' ™' ]v6i i = 0,n~1).Suy ra
n—1 n—1
o= (aq') A, =a""'(g-1)Y (¢"")
i=0 i=0

Neéu u =-1 s€ co:

o=n(g-1)= n(i/E - IJTHné , Xem cong thirc (2.6)
a a

Néu p # —1 s8 co:

bij

Y | X1

__u+l ) (a _(putt _ u+l q_l
c=a (q 1) q,u+l_1 _(b a )q/t+l_1

Str dung qui tic L’Hospital, dé dang suy ra

o 1 (b/l+1 _a;Hrl)‘
n—»0 ,U+1
1 Inb—Ina néupu=-1
Vay jxﬂdx B b,u+1 _ a,u+1 ;
i ———— néuu=-l1
u+1

Vi du 3*: Tinh giéi han diy sb cho boi s6 hang tong quat

AR
a. u, = iHZk“[n “+k “}, a € (0,4+0)\ {1}

n ok
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2n
. T
b. v, = E sin—
k=n k

n 1
c. , = Ze’”" -n
P
Giai:

O

1
D6 1a cac tong Riemann cua ham x“ va x® kha tich trén [O,l] ung voi phan hoach

1 .
Ax, = — vacach chon & =i, i=ln.
n

1

n
. 1 1
Vay limunzj.x“dx+_|.x“dx: +——=1
n>o0 . d 1 a+l
a
ST RN oL o —ZH—L-
' T Sk 3n+l =0
+
n

v,'———xIn(l+x), =7ln2

<>

=0

T

n+l n+l

Vne N, sin

: P N, A , . X
Véi x > 0 kha bé, tir cong thitc Taylor suy ra |smx - x| < o

3 n 3 3
T Z 1 <7rn: T .0
Sm+ly  6n’ en* "7

Suyra v, ———>xIn2

c. Trudc hét, nho vao dinh 1i 2 & myc 3.6.1 ¢ thé ching minh rang
x2
VxeR, thi 0< e"—l—xSe’”.?
1 1
n n L n n+k ﬁ
o, - 1 = etk —1— 1 < ¢ > < e 5 >0
n+kl o n+k ) =2mn+k)y 2n+1) "7

=In2

=

o
T[M-
—_—

Il
| —
=
o'-—.
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Viy limw, =In2.

n—»0

Vidu4: Cho f:[0,1]— [0,1], f lién tuc, khac khong va

jf(x)dx = _l[fz (x)dx . Ching minh f =1
Giai:
Xet jf (1= f)dx = j Sfdx - j f7dx =0,theo gia thiét f(1-f)=0 va f(1—f) lién

tuc trén [0,1]. Tir tinh chat 6 suyra f(1— f)=0 Vxe [0,1].Vi f #0 suyra
f=1vxelo1].

2

Vidu 5: Tinh lim i 5
X—>+0 ] (ll’l t)

Giai:
V6i x dwong kha 16n sé ¢6 (Inx)* < (Inx?)*
x2 2
Theo tinh chit 8§ nhan duoc. I d -2 al zxz
(Int) (Inx7)

X

— +o0 (Dung qui tic L’Hospital)

X—>+0 nt

X

b
Vi du 6*: Cho f: [a,b]—) R, flién tyc ting khic va f > 0thoa man jf(x)dx =0.

Chtng minh f(x) =0 trir ra mot s6 hiru han diém:
Giai:
Vi flién tuc ting khic nén tdn tai ag, .. ,a, dé f lién tyc trén (a ;, a i),

i=0,n—-1.

Theo tinh chit 1, s& co:
1

if(x)dx = 'ﬁa]:f(x)dx =0

a;

Do f(x)>0, suyra If(x)zO, i=0,n—1 ma f(x) lién tuc trén (a,,a,,,) suy ra

f(x)=0, Vxe(a,a,,) chingtd f(x)=0 cb thé trir ra cic diém a;, i = 0,n
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4.2. HAI PHUONG PHAP CO BAN TiNH TiCH PHAN XAC PINH
4.2.1. Phép doi bién
Pinhly 1: Néu  ¢@:[a, /] > R thudc 16p C' trén [a, B]
f:[a,b] >R  thudc 16p C° trén [a,b]
va o([a, f]) < [a,b]. Khi do:

(B)

B
[ o) @ (0)dt = [ f(x)dx (4.13)

p(a)
Chirng minh: Theo gia thiét feC’suyra ton tai nguyén ham cia nd F(x)eC'.
Theo cong thirc Newton - Leibnitz nhan dugc:

o(f)

[ f(o)dx = F(p(B) - F(p(e))

o(a)
Theo dinh 1y vé& ham hop ta c6 F(¢(t)) €C' trén [a, f] va
{F(p(1)} =F,.9(t) = [(p)9(t) Chimg to F(@(t)) 1a nguyén ham ciia f(9). (¢).

Véy tich phan vé trai 1a F(o(S))— F(¢(er)). Ching t6 phép bién ddi tich phan
x = @(t) da dugc chirng minh.

Pinhly 2: Néu ¢ :[a, ] = R véi @ don diéu va thudc 16p C' trén [a, S]
f:[a,b] > R f €Ctrén [a,b]

v6i t = @(x) ma f(x)dx = g(t)dt,g € C° trén [p(a),p(b)]. Khi do:

b o(b)
[feodx = [g@ar (4.14)
a o(a)

Pinh Iy ¢ day duoc chimg minh twong tw nhu dinh 1y 1, & day da thuc hién phép doi
bién tich phan ¢ = ¢(x).

Chu y: Khi thyc hién phép do6i bién, nhan dugc tich phan c¢6 can méi. Tuy theo cac ham
dudi dau tich phan ma chon mot trong hai cach dbi bién.
4.2.2. Phép tich phan tirng phan
Pinh ly: Néu u,v:[a,b] > R va u,veC'trén [a,b] thi:

ju'(x).v(x)dx = u(x).v(x)" - I u(x)v'(x)dx (4.15)

a a
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Chirng minh: Néu u,v € C', dé dang nhan duoc cong thirc sau:
ju'.vdx =uy— Iu.v'dx

That vay (uv)=u'v+uy' = uv= Iu'vdx +Iu.v'dx

b b
b
Suy ra J-u'vdx =uy|, - Iu.v'dx
a a

Vi du 1: Chiing minh céc cong thirc dudi day:

a.  Cho f eC’trén [0, a] thi .a[f(x)dx = jl-f(a —Xx)dx

7 %
b.  Cho f eC’trén [0, 1] thi: If(sinx)dx = jf(cosx)dx

T

[ f (sin x)etx = %j £ (sinx)dx

0
c.  Cho f eC’trén [-a, a] thi
0 néu f(x)la hamso 1é

_ja S ()dx = 2? f(x)dx néu f(x) 12 ham s6 chdn

d. Cho f eC’trén (—o0,4+00) va tuin hoan véi chuky 7 thi:

a+T T

[ fyax=[fdr,  VaeR
Giai:
a. Pdibiénx =a—t
b.  Dbibiénx= %—r va dbi bién x = 7 —1
c. j f(x)dx =j F(x)dx + j F(x)dx
Doi bién x =- t, If(x)dx = j.f(—x)dx = jf(x)dx = j{f(x) + f(=x)}dx

f(x) lahamsb 1¢ < f(x) =—f(~x), Vx €[0,a]. Do dé: jif(x)dx =0
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f(x) 1aham s6 chin < f(x) = f(~x), Vx €[0,a]. Do do: jf(x)dx = ij(x)dx

a+T a+T

d. j F(x)dx = j F(x)dx + j F(x)dx + j F(x)dx

Po6ibién x =t + T vanhdrang f(x+T) = f(x) s& co:

a+T

j F(x)dx = j f(t+T)dt j f(t)dt = —j f(x)dx

a+T

suy ra j F(x)dx = j F(x)dx

Vidu 2: Tinh cac tich phan sau:

a

a. I = |Va* —x%dx
=

0

™o
b L= [ —dx
y 1 +cos” x

Giai:

a.Ddibién x=asint,xel0,al=1¢ {0,%}

|a| costacostdt = a|a|

o~
o'-—,w\h\

b. Déi bién ¢ = cosx, x & {o,ﬂ = te[1,0]

I, = _J.lfttz = arctgt‘}) =—

In(1+ x)

1
Vidu3*: Tinh [ = j

0
Giai:

Péibién x=1gp,xe[0l]=pe {o,ﬂ

ln(l+tggo) dgo :4[1
cos’p 4

N
o'—.»\eﬁ

cos’ ¢
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T

nx/_dgo + J.lncos(go - Zjd(p Incospdg

o'-—,-»\kl
o!—.-hm

5 , T
Péi bién ¢ = = —
=y

Incost dt

O e | Ny
o'—.-b\hl

Vs
Incos| ¢ —— |d
[¢ 4] v-

Inv2

Vidu4:Cho ae R, f:[O,a]—)R,liéntuc sao cho f(x)#~1va

-J>|§I

a

f(x).f(a—x)=1, Vxe[Oa Tmh I1+f(x)

Giai:
Poibién x=a-t¢

“ gy 0 dt a ©odt
£1+f(x):_£1+f(a—t):£1+f(a—f) £1+

1@
b0 i ” SO [a =
_£1+f(t)dtjzjl+f(x !1+f(x) Il+f(x)dx_!dx_a
¢ dx a
£1+f(x) 2

d.
Vi du 5*: Ching minh 11mj a =
- \/ﬁ
n+x

Giai:

F Oy X
boibien y=—
3

n
i 2 1
:"3 ndy :i'ﬂ dy
‘!.\/n2+x3 {\/n2(1+y3) n;{ 1+
1 dy 1 dy ld :1
fac !1/1"‘)/3 S'([ 1+y° S! g
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1
5003

']f by <nj'y_2dy:2—i£2
1 1

L+’ 16
. t dx 3

Vay VneN 0<[-——m—<—— 50
'!.\/n2+x3 né

Vidu 6*: (Tich phan Wallis)

a. Tinh I, = |cos" xdx, ne N

O 0 | N

1

7y < sin®" x <sin® ' x

. T 1 > .
b. Voi 0<x < B tur bat dang thirc sin

n
Hay chung minh 7 _ lim (2n)" . 1
2 o Qn—D| 2n+1

(Cong thuc Wallis)
Giai:
a. Dat u =cos" ' x,dv =cosxdx = du = (n—1)cos" > xsinx dx,v = sinx

Va

V4

z o]

I, =cos" " xsinx|2 +(n— I)J‘cos”’2 x(1—cos® x)dx
0

£1
=(n-DI_,—(n-1I, =1 = ”n I,
P 2 1. 1z 2 2
10:5, IIZI!-COSXG’XZI, 12:5[025.5, 13251125
_2m-1 2m-3 31z _(2m-Dlx
o om 2m=2)"42"2 @m0 2
__m_2Am-2) 2, (Qm!
M omal 2m—-1 T30 2m+ 1!
— N\
(n ”1)"£ néu n chin
I, = e goi 1a tich phan Wallis
(=D L
A néunle
nl!
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b. Lay tich phan bit dang thirc kép s& co

v

:2n+l 1

T
2 2

sin®"' x dx < Isinz” xdx < J.sinz”’
0 0

x dx

S 0 | N

Theo tich phan Wallis nhan dugc
2n) - (2n—1)!!£< 2n-2)N
2n+1H!! Cmt 2 2n-1N

{ 2n)! T 1 oz { 2n)! T 1
y . << = —
Qn-D| 2n+1 2 | @n-D!| 2n

a, < 7 < b,.
2
2 2
1 I

Trong d6 a, = (2n)! 1 b= Cmlt | T

2n-DI'| 2n+1 2n-D"| 2n
Twr d6 suy ra:

T 2n

Vs T
— <a,<—=a, >—
2 2n+1 2 2
Vi du 7*: Ching minh:  Vf e C' ¢6
b b
limJ- f(x)cosnxdx = lim '[ f(x)sinnxdx =0
Giai:

b
Xét [ = j F(x)e™dx

Tich phén timg phan

= FO o[ 100
= ()" = @)= [ £
124) in?

=

In

1 b
< ;U f®)|+|f @]+ ]| f'(x)|dem—>0
=/1,>0=>Ret, >0valm/, -0

b b
Ma Rel = jf(x)cosnxdx va Im/, = jf(x) sin nxdx
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Vay bai toan dugc chimg minh.

4.3. PHUONG PHAP TiNH TiCH PHAN BAT PINH

Ta di biét rang I f(x)dx=F(x)+C trén X Trong d6 F(x)la mot nguyén ham cua
f(x) trén X va C 1a hang s tuy ¥.
4.3.1. Bang cac nguyén ham théng dung

Tinh chit co ban ciia tich phin bat dinh.

Trudc hét thay ngay rang cac tinh chat sau ddy cua tich phan bét dinh 1a hién nhién.

Cho f,g c6nguyénham, 1 € R

L[ rmax) = re s df reod = rooax

2. [(f )+ g(o)dx = [ f(x)x + [ g(x)dx

3. [Af()dx = A] f(x)dx

4. Néu f(x) c6 mot nguyén ham l1a F(x) thi f (u(x))u'(x) c6 mdt nguyén ham la
F(u(x)) néu u e C', tirc 1

[ fo)dx = F(x)+ C = [ fu(r)he' (x)dx = Flu(x))+C

Hamsé f(x) Nguyén ham F(x) Tap xac dinh X
x“,a € R\{~1} " R
a+1
1 In[ R
X
1 . R
a“,aecR 0<a=l alna
e~ 1 R
—e
a
cos x sinx R
sinx —COoSX R
chx shx R
shx chx R
tgx _
ln|cosx| R\{z+k7r,k € Z}
2
cot gx ln|sin x| R\{kz,k e Z}
thx Inchx R
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cothx 1n|shx| R
1 tgx
2 =1+1g’x R\{£+k7z',keZ}
cos” x 2
—cotgx
1 b cotgx g R\{kz,keZ}
sin” x
th R
12 =1-th’x *
ch™x
—coth "
12 =coth’x -1 cotx o
sh™x
. R
%,aeR larctgi
a +x a a
1 R\\-1,1
2 1 [l {~11}
1-x 2 |1-x
1 In(x ++/1+x%) R
V1+x?
N ,aeR arcsin R\{~a.a}
Na’ —x° a
1 lnx+\/x2—1‘ R\[_l’l]
Vx® -1

4.3.2. Hai phwong phap co ban tinh tich phan bét dinh
A. Phuwong phap tich phén tirng phan

Cho u,v e C' trén X khi do

[uG)dv(x) = ulx)w(x) = [ v(x)du(x) trén X (4.16)
Chuy:
e Phuong phap nay thuong ap dung tinh cac tich phan cac ham s c6 dang sau day:
keN', a,feR, P(x) la da thic P(x)In* x, P(x)e™ , P(x)sinax,

P(x)cosax, P(x)arcsinx, P(x)arctgx,e™ cos fx,e™ sin fix
e Dé tinh _[ P(x)cosaxdx hoac .[P(x) sinaxdx ta co thé tinh IP(x)e’”"dx sau do tim
phan thuc va phan do.
e Dé tinh jP(x)e”“dx , ta c6 thé dung phuong phap hé sb bat dinh.
j P(x)e“dx = O(x)e™ + C
Trong d6 deg P(x) = degQ(x)
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e Trong qua trinh tinh toan c6 thé phai lap lai mot sé hiru han l1dn phuong phap tich phan
ting phan.
B. Phuong phap doi bién s6

bit x = ¢(t), voi @ dondiéuva ¢ € C' trén Y khi d6

[reodx = [ flowle'dr,_, ., (4.17)
bat t = w(x) khido f(x)dx = g(t)dt
[ feodx = [2()dr] (4.18)

Chu y:
Déi bién s6 dé tinh nguyén ham theo bién méi dé dang hon. Trong két qua phai trd vé bién
lay tich phan bat dinh ban dau. Piéu nay khac han khi tinh tich phan xéac dinh.

Vidu1: Tinh a. [(x)= Ix3 cos xdx
b. I,(x) = [ (x + 3)e" cos 3xdx
Giai:
a. bit J,(x) = I x” sin xdx
I +iJ, = ~l.)c3e""'cz’)c =(ax’ +bx* +ex+d)e" +C  a,b,c,d € C,C 1a hiang s6 phirc tuy ¥
Léy dao ham nhan duoc
VxeR, i(ax’ +bx* +cx+d)+ Bax’ +2bx+c) =x’

ia =1 a=-i
ib+3a=0 b=3
=
ic+2b=0 c=6i
id+c=0 d=-6

= I, +iJ; = (—ix’ +3x” + 6ix — 6).(cosx +isinx) + C

So sanh phan thuc véi phan thyc, phan 4o v6i phan o suy ra
I,(x) = (x’ —6x)sinx + (3x* —6)cosx + C,
J (x) = (=x’ + 6x)cosx + (3x* —6)sinx + C, C,C,eR
b.  Dit J,(x)= j (x +3)e" sin 3xdx
I+, = [(x+3)e" " dx = (ax +b)e" ™ + C

= VxeR,(1+3i)ax+b)+a=x+3

(+3a=1  _ _1-3i  _19-42i
(1+3i)b+a=>3 10 50
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I, (x) = Re{(l 1_03l X+ 19 ;0421 je" (cos3x +isin 3x)} +C

_< x+Q cos3x+(3x+£jsm3x +C
10 5 5

Vidu 2: Tinh céc tich phan sau:

dx
a. [, = jm
I _J-sm\/_dx
Giai:
a. bat x=¢,t>0, dx = 2tdt
o i

b. bat x =¢ , dx =3t*dt

I, = smt 2dt-3j.smtdt —3cosix +C

Vidy3: Tinh: 7= i+l
(x+1)? —/x+1

Giai:

bat t =+x+1 , dx=2tdt
Iy t3+2 | 2id 22t+2 PN
£ - (AT Vel i1 3
(\/x+ ~1)° i2 2Vx+1+1
—S=arstg————+C

M+x+2 x/_ V3

Vidy 4: Tinh: 7 = [37 dx

2t+1
rctg——+C

V3

Giai:

bat V2x+1=¢, dx=1tdt

I= (3wt = A P N
In3 In3 In3  (In3)
3\/2x+

_(V2x+1m3-1)+C

(ln
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4.3.3. Cach tinh tich phan bat dinh ciia cac ham s6 hiru ti
Nhén xét:

e Néu ham hiru ti c6 dang f(x) = x"™' % , ne N\ {O,l} , bang cach doi bién ¢ = x" s&
X
co
P(t
J =2 [0
o( )

Nhu véy ta di ha thip bac cia cac da thirc ¢6 mat trong ham
e Moi ham hitu ti (d6i khi goi 1a phan thirc hitu ti) khong thuc sy déu phan tich thanh tong
cua mdt da thirc voi mot phan thice hitu ti thuc su.
e Str dung dinh 1i 2 trong muc 2.1.2 va tinh chat cta tich phan bat dinh, thiy rang qua trinh
tich phan cac ham hitu ti 1a qua trinh tich phan cac phan thtc to1 gian.
Duéi day ta trinh bay phuong phép tich phin cac phan thirc toi gian thyc su.
A.  Tich phin cic phén thirc toi gian loai thir nhat

,aeR

_'[(x a)

, d
e Néu n=1 thi _[ i
xX—a

:ln|x—a|+C

V6i C = const khi xét x < a hoac x > a

e Néu neN*\{l}thi I( dx),,:_ 11-( l)nl+C
x—a n-1(x-a

B. Tich phan cic phan thirc toi gian loai thir hai

_j Ax+p dx , A,u,a,b,c € R va b*—4ac<0ne N
(ax* +bx +c)"

e Néul=0
dx
I=y|l———
,uj (ax* +bx+c)"

2
Bién doi ax2+bx+c:—A{1+(2ax+bj },A=b2—4ac

4a V=A

2ax+b

J-A

Thuyc hién ddi bién ¢ =

145

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Chuwong 4: Phép tinh tich phdn

A

4aj ﬂj dt

Suyra [ = ,u(—— a+0)

Dan d&éntinh J L) = J. ( bang phuong phap truy toan.

dt
1 t2)n

> =arcigt+C

Tich phén ting phan s& c6

2
5,0 = — v o[
1+¢)" A+)"
t
J = +2n(J —J
n (1+t2)n ( n n+1)
t
2nJ . =2n-1)J +——>—
n+l ( ) n (1+t2)n

Chu y:
C6 thé tinh Jn bing phép dbi bién 0 = arctgt = dt = (1+1g°6)db

—J = - Jcosz(” 9do
(1+1g°0
Tuyén tinh hod cos®” ™" @ (phin B muc 1.2.3) ri tinh nguyén ham, sau d6 tré vé bién t.
e NéuAd=0.
2au
2ax +
A A

2a? (ax* + bx +c)"

A 2ax+b A(2 d
- zLd)Hr— fnta/adil) 8 Iz—x
(ax”+ bx +c¢)" 2a\ A (ax”+bx+c)"
Tich phan tht nhit tinh dugc nhd phép dbi bién u = ax® +bx +c
J- 2ax+b N - du 1 1

2 n X n = 2 n—1+C
(ax~ +bx+c¢) u 1-n (ax” +bx+c)

Tich phan thir hai tinh theo J, da trinh bay ¢ trén.

Vidy5: Tinh I=j3d—x j( 5
X X +

Giai:

Phan tich 31 = ! =

11 1 x-2
¥+l x+D(x*—x+1) 3 x+1 3 x*-x+1
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-2 2x—1 1
[ —dx= j( anl It NI S R BN 5
x —x+1 —x+1 2 2
dx dx 2 -
Trong d6 I, = = = —arct C
200 sz x+1 j IV 3 BUETH
X—— | +=
2 4
1 -

Béng phép tich phan timg phan s& c6

X X’ X
1= +3 dx = +3(1-J
x +1 J.(x3+1)2 x +1 ( )

1 X
Suyra J(x)=—|2]+
Y *) 3( x3+1j

2x-1 X

2 1 2
=Zln|x+1-=In(x* =x+1) + arct + +C
9 £+ o ) 33 8T T3+

4.3.4. Tinh nguyén ham cac phan thic hiru ti doi véi mot s6 ham thong dung
A. Ham hiru ti ddi véi sin va cosin
1. Trudng hop tong quat.
Xét IR(sin x,cos x)dx trong dd R 1a "phan thirc hiru ti hai bién"

Thuc hién phép déi bién: ¢ = zgg . Khi d6

. 2t ] N 2dt
sinx =—— , COSXx = ¥ dx = >
1+¢ 1+¢ 1+¢

Khi d6 dwa vé dang I P@) dt

Tuy nhién bac caa P(f) va O(t) thuong 13 cao, 1am cho qua trinh tinh toan rit ning nhoc.
Sau day ta xét mot s6 trudng hop dic biét, v6i cach d6i bién thich hop s& tinh toan dé& dang hon.
2. Trudng hop dic biét thir nhat.
e Néu R(sinx,cosx) = R(—sinx,—cosx) thi d6i bién ¢ = tgx hodc = cotgx

e Néu R(sinx,cosx) = —R(sinx,—cosx) thi d6i bién ¢ =sinx

Néu R(sinx,cosx) = —R(—sinx,cosx) thi d6i bién ¢ = cosx

W

. Trudng hop dic biét thir hai.

Khi R(sinx,cosx)=sin"x.cos"x , mne”Z
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e Neéu m 1€ thi doi bién ¢ = cosx

e Néu n 1¢ thi d6i bién ¢ = sinx

e Néu m,n chin va khong cung duong thi d6i bién ¢ = tgx

e Néu m,n chan va cing duong thi tuyén tinh hoa sau d6 tinh nguyén ham.

Vidu 6: Tinh [ = j—,a>1

a+cosx
Giai:
2dt

X
Dat t =tg— thi [ =
e - |

(a+1)+(a—-Dt’

2 -1
I = arctg a tgE +C
Ja? =1 a+1 "2
Vidy7: Tinh /=[— dx
4sinx+cosx+5
Giai:
Pbi bién ¢ =tg -
2
2
——dt
2
R et P
2t 1-¢ 2t°+ 8t +8 (t+2)
4. > +3. > +5
1+1¢ 1+1¢
- +c=-—£B K
t+2 tg5+2

Vidu 8: Tinh céc tich phan sau.

cos’ x
A
sin* x
b. J.sm xcos? xdx
sin” x
. B ;
cos’ x

sin? x cos” xdx

o
'—o

3
cos’ x )
a. 1 =J - dx , datt=sinx, dt = cosxdx
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I chos2xcosxdx =jl—t

1 1
t4 dt = J‘(t——t—zjdt

sin* x
=—L3+1+C:— '13 +,L+C
R 3sin”x sinx

b. I, = J-sin3xcos2 xdx , datt=cosx , dt =—sinxdx

cos’x cos’x

Iz=Isinzxcoszxsinxdx=—I(l—tz)tzdt= 75 +C
sin’ x 5 dx
C. 1=I —dx , ditt=1gx , dt=—
cos’ x COs™ x
sin’ x sinx 1 dx /! h
L= [ = [T E T [2+ydr
cos’ x COS” X COS™ X COS™ X
1g°x  tg'x
HL-E LWV

. 1¢.
d I,= J‘smz xcos” xdx = g'[sm2 2x(1+ cos2x)dx

1 1
=—|(1-cosdx)dx+—|sin?2xdsin2x
16]¢ )

- Lx—isin4x+isin3 3x+C
16 64 48

1
Vidy9*: Tinh = | d

2+Al-x+A1+x

Giai:

Dit x =cost , x e [— 1,1] ,te [7[,0]

I ]5 sin tdt
0

¥, t :J. t
242 sin ~+cos— | 02 1+cos| -2
2 2 2 4
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bit 6 = — - ,te[O,ﬂ],Ge[—Z,z}
4’4
4 205t F ocod?
:2.[ 2cos” 0 -1 4J-2(cos 0-1)+1
- 2(1+cosf) o 2(1+cosB)
4
z L2 = 0
t 4 de =) d dE
=4[ (cos0 ~1)d0 + 2] 4 sing|f -—|+2f
4 4 , 0
0 02cos”— 0 cos?—
2 2
= Q_Z +2tgg<?=2\/§—7r+2tg—
4 2
=2V2 -7 +2(2-1)=4J2 -7 -2 (sir dung tg2(p=12ttg(€ )
—igp

B. Ham hiru ti d6i véi shx va chx

Vi dao ham cta cac ham shx va chx tuong ty nhu cac ham sinx va cosx, ma

. ot 1 A g . X .
jR(smx,cosx)dx c6 phép doi bién tuong tng 1a ¢ = th ,t=cosx , t=sinx , t =tgx, cho

nén IR(shx,chx)dx ¢ phép d6i bién twong tmg 12

, t =chx

t=th§ , t=shx , t =thx

Vidu 10: Tinh céac tich phan sau

sh’x
= j - ok
chx(2sh”x +3ch”x)
3
b L= _ D &,
chx(2+sh™x)
Giai:

a. Ham dudi dau tich phan chan d6i véi shx va

t =thx,dt = (1—th*x)dx

hzx
2th3x + 3 2th3x +3
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2
= [—di= lln\zf +3+C= L nG+ 2’y + ©
2w+3" 6 6

b. Ham dudi ddu tich phan 1é d6i v6i shx, ta dat ¢ = chx , dt = shx

I _J‘ shx.shx.dx _I -1 dt—J‘ _1_'_ 2t dr
P x4 shix) e +1) t P +1

= —In|f| +In(t* + 1) + C = —Inchx +In(2 + sh’x) + C
Vidu 11: Tinh cac tich phan sau.
A= Ich(n +Dx.sh"'xdx , B= Ish(n + Dx.sh” xdx

Giai:
1 n—1 1 n—1
A+B= J.e(”“)x{g(ex —-e” )} dx = I{E(ezx - 1)} e* dx

= l{l(ezx - 1)} +C, = le'”‘sh"x +C
n(2 n

A-B= lef”xsh"x -,
n

Suyra 4= lchnx.sh"x +GA B = lShnx.sh”x +C
n n

C. Ham hiru ti ddi véi e™, a € R
Xét = j f(e“)dx, trong d6 f(x) la ham hitu ti. Thuc hién phép déi bién

t=e* , dt = ae™dx,Khi dd
1
a t

D6 1a tich phan ciia ham hiru ti ¢4 xem xét trong phan A.

N ~ L Y |, ‘ ax+b
D. Ham hiru ti doi voi x va
Vex+d

Xét [ = I R| x,z ax+b dx trong d6 R(x,) 1a ham hitu ti cia hai bién x, y
cx+d
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. ax+b TS S
Véi y= ';/ thoa man diéu kién ad # bc
cx+d

Thuc hién phép ddi sang bién y thi

n n—1
R(x.y)dx = R y'd b, ny"" (ad ﬁ)c)d
a-cy’ (a-cy")
= f(y)dy
Trong d6 f(y) 1a ham hitu ti cta y.
Vi du 12: Tinh cac tich phan bét dinh sau

JL ack
(1+e™) "’

X
.[ 1) dx

Giai:

a. Datt=e" , dt = ae™dx

yary 1
I(1+e S jt(1+t) ;I(;_m_(t+l)2)dt

1(ln|t|—1n|t+1|+Lj+C =l(ax—ln(1+ew)+ ! ]+C
o a 1+e”

t+1
1
Ay R i e
(1-x) 13 LIS X
3 X £ 2tdt
bat ¢t = =2 X=X ="
1-x 1+¢ 1+¢)

£ 1
dr=2|{1- dt = 2(t — arctet) + C
+1 I( 1+12j ( &)

1=2
T
= 21/L —2arct,gq/L +C
l-x I-x

4.4. MOT SO UNG DUNG CUA TiCH PHAN XAC PINH

Chu ¥: Trong muc nay khi xem xét mot hinh phang hay mot vat thé, ching ta luon dé y dén
tinh chat ddi xtmg ctia hinh dé don gian qué trinh tinh toan hodc dé chon mot hé qui chiéu thich
hop dé giai quyét bai toan duoc dé& dang hon.
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4.4.1. Tinh dién tich hinh phing

A. Mién phing giéi han béi cac dwdng cong trong toa dd Pécac(Descartes)

y , y
A .
fi

I d

&> \

\\\
¢
0 a b X 0 X
H43

Gia sir mién phang D gi6i han boi cac duong:
x=a,x=b,(a<b), y=fi(x), y=/f,(x) trong d6 f,,f, lién tyc tung khic trén

[a,b]. Goi dién tich ctia mién phiang D 1a S. Theo ¥ nghia hinh hoc ctia tich phan xac dinh, nhan
duogc cong thirc tinh S nhu sau:

S = [ ()= £, (o) e (4.19)

Tuong tu, néu D gidi han bai cac duong:

y=c,y=d,(c<d), x=g/(), x=g,(y) trong d6 g,,g, lién tuc ting khic trén
[c,d] thi

S = [le.( -2,y (4.20)

B. Gia sir mién phang D giéi han boi dwong cong cho dwéi dang tham so:

{x:x(t) t, <t<t,
y=xy(1)

s
Khi d6 S = H y(t).x’(t)‘dt 4.21)
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C. Néu mién phang D giéi han boi duwong cong cé phwong trinh cho dwéi dang toa

do cue.
r=r(p) , a<esp
Lién h¢ gitra toa do Descartes va toa do cuc la:
x =r(@p)cosp
{y =r(p)sing
Khi d6 S = % j (@) (4.22)
Vidu 1: Tinh dién tich cta hinh elip c6 cac ban truc a,b.
Giai:  Hinh élip gidi han boi €lip c6 phuong trinh
LA
a b
Do tinh chat ddi xtng cua élip qua cac truc toa d6 va do phwong trinh tham sé
cua élip x=acost , y=bsint, 0<t<2x

Vi

2
nén ta co: S=4 j absin’t.dt = mab
0

Vi du 2: Hay tinh di¢n tich cua hinh gidi han bdi truc hoanh va mét nhip cia duong

Cycloid,cho boi phuong trinh tham sb:
x = a(t—sint)

y=a(l—cost) 0<t<L2rx
Xem hinh 4.4
Y A
2a
a e
0 Ta 2ra 3ra
H.4.4
2 2z
Giai: § = Iaz(l —cost)dt = a* I(l —2cost +cos’ t)dt =3a’x
0 0
154
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Vi du 3: Tinh di¢n tich ctua hinh trai tim giéi han bdi duong Cardioid (duong trai tim),
trong hé toa do cuc cho bai phuong trinh 7 = a(1+ cos@), xem hinh 4.5

Ay

¥

HA4.5

Giai: Do tinh ddi ximg ctia hinh qua truc Ox,vay

S = Taz(l +cosp)dp = az]a(l +2c08 ¢ + cos’ (”)150
0

0
=a’ 7r+l7z ziﬂaz
2 2

4.4.2. Tinh d9 dai dwong cong phing
A. Phuong trinh cho trong h¢ toa d¢ Descartes vuong goc

M
Gid str duong cong AB cho bdi phuong trinh

y=f() . Ala.f(@) . Bb.f(®)
Trong d6 f € C' trén [a,b] , (a<b)

=)
Néu goi / 1a d6 dai cung 4B thi [ duoc tinh theo cong thirc

b

/= ‘[1/1 + £ (x)dx (4.23)

a

B. Phuong trinh cho trong dang tham 50

{x = (1)

t,<t<t
y=w(t)

p.p € C' trén [1,,1,]

= j 0" (1) +w"” (t)dt (4.24)
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C. Phwong trinh cho trong dang toa d¢ cuc

r=r(p) , a<ep<p
B
1= [P @)+ r(p)do (4.25)
Cha y:

(@)
o Do dai cia cung AC trong d6 C(x, £(x)) v6i x € [a,b]s& 1a

l(x)zﬂn £ )dy = di=y1+ £ (x)dx (4.26)

goi do 1a cong thure tinh vi phan cung.

M
e Trong khong gian duong cong 4B cho bai phuong trinh tham sb

x = x(1)
y=yt)  t,<t<y
z =z(1)

x,y,zeC ' trén [to,tl]. Khi d6 cong thuc tinh do dai cung s€ la

4
[ = j\/x’z(t) + y’2 (t)+ z (t)dt va cong thirc vi phan cung

ly

dl =x"(0)+ v (O + 2 (1)t (4.27)
Vi du 4: Hay tinh d¢ dai cia m¢t nhip Cycloid cho trong vi du 2
Giai:

x'(t)=a(l—cost) , y'=asint

[ = 2J.\/a2(1 —cost)’ +a’sin’tdt = 2\/561.'.\/1 — costdt
0 0

¥ t
= 4ajs1n—dt = 8acos—
e 2

0 _
. =8a

Vi du 5: Hiy tinh do dai cua Astroid, phuong trinh tham s6 ¢ dang.
X=acos t
y=asin’t |, a>0, 0<t<2rx
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hoac trong hé toa do Descartes c6 dang

2 2 2
X34y =ad
Xem hinh 4.6.
A y
a
> 0 a X
-a
H.4.6
Giai:

x'=—3acos’tsint , y'=3asin’tcost

[ = 6a(sin2dt = —3acos2t|? = 6a

S 0 | N

4.4.3. Tinh thé tich vat thé
A. Cong thirc tong quat
Gia st vat thé (V ) nam gitra hai mat phing vudng goc voi truc Ox, cac mit phing nay co

phuong trinh la x =ava x=b , a <b. Cac thict di¢n cta vat theé (V ) vudng goc vdi truc Ox
nam trén mit phang c6 phuong trinh x=x, , x, € [a,b] ¢c6 dién tich twong ing S(x,). (Xem
hinh 4.7). Khi d6 thé tich ctia vat thé (V ), ki hiéu 1a V, tinh theo cong thirc

b

V= j S(x)dx (4.28)
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Z A

v

H.4.7

B. Cong thirc tinh cho vt thé tron xoay

y y=f(x

!

v

H.4.8

Vat thé (V) tron xoay la vat thé dugc tao thanh do mot hinh thang cong gidi han boi céac
duong: x=a , x=b , (a<b) , y=0va y=f(x)>20 , xe[a,b] quay xung quanh
truc Ox (xem hinh 4.8). Cu thé hon, phan khong gian bi chiém chd do hinh thang cong quay xung
quanh truc Ox goi la vat thé tron xoay.

Nhu vay cac thiét dién vudng goc véi truc Ox 1a cac hinh tron. Dién tich cua thiét dién nam

trén mat phang x = x, s&1a 7.1 (x,) . Tir 6 nhan dugc cong thuc tinh:

b
v =x[f}(x)dx (4.29)
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Vi du 6: Hiy tinh thé tich ctia élipxdit voi cac ban truc a, b, c:
2 2

2
+y_+Z_
b

<1

1N}
9

Giai:
Thiét dién cua elipxéit vudng goéc véi truc Ox 1a mot hinh elip. Thiét dién ndm trén mit
phang x=x, , x, € [ a, a duogc gidi han bdi elip cd cac ban truc

==

phuong trinh l1a

2 2 2
Yy Z Xo
St =l-—
b~ ¢ a
X =X,

Theo vi du 1, dién tich thiét dién biéu dién dudi dang

2
S(x,) = ﬂbc(l - x—gj
a

a 2 3
Vay V = ﬂbc_[(l - xzjdx = 27zbc[a - ;—2
a

a

gj = ﬂ7rabc
3

—a

Vi du 7: Tinh thé tich vat thé do mot nhip Cycloid quay xung quanh truc Ox tao ra. Biét
Cycloid cho bai phuong trinh tham s6 1.

{x = a(t—sint)

y =a(l—cost) t € (—00,+00)

Giai:
2ma 2z
V=nr jyzdx = a’ J(l—costfdt
0 0

2z
= a’ I(l —3cost +3cos’ t —cos’ t)dt

= 7m3{27z —3sint

2z 27
1
0 0

=51°a’
4.4.4. Tinh dién tich mat tron xoay

Mat tron xoay 1la mot mat cong dugc tao thanh do mot cung cong AB quay xung quanh truc
Ox tao ra. Cu thé hon: Phan khong gian bi chiém chd do cung AB quay xung quanh truc Ox goi la
mat tron xoay. Goi S 1a dién tich cua mat tron xoay, dudi day ching ta sé dua ra cac cong
thue tinh.
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M
A. Cung AB cho boi phuong trinh y = f(x) 20, a<x<bh

S=2ﬁjf(0 1+ £ (x)dx (4.30)

M
B. Cung AB cho boi phuong trinh tham s

{x:x(t) , t,<t<t,
y=y()20
S=2rx j PO () + y? (£)dt 4.31)

M
C. Cung AB cho bdi phuong trinh trong h¢ toa d§ cuc
r=r(@) , as<e<p

B
S = Zﬂjr((p) sin @47 (@) +r” (p)de (4.32)

Vi du 8: Tinh dién tich cua mdt tron xoay tao thanh do m¢t duong xich c6 phuong trinh

y= ach™ , a>0 gin & cac dau A(0,q), B(x, ach ﬁj , X > a quay xung quanh truc Ox
a a

Giai:

y=sh™ | J1+y? = [l+sh’= = ch™
a a a

S = 27zaJ‘ch2 zdx = ﬂaj.[l + chﬁjdx

0 a 0 a
= ﬂa[x + %sh %ij
Vi du 9: Puong cong cho bai phuong trinh 7 = a(l + cos¢) quay quanh truc Ox tao ra mot
mat tron xoay. Tinh di¢n tich mat cong nay.
Giai:
Do 1a duong trai tim (Xem hinh 4.5)

(@) =—asing , r’ +r?=2a’(1+cosp) = 4a’ coszg
S = 4ﬂazj(l+cos¢)sin¢cos%d¢

0
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Va

. 2
= 16ﬂa2jsin§cos4§d(p 32 o Pl _32

0

4.5. TICH PHAN SUY RONG
4.5.1. Tich phan suy rong véi can vé han
A. Dinh nghia
1.Cho f:[a+0)—> R, aeR, khatichtrén [a,4], VA>a.

Tich phan suy rong cua f véican +oo dugce ki hiéu la: J. f(x)dx
Néi rang tich phéan suy rong I f(x)dx hoituvésd I e R néu
A +oo
lim [feode=1 kinieu [f(x)dx=1

Néu 7 khong t6n tai hodc 1 = oo, thi n6i rang tich phan suy rong I f(x)dx phanky.
2.Cho f:(~,al> R, acR, khatichtrén [B,a] , VB<a

Tich phan suy réng ciia f vdi can — oo, ki hiéu la I f(x)dx .

Néi rang tich phan suy rong J- f(x)dx hoituvésd J e R néu

Blimwj‘f(x)dx = = ]l.f(x)dx

Néu J khong ton tai hodc J = oo, thi néi rang tich phan suy rong I f(x)dx phan ky.
3.Cho f:R—> R kha tich trén [4,B], V4,B € R. Tich phén suy rong cia f véi cac

can vo han, ki hiéu la: T f(x)dx .

N6i rang tich phan suy rong T f(x)dx hoi tu khi va chi khi cac tich phan suy rong
j. f(x)dx va T f(x)dx cung hoi tu, VaeR. Trong truong hop nay ki hi€u
Tf(x)dx = jl.f(x)dx++jff(x)dx , VaeR
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R& rang néu f lién tyuc trén tip xac dinh ctia nd, va c6 nguyén ham F(x) thi cé thé dung

ki hiéu Newton-Leibnitz nhu sau:

+o0
a

T f(¥)dx = lim F(4)~F(a) = F(x)

a
—00

jl-f(x)dx =F(a)- BlirgoF(B) = F(x)

J.f(x)dx = Alim F(A4)- Blim F(B)=F(x)
Vidu 1: Xét su hdi tu, phan ky cta céac tich phan suy rong sau:

a. i , b. & , C. +oosin)cdx ,aeR , d mﬂ ,xeR
J.ler2 1+ x* x5
0 —0 1

a
Giai:
+0

d.
a. I xz = arctgx
o L+ x

X—>+00

: T
o = lim arctgx — arctg( = =

Viy tich phan suy rong da cho hdi tu.

+00

b. I x > = arctgx‘ ** = lim arctgx — lim arctgx = iz
I+x 2 2

X—>+0 X—>—w0
—00

Vay tich phan suy rong trén hdi tu.
+00
c. Jsin xdx = —cosx‘ * =cosa— lim cosx

xX—>+00
a

Khong ton tai gidi han ctia cos x khi x — oo, vy tich phan suy rong da cho phan ky.

= Inx|;” néu a =1
X
d [ =11 e I
1Y — | néua=l
V=%
3 £ g } 1 0 néua >1
Nhan thdy lim Inx =+ , lim — = .
X—>+0 X—>+0 x o héu « <1
T UR | R SN .
Vay tich phan hoi tu v6i @ > 1, khido |— = I va phan ky véi ¢ <1 Chua y: Tuong
X a-—

1

tu nhu y nghia hinh hoc cua tich phan xac dinh, ¢ day ta théy:
Néu tich phén suy réng hoi tu va f(x) >0 thi mot mién vo han c6 dién tich hiru han, tinh

duoc nho vao tich phan suy rong voi can vo han
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B. Pic¢u kién hdi tu ciia tich phan suy rong
Sau day ta xét truong hop tich phan suy rong I f(x)dx voi f(x)=>0.

Céc trudng hop tich phan suy rong khac voi f(x) giit nguyén diu, ching ta c6 thé suy dién
tuong tu dé nhan duoc céc két qua tuong Ung.

bat  #(4) = ff (x)dx

Vi f(x)>0 trén [a,+), chimg t6 $(4) don diéu ting trén [a,+00). Tur dinh li vé& gioi
han ctia ham don di¢u (Xem muc 2.2.2) suy ra:

Pinh Ii 1: Cho ham s§ f(x) > 0va kha tich trén [a, 4] , VA >a dé tich phan suy rong

j- £ (x)dx hoi tu, diéu kién can va di 1a ton tai L € R sao cho ¢(A) <L , VA

Pinh li 2: Cho cac ham s f(x),g(x) kha tich trén [a,4],VA>a va
0<f(x)<g(x), Vx=>b>a khidd

Néu I g(x)dx hoi tu thi I f(x)dx hoi tu.

Néu J. f(x)dx phan ky thi J. g(x)dx phan ky
Chirng minh:

~+00 b +00
Ta c6 thé biéu dién Jf(x)dx = jf(x)dx + jf(x)dx
a a b
Nhu vay sy hoi tu hay phan ky cuia tich phan suy rong J‘ f(x)dx 1a dong thoi v6i su hoi ty
hay phan ky cua tich phan suy rong J- f(x)dx
b
+00 +00 A4
Néu .[ g(x)dx hoi tu = I g(x)dx hoi ty, theo dinh 1i 1 suy ra Ig(x)dx <L, VA. Theo
a b b
A A
tinh chét cua tich phan xac dinh s& c6 I f(x)dx < j g(x)dx <L, VA
b b
Chung to j f(x)dx hoitu
b

+o0 A
Néu J‘ f(x)dx phanky = j f(x)dx khong bi chan
b b
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4, 4, 4,
Tac 1a VM >0 34, e (b,+00) sao cho j F(x)dx>M = j 2(x)dx > j F(x)dx > M
b b b

A +00
Chiing to I g(x)dx khong bi chan theo dinh 1i 1 suy ra I g(x)dx phan ky
b b
Pinh li 3: Cho cac ham sé f'(x),g(x) khong 4m va kha tich trén [a, 4] , ¥4 > a . Khi do:

1. Néu lim&:l

, [ € R thi cac tich phan suy rong I f(x)dx va
X—>+0 g(x) >

I g(x)dx cung hdi tu hoac cung phan ky.

2 Néu 1im £ ¢ va [gCodxhoi tthi [ £(x)dx hoi
X—>+00 g(x) g -

3Néw lim 2~ oo va [ g(x)dx phanky thi [ £ (x)dx phan ky
X—>+0 g(x) ; ’
Chirng minh:
l.e>0,3b>0, Vx>b:>l—g<i(i)<l+g
g(x)

Vi g(x)20=(I-¢)g(x) < f(x) <(+&)g(x)

Ly & saocho /—& =c > 0. Theo dinh 1i 2: Néu If(x)dx ho1 tu thi
J.(l —¢&)g(x)dx hoity = Ig(x)dx hoi tu.

Néu j 2(x)dx hoi tu = j (1 + &)g(x)dx hoi tu = j F(x)dx hoi tu.
2.Lay e=1,3p>0, Vx>b=0< f(x) < gg(x) = g(x)

Theo dinh 1i 2 chiing 6 j F(x)dx hoity

3. VM >0, 3 >0 , Vx>b:>%>M,L§yM:1thi f(x)>g(x). Theo dinh
g(x

li 2 suy ra I f(x)dx phan ky
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Hé qua 1: Gia st voi x dulén ham sé f(x) c6 dang:
h(x)

k B
X

f(x) = k>0 , h(x)=0.Khidé

Néu k>1va 0<h<c<+oo thi J‘f(x)dx hoi tu.

Néu k <1 va h(x)>c >0 thi If(x)dx phéan ky
Trong d6 ¢ 1a hing sd.
i i 1 +00
Hé qua 2: Néu f(x)>0 vala VCB cép k so voi VCB — tai +oo thi j F(x)dx hoi tu
X

khi £ >1 va phan ky khi £ <1
H¢ qua 1 dugc suy ra truc tiép tor dinh 1i 2 va vi du 1d.
H¢ qua 2 dugc suy ra truc tiép tir dinh 1i 3 va vidu 1d.
Vidu 2: Xét sy hoi ty, phan ky cta cac tich phan sau

3
+00 ) +%0 40 _x?
x? dx *

e
a. dx , b. | — , c. |—dx
Z')-IJFXZ J1‘36\/1+xz '!. X
Giai:
3
x> 1 A . . A 1a
a. ~— |——=>—>1 theo hé qua 2, tich phén suy rong phén ky.
1+ X xE
1 1 4 4 . .
b. :— |——57—>1, tich phén suy rong hdi tu
x\/ l+x* X
c. ¢ — —ZJ ———0, theo dinh i 3, tich phén suy rong hoi tu.
x° x

Duéi day ta s€ dua ra dinh 1i téng quat vé diéu kién hoi tu cua tich phan suy rong.

DPinh li 4: bé tich phén suy rong J‘ f(x)dx hoi ty, diéu kién can va du la:

Ve>0,34,>a,VA> 4y, VA> 4, = |p(A) - $(4)| < ¢

L
Hay j F(x)dx| < &
A
Dua vao tinh chit cua tich phan xac dinh
A A'
j F(x)dr < j |/ (x)|ax
A A
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Ta nhéan dugc hé qua sau day
Hé qua 3: Néu T| f (x)|dx hoi tu thi T f(x)dx hoi tu.
C. Su hoi tu tuyé: d6i va ban hoi tu cﬁaa tich phan suy rong
1. Noi rang tich phan suy rong T f(x)dx hoi tu tuyét d6i néu tich phan suy rong T| f (x)|dx
hoi tu. a a
2. Noi rang tich phan suy rong T f(x)dx ban hoi ty néu T f(x)dx hoi tu va T| f (x)|dx
phan ky. ' : '

Pinh li 5: Néu tich phan suy rong J. f(x)dx hoi tu tuyét d6i va ham s6 g(x) bi chin trén

[a,+00) thi j F(x)g(x)dx hoi tu tuyét dbi

Chirng minh:

Gidsir |f.g| < , ta c6

Theo dinh 1i 2 suy ra ﬂ L} (x).g(x)|dx hdi ty, chiing toé I f(x).g(x)dx hoitu tuyét dbi.

Vidu 3: Xét su hoi tu cua cac tich phan suy rong:

+00

d 1
a chosaxdx,aeR k R W -:b. I . ;. C. Ide
k" +x L xvxt =1
Glal.
A 1 1 )
a. Nhanxet|cosax|£l,Vx; — ~ — khi x 500
k™ +x X
T cosax
Vay | ————dx hoi tu tuyét dbi.
i J.kz+)c v
b. Vi llim——=lim———=0;
xao eZX_l x—0 2x
\/_I
xdx xdx xdx

a>0

j\/zx_l_.[\/ jJ

Tich phén thir nhat hi tu (do la tich phan xac dinh vi ham dudi ddu tich phan kha tich).

Léyi>lnhénduqc %:—z——)O khi x > .
166

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Chuwong 4: Phép tinh tich phdn

+00d ) )
Vi I—f hdi ty, a > 0 suy ra tich phan suy rong da cho hdi tu.

. Inx ) x—1 o1 [x-1
c. lim = lim =lim— =

xalx\/x2_1 xalx\/XZ_l =l x \ x+1

a

¢ Inx B Inx
Tacod !dex—!—xe__dx+j \/_

Tich phan th nhit hoi tu (ton tai ) vi ham du6i diu tich phan kha tich trén

[l,a] , Va>1
. 1 1 1 1
Lay 1< A <2 nhan dugc L:—A:%.——w khi x — 0.
xWxi-1 x° x l—i
2
X

+00
d . :
Ma J-—f hoi tu, Va > 0 = tich phan da cho hdi tu.
X

4.5.2. Tich phén suy réng véi ham dwéi diu tich phan c¢6 cuwc diém
A. Dinh nghia
1. Cho f:(a,b)\{x,}—> R .Néiring x, € (a,b) la cuc diém ciia f néu lim f(x) = .

Ham s6 ¢6 cuc diém tai ¢ hodc bnéu f(a*) =00 hoic f(h )=

2. Cho f:[a,b)—> R, f(b") =00, kha tich trén [a,b—], Y& >0 du bé. ich phan suy
rong cua f trén [a,b], ki hiéu j‘ f(x)dx. Néi rang tich phan suy rong hoi tu vé I € R néu
b-¢ b :
ggjfuyh=1,Mh@u1=jfuyh
Néu khong ton tai gi61 han hiru han (khong c6 /I hoac [ =) thi ndi rang tich phan suy
rong j- f(x)dx phan ky.
3. Cho f:(a,b]—> R, f(a")=o0 khatichtrén [a + &,b]

b
N6i rang tich phan suy rong J. f(x)dx hoituvé J néu

lim [ f(o)dx =T (hitu han).

a+e

Néu khong ton tai J noi rang tich phan suy rong phan ky.
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4. Cho f:[a,b]\{x,} >R, x, €(a,b) 1a cyc diém cia f

b
Néi rang tich phan suy rong I f(x)dx hoi tu khi va chi khi cac tich phan suy rong

Xq b
j f(x)dx va [ f(x)dx cing hoi tu, Khi 6 ki higu:

*o

j{f(x)dx = ]Qf(x)dx + .Tf(x)dx

Chu y: Néu ham f(x) lién tuc trén [a,b] trir ra cac cuc diém cia nd va cé nguyén ham la

F(x), ta c6 thé dung cong thirc Newton- Leibnitz va viét
b b
[ f(odx = lim (b - &)~ F(a) hoge [ f(odx = F(b) - lim(a + &)

Vidu 4: Xétsy ton tai cua cac tich phan suy rong sau:
1 b
dx dx
a. ; b. J‘—a , xR
~1 1-x a (x - a)
Giai:

a. Ham dudi dau tich phan c¢6 cuc diém 1a +1

, Yae(-1])

j- dx :a dx +j- dx
_1\/1—x2 _1\/1—x2 a\/l—xz

= arcsin a — lim arcsin x + lim arcsin x — arcsin a = 7

x— -1 x—>1

b. Ham dudi dau tich phéan c6 cuc diém la a

b a3
b . In(x - a)|, voia =1
a1 1 .
;!‘(x—a) ; - P véia#1
b—a(x—o)*
. ) 1 0 néu a<l
Vi limln(x-a)=-00 , lim——>r= .
x—at x—a*t (x_a)a o héu ao>1

Suy ra tich phan da cho hdi tu véi @ <1 va phan ky véi o > 1.
B. Piéu kién hdi tu ciia tich phan suy rong

Chung ta gi6i han truong hop f(x) giit nguyén dau trén (a,b). Gia s f(x)=0
trén [a,b) va f(b" )=
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b—¢
Pt ¢(e) = [/ (x)dx
R& rang @(&) 1a ham sé giam & 1an can bén phai ciia diém 0. Tir dinh 1i vé gii han cua

ham don di¢u, ching ta nhan dugc dinh 1i sau day:
b
Pinh li: Dé tich phan suy rong I f(x)dx hoi ty, dicu kién can va du 1a @(g) bi chdn & lan

can bén phai diém ¢ =0, tac1a g(¢) <L , Ve >0

Céc dinh 1i so sanh & muc 4.5.1 hoan toan dung cho cac truong hop tich phan suy rong
v6i ham dudi dau tich phéan ¢ cuc diém. Cac hé qua tuong tur v6i hé qua 1,2 sé la:

Hé qua 1’: Gia st véi x digan b va (x <b) hamsd f(x) c6 dang

f(x)=(bg(x))k , k>0, g(x)>0 khido:
— X

b
Néu k<1va0<g(x)<c<oo thi j F(x)dx héi tu.

b
Néu k>1 va g(x)>c >0 thi jf(x)dx phan ky trong d6 ¢ 1a hang sb

Hé qua 2’: Néu f(x)>0 vala VCL cap k so véi VCL tai b thi

b—x
b
j F(x)dx hoi tukhi k <1 va phan ky khi & > 1.

Vidu 5: Xét sy hoi tu cua cac tich phan suy rong sau:

1 g

a.-[ al ,kl<1 ; b. Jﬁ ; C. J‘ O<9Sz

2 (1= ) (1= kx) ) 1/005(p cosd 2

1 +00
d. J. €. jx"’le’xdx

07 x(ex —e’) 0
Giai:

. . |
a. Ham dudi dau tich phan c6 mét cuc diém x =1, 1la VCL cap E so voi VCL 1— tai
- X

x = 1. Vay tich phan suy rong hoi tu.
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1
1 1
b. ﬁ lim — =0, viy ham — ¢6 cuc diém tai x =1
yInx 0" Inx Inx
1 1 N~ A A A La
: ——1, theo h¢ qua 2’, tich phan suy rong phan ky.
Inx x-1
T /4
c. j , 0<0<—, p=0 lacucdiém
01/cosga cosd 2
. + . - . + . =
Nhén xét cos@ —cosf = —2s1n(p—gsm(p—9 = 2sin? esmg 2¢)
0-¢
1 o1 o) s &l
Jeosp —cosf /O sin(p+6sin9_¢ 020 " Usin @
2
ay tich phan hoi tu.
1
d. J , x=0 1acuc diém.
03 x(ex —e™)

2
e —e " =2x+o(x*) =3 x(e" —e ) ~ Y2.x3 khi x >0

Theo hé qua 2°, tich phan suy rong hdi tu.

1

o0 o0
-1 - -1 - e
e. jx” e"dxzjx” e"dx-i—Ix" e “dx
0

(=]

Xét jx" “e*dx,Néu p >1 ta nhan duoc tich phan thong thuong.

Néu p <1, nhan duogc tich phan suy rong, ham dudi déu tich phan co cuc diémtai x =0

Nhén théy (x” e :xl%j =e " ———1, theo h¢ qua 2’, tich phan suy rong hoi tu khi
I-p<lhay p>0

Xét J.xp’le’xdx.Nhan thay (xp']e'x 12] =x"e™ ———0, Vp
X

Vay tich phan suy rong hoi tu khi p > 0.
Chu y:

e Tich phén suy rong c6 céc tinh chét twong tu nhu tich phan xac dinh
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e D¢ tinh tich phan suy rong (trudng hop tich phan suy rong hoi tu), nguoi ta ciing thuong
st dung hai phuong phép co ban: Doi bién s va tich phan ting phan. Sau ddy, ta dua ra mot sd vi
du vé tich phan suy rong thudng dé cap dén trong cac linh vyc ki thuat.
2
Vidu 6*: Tich phan Euler. FE = Iln sin xdx
0
) . . ldx
Su hdi tu cua tich phan c6 thé suy ra bang cach so sanh véi J-—a ,0<a<l1
Giai:
bat x =2¢

ﬂ' 7Z'

E=2

Oy | N

Insin 2¢dt = E ln 2+ 2J. Insin ¢dt + 2I Incostdt

AN

Xét Ilncostdt datt— 5 -

2
Incostdt = Iln sinado

Sl |y ©

4
Suyra £ :%In2+2E = Es —%an

Vi du 7*: Tich phan Euler-Poisson. [/ = j e dx
0

Giai:
) +00
Su hoi tu ¢6 thé thay duge khi dé yrang: Vx>1coe™ <e* ma Je’xdx hoi tu
0

Nhén thiy ham sé g(x) = (1+¢)e”" dat gia tri 1én nhat khi ¢ = 0
vag.. =g0)=1.Vay Vi #0 c6 (1+1)e”’ <1
Thay ¢ = +x* nhan duoc

(1—x2)e)‘2 <1 , e 1
4 Bidr— 4= Jes < 5
(I+x)e™ <1 I+x
Véi 0<x<lco e™ >(1-x>)
4 —l’l)C2 1
Vx b e <—7F—
(1+x7)"

Tur do j(l x)dx<I ’”dx<J- ”de<fﬁ
X
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Thuyec hién phép ddi bién u = Jnx

T 17 2 1
z[e dx:ﬁz[e du:ﬁ

Thuc hién phép ddi bién x = cost

sin®" ¢dt = _@mt
Qn+ 1!

1

j(l—xz)"dxz

0

oct—y

Thuyc hién phép ddi bién x = cot gt , ta co

% 2 —3)
J. & _ J.smz"_2 tdt = @n =3 Z,
o (L+x%)" 4 2n-=-2)I! 2

Thay cac tich phan da tinh vao bat déng thirc trén, nhan duogc
2n)!! 2 !
\/;—( 7) <I<\/——(n DLF
n+1HN 2n-2)' 2
Binh phuong cac vé bat ding thirc kép trén.

2 2
" —_ NN 2
n 2n)! 1 e (2n-3)! .(2n—1)7[
2n+1| 2n-DN | 2n+1 2n—1| 2n-2)!! 4

Theo cong thue Wallis (Xem vi du 6 muc 4.2.2)

z
]
7 im 2n)!! : 1
2 ool 2un=DI| 2n+1

Jz

Suy ra 12:£:>I:—
4 2

Vidu 8*: Tinh J = j

14"
Giai:
1 © w0 2 0 2
Pit x:—:>J=I dx4=.|'l‘dt4=-|'xd)i
t o L+x" g1+ l+x
52 1w(1+12jdx
= 2J = j - J== xl
o +1 25 xz*_i2
X
y |
bat z = x——, nhan duoc
X
J_!j”i_L o
29 242 22 242
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Chirong 5: Ly thuyét chudi

CHUONG V: LY THUYET CHUOI

5.1. CHUOI SO
5.1.1. Cac khai niém chung
A. Pinh nghia chudi s6 va su hdi tu ciia chudi s6
1. Cho day s6 thye (a,) , a, € R véimoi n

Goi a, +a, +...+a, +... 1]a mot chudi s6 thuc

Ki higu chudi sé trénla ) _a, (5.1)

k=1
Sé thuc a, voi k xac dinh goi la ) hang thr k& ctia chudi , véi k khong xac dinh goi 1a $6

hang téng quat cua chudi .Sau day la mot vai chudi sb dang dac biét :

- 1 1 1 1 , ) 1
D (=) ==l——+——_+(=1)""=+.. c6s6 hang tong quat la (—1)""'—
n 2 3 n

n

% 1 1 1 P X . yo A
Z— =l+—+—+..+—+... goilachuoi Riemann v§i tham s6 « .
‘on 2 3 n

2. Cho chudi sb (5.1). Goi tong riéng thr n ctia chudi (5.1) 1a
S =4, (5.2)
i=1

Néu limS, = S (hitu han) thi noi rang chudi s6 (5.1) hgi tu va c6 tong 1a S, khi d6 ki hiéu

n—»0

Zai = S . Néu khong xay ra diéu trén no6i rang chudi (5.1) phan ki .

i=l1
3. Néu chudi (5.1) hoi tu vé S thi goi R =5-§ la phan du thtr n cia chudi. Theo trén suy ra:

Dé chudi (5.1) hoi tu vé S thi can va du 1a phan du R, héi tu vé 0.
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Vidu 1: Xét sy hoi tu ctia chudi cap s6 nhan véi cong boi q

iaqk ,a#0
k=0

Giai:
n _1 .

. 0l VOl g #1

Tinh tong riéng thirn : S, = q—1
na V6l g =1
Bay gio tim lim S, :
% .1 a
Néu |q| <1 thi limS, = "
n—>x© —_ q

Néu |g| > 1 thi (S,) khong hoi tu.

Vay chudi cap s6 nhan hoi tu khi va chi khi |¢| <1.
, . n , X: 4 . el
Vidu 2: Xét sy hoi tu cia chudi diéu hoa Z—
n=1 n

Giai:

: 1 1
Tinh tong riéng thtn: S, =1+—+...+—

n
A a , 1
Tongriéng thtr 2n: S, =8, + +ot—
n+1 2n
1 1 n 1 . ISR S
Suyra §,, -5, = +...+— > — = — Theo tinh chat cua day s6 hoi tu
n+1 2n  2n

chimg t6 (S,) khong hoi tu . Vay chudi diéu hoa phan ki .

n

Vidu 3: Xétsuhoi tu cia chudi ZIn
= n+l1

Giai:
S =St a=3 [Ink —In(k + 1]
k+1

n
k=1 k=1

=Inl-In2+In2-In3+..+Inn-In(n+1) =-In(n +1)

limS, = —limIn(n+1) = —0  Vay chudi phan ki.

n—>0 n—>0
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Chirong 5: Ly thuyét chudi

. 5. 1~ 1
Vidu 4: Xét sy hdi tu ciia chudi s6

n:ln(n-’_l)
Giai:
)
= (k+1) ok k+1
:1—l+l—l+...+1— 1 =1- 1
2 23 n n+l n+l

n—>00

IimS =lim|1-
non ( n+1) z::‘n(n+l)

B. Piéu kién hdi tu ciia chudi so
Tur diéu kién Cauchy cho day so hi tu suy ra

Pinh li 1: Dé chudi s6 (5.1) hoi tu thi can va du la

Ve>0,3n,:Vn>n, ,Vp ,npeN’
=la,+a,, +..+a, |<&

Tur dinh nghia vé sy hoi tu ciia chuoi so suy ra

Pinh li 2: Dicu kién can cua chudi s6 hoi tu 1a sb hang téng quat a dan dén 0 khi
n— o0
lima, =0
n—o

(5.3)
Chirng minh: Cho chudi (5.1) héi tu vé S tirc 1a

limS =S8 ,tac6 S, =S, ,+a,,,haya, =S, -S,
Vi lim(S,,,-S,)=8-85=0,

Nén lima

n—>0

+ 0
Chi y: Diéu kién (5.3) khong phai 1 diéu kién da cua chudi hoi ty, diéu ndy nhan thiy
duoc qua cac vidy 2 va vidu 3
C. Tinh chét ciia chudi s6 hoi tu
1.Tinh chat hoi tu hay phan ki ciia chudi s6 van giir nguyén khi thay d6i hiru han s6 hang
dau tién ctia chudi .
That vay: Goi tong riéng thir n cta chudi ban dau 1a S con tong riéng thir n ciia chudi khi

thay doi k s6 hang dau tién ctia chudi la S,' Vay rd rang S, = S, '+a trong d6 a 1a hidu s6 2 tong

k so hang dau tién cli va méi. Suyra S, va S,' cung héi ty hay cung phén ki
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Chirong 5: Ly thuyét chudi

2. Néu chudi (5.1) hoi tu vé& S thi chudi )" Aa, hoi tu vé AS. That vdy néu goi tong riéng

i=1

tht n cua(5.1)1a S, thi
D da, =AY a, =28,
i=1 i=1

S 2, = 1S

i=1

0 0
3. Néucacchudi Y a, va Y b, héity tuong tmg vé A va B thi chudi
i=1 i=l1

Z(al_ +b,) hoi tu vé A+B.

i=1

That vay Zn:(ai +b)= Zn:al_ + Zn:bi
i=1 i=1 i=1

Qua gidi han sé€ c6 Z(ai +b)=A+B

i=l1

Chu y: Céc khai niém trén dugc chuyén sang cho chudi sé phtc
ZZZ. = Z(Rezi +ilmz,) (5.4)
i=1 i=1

Cu thé : Dé chudi sb phue (5.4) hoi tu can va du 1a 2 chudi sb thuc

0 0
ZRe z, va Zlmzi cung hdi ty vataco :

i=1 i=1

ZZi T ZRezi + iZImZi
i=1 i=1 1
5.1.2. Chudi s6 dwong

0
A r R L e * ’ A 5 ~ A X A
Sau day xét chuoi so Zai v6i a, € R, céac két qua s€ dugc chuyén sang cho chuoi so

=1

0
y o *
Zai vol a, € R -

i=1
A. Diéu kién hgi tu ctia chu6i so dwong

Pinh li: Chudi s6 dwong hoi tu khi va chi khi ddy tong riéng cua n6é bi chan trén.
S, <M , VneN

Chirng minh:
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Ta biét rang chudi s6 hoi tu khi va chi khi day (S,) hoi tu

Taco S, >0. Suy ra (S,) don diéu ting. Dé (S,) hoi tu thi
can va du 1a 3M sao cho S, <M , Vn (Theo tinh chét hoi tu cua day don di¢u).

= Sn + an+l > Sn Vi an+l

B. Cic tiéu chuin vé sy hdi tu
1. Cac dinh li so sanh.

Cho 2 chudi s duwong D a, (a) va Y b (b)

i=l1 i=l1
Pinhli 1: Gidst a,<bh , Vn>n, ,n e N
Khi d6: Néu chudi (b) hoi tu thi chudi (a) hoi tu .
Néu chudi (a) phan ki thi chudi (b) phan ki .

Chirng minh: X¢ét hai chudi méi dugc thanh 1ap bang cach thay doi 1, s6 hang dau tién
ctia mdi chudi (a) , (b) dé xay ra bat déng thirc a,<b, , Vne N .Theo tinh chat 1 cua chudi
s6 ta chi viée chuing minh dinh li véi diéu kién a, <b, ,VneN y

n
Céc tong riéng s thod man: 4, = Zak <>b =B
k=1 k=1

, Vn

n

e Néu chudi (b) hoi ty thi ton tai s6 M sao cho B <M Vn= A <M Vn Viy chubi
(a)hoitu.
e Néu chudi (a) phan ki thi rd rang chudi (b) phan ki , néu khong s& mau thuan véi diu vira

chirng minh trén .

Pinh 1i 2: Giast lim<2 = &

n—wo b

Khi d6: Néu 0 < k < 400 hai chudi (a) va (b) cung hi tu hodc cting phan ki
Néu k = 0 va chudi (b) héi tu thi chudi (a) hoi tu.
Néu k = oo va chudi (b) phan ki thi chudi (a) phan ki .
Chirng minh:
e NéuO<k<+o,Lay & >0 dubésaocho k—& > 0. Theo dinh nghia gi6i han , ton tai

‘
n, € N sao cho

Dk

Vn > n, co <& hay b (k-¢)<a,<(e+k)b,

n

Theo tinh chit 2 vé chudi s6 hoi tu va dinh 1i 1 suy ra hai chudi (a) va (b) cing hoi tu
hodc cung phéan ki.
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o Néu k=0, ldy £>0, s ton tai u, € N' dé Vn >n, s& co a, < &b,. Tir d6 ta thay: Khi

chudi (b) hoi tu thi chudi Zé‘bk hoi tu , Theo dinh 1i 1 chudi (a) s& hoi tu . Khi chudi (a) phan ki

k=1

thi chudi z eb, phanki, Theo tinh chat 1 suy ra chudi (b) phan ki .

k=1
Két luan nay da ching minh truong hop & = oo
2. Cdc tiéu chudn hgi tu .
a. Tiéu chuin Palimbe (D’ Alembert).

Goi (D,) = {hj 1a diy D’ Alembert (5.5)
a

n
Néu tdn tai sb qe R: saocho D, < g <1 thi chudi hoi tu
Néu D, >1 thi chudi phan ki

Chirng minh:

0
<ag<a, g’ <..<aq" Chudi cap so nhan Zalq" hdi tu

n=1

eNéu D ,<g<1thi a

n+l
vi0<g<l1.Vay chudi da cho hoi tu

eNéu D, >1 thi a, >a,>a,, >..>a >0. Viy (a,)khong hoi tu vé 0. Chimg to
chudi phan ki

Tiéu chuan D’ Alembert ¢ dang "béat dang thirc" da néu it khi dugc ap dung do viée tim s6 q
rat kho khan. Thong thuong dung tiéu chuan D’ Alembert ¢ dang "gidi han" cho boi dinh 1i sau.

Dinh li: Gidst lim D, = D khi do:

Néu D > 1 thi chudi phan ki
D <1 thi chudi hoi ty
D =1 thi chua thé két luan duoc.
Chirng minh:
e Néu D>1,ldy &> 0 saocho D—¢& >1 Khido
dn,: Vn>n,=1<D-&<D,<D+¢& Theo trén chiing to chudi phan ki .
e D <1, hoan toan tim dugc s6 & >0 sao cho g =D+&<1 Khidé In,: Vn>n, cb

D, < g <1 Theo trén chudi hdi tu.

e Néu D =1.thicac vi du 2 va vi du 4 da chimg minh két luan cta dinh li.
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b. Tiéu chuin Cési (Cauchy).

Goi (C,) = (4fa, ) 1a day Cauchy (5.6)
Néu ton tai s6 g € R, saocho C, < ¢ <1 thi chudi s6 hoi tu

Néu C, >1 thi chudi s6 phan ki .

Chirng minh:

e Néu C,=4la, <g<l thi a, <gq".Chudicap sénhan Y ¢" hoityvi 0<g<1 nén

n=1

chudi sb duong da cho hdi tu.

e Néu C,>1thia,>1chimgtd (a,) khong thé hoi tu vé 0, do d6 chudi phan ki,

Pinhli: Giast limC, = C khi do

Néu C >1 thi chudi phan ki
C <1 thi chudi héi tu
C =1 thi chua thé két luan dugc.
Chirng minh:
e Néu C>1,lay €>0 saocho C—¢&>1,khidé In, d& Vn>n, = C-¢ < C,. Theo
trén suy ra chudi phan ki
e NéuC<l,lay £>0 saocho ¢g=C+&<1khidé In, & Vn>n, c6 C, <q<1 Vay
chudi hdi tu
e NéuC=1,cacvidu2vavidu4da ching minh diéu két luan cudi cung cua dinh 1i.
c. Tiéu chuén tich phan Cauchy-McLaurin.

Giastr f(x) duong va lién tyc trén [l,+oo) thoa man cac diéu kién.

f(x) giam veé0khi x — o
f(m)y=a,, Vn=12,..

Khi d6 chudi Zan héi tu hay phan ki cung véi sy hoi tu hay phan ki cua tich phan

T f(x)dx

Chirng minh:
Vi f(x) don diéu giamnén Vx e[k —1Lk], ke N* ¢ f(k)< f(x) < f(k-1)
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k k k

suyra a, = j F(k)dx < j F(x)dx < j flk=Ndx=a,
k-1 k-1 k-1

Sau khi lay tong ing v6i k tir 2 dén n s& co

S,—a < If(x)dx <S8 —a, trongdo S, = zai
1

i=1
e Néu j F(x)dx hoi tu thi j F(x)dx bichantrén Va, nghiala 3M & cho
1 1
[feodax<m , vn
1
Suyra S, <M +a, , Vn Chimg td chudihditu.

e Néu J. f(x)dx phan ki thi I f(x)dx khong bi chan trén ma
1 1

S, 2 a,+ [ f(x)dx
1

Vay S, khong bi chin trén do d6 chudi phan ki

Sau day chung ta xét mot so vi du ve su hdi tu hay phan ki ctia chudi s6 nho vao cac dinh li
so sanh va cac tiéu chuan da dua ra o trén

0

Vidu 1: >0
. Z;, ) (p>0)
Giai:
. : . 2 \ 1 1 .
Vi —> 00 khi n —> 00 nén dn, e N dé Vn >n, co > — ,ma
(Inn)? (Inn)?  n

chudi diéu hoa phan ki , vy theo dinh li so sanh 1 suy ra chudi da cho phan ki

= 1
Vidu 2:
¢ ; (lnn)lnn
Giai:
1 1 1

(lnn)lnn ' elnn.ln(lnn) - nln(lnn)

Vi In(lnn) — oo khi n = o0 nén véindulén s€ co In(Inn) > 2
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1 1 N . 5.
Suyra ———— <— machudi » — hdi ty (Xem vi du 8 dudi ddy). Vay chudi da

(Inm)™"  n? =n
cho hoi tu
Vidu 3: i :
n=1 n%
Giai:

1 . x.
~ — khi n — oo, chiing t6 chuoi da cho phan ki

I’l% n

Do K/Z—)lkhin—)oo,véy

< 1
Vidu 4: —_—
¢ UZ:; (ln n)ln(ln n)

Giai:
1 1

— 3 2
G = e Vi > i)

1 1 1 x.
nén ——>—— = — Viy chudi da cho phén ki.
(lnn)“(“”) e'"" n

Vidu 5: 1+zx—|,(x>0)
n=1 n.
Giai:

C6 D, = , IimD, =0. Vay chudi hoi tu véi Vx > 0.

n+l  now

Vi du 6: Zn!(f) , (x> 0)

n=1 n
Giai:
C6 D =—2>— , limD, ==
1 n—>w e
1+—
n
. y X e s 1y
V6i x=ec6 D, =———>1Dboivi [1+—J <e
1 n
I+—
n

Vay chudi hoi tu véi x < e, chudi phanki véi x> e
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Vidu7: Z(ij , (a,>0va lima,=a , x>0)

n=1 n

Giai:

o C =2

n

Néu a=0 thi limC, =

n—»0

Néu a=oo thi limC, =0

n—>0

n—0

Néu 0<a<+o thi limC, zg
Vay néu a = 0 thi chudi phan ki
a = oo chudi hoi tu
0<a<+o,chudihoitukhi x<a
chudi phan ki khi x > a
chua két luAn khi x = a

That vay xét cac chudi s6 sau voi a=1

<1
phan ki
(0]
=1
hoi tu
Z;\/n_z oi ty

Xem vi du 8 dudi day

r J A 5 X A XN . = 1
Vidu 8: Xét sy héi tu cia chudi sau theo tham s6 & (chuoi Riemann) Z—a

n=1
Giai:
- 1 \ A \ 5 ~ ’ s A ‘A 5 ‘A A ’
bat f(x)=—. Ham s0 nay thoa man céc di€u kién cua tiéu chuén tich
P
phan Cauchy-McLaurin .

J‘d—f hdi tu khi & > 1, phan ki khi o <1 (Xem vi du 1, muc 4.5)
x
1

Vay chudi Riemann hoi tu véi o > 1, phan ki véi a <1
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Vidu9: Y —— | (@>0)
n=2 ln 0!
Giai:
< 1 A LA o A \ 1
bat f(x) =——— ,nguyénhamcua f(x) trén [2,+00) la F(x)=-
xIn™* x aln” x

lim F(x)=0 Vay [f(x)dx hoitu,do o chudi da cho hoi tu.
2

X—>+00

Vidu 10:
H nznlnnln(lnn)

Giai:

f(x)= _ c6 nguyén ham la F(x) = ln(ln(lnx))
xInx.In(Inx)

lim F(x) = +oo, tich phan J‘ f(x)dx phan ki , chtng t6 chudi di cho phan ki
3

X —>+0

5.1.3. Chudi dan d4u
A. Pinh nghia chudi dan dau

Chudi s6 c6 dang Z(—l)k”ak trong d6 a, >0 , Vk (5.7)

k=1
hodc Z(—l)kak trong dé a, >0, Vk (5.8)
k=1
goi 14 chudi dan dau.

o0

Chang han Z( 1) z

n=0 =1

1a cac chuoi dan dau

Su hoi ty hay phan ki cia cac dang (5.7) , (5.8) ¢ tinh chit nhu nhau. Dudi ddy chung ta
x¢ét dang (5.7).

B. Piéu kién hi tu cita chudi dan diu
Dinh li Leibnitz.

Cho chudi (5.7) néu diy (a, ) thoa méan cac diéu kién :

- Day (a,) dondi¢u giam: a, >a,,, , Vne N
- lima, =0
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Thi chudi (5.7) hoi tu vé tong Sva S < q,

2m
Chitng minh: Diy tong riéng chin S, = Z:(—l)"+1 a, c6 thé biéu dién nhu sau:

n=1

Sym =(a,—ay)+(a; —ay) +...+(a,, , —a,,)

Do a,>a Vn e N,nénday (S,,) la duong va tang ngat. Mat khac.

n+l
Szm =a, - (a2 - a3) —.— (az,,,,z - azmq) oy

Suyra §,, <a,,nhu vdy limS, =S (Theodinhlil muc 1.3:3.)

Diy téng riéng 1é co dang: S, ., =S, +a,, .,

2m+1

Vi lima,,,, =0 nén limS,, , =limsS, =S

m—»0 m-—»©

m+1

Vay limS, =S (Xem hé qua muc 1.3.4). Ching t6 chudi hoi tu vé S.

n—>0

Mit khac S

2m+1

=S, ,—(a,, —a,,,) suyradiy (S,,, ) duong va giam ngit. Vi thé
nhén dugc bt déng thirc

S, <85<8,,.,<8,,,<.<q

2m+1

Vidu 1: Xét sy hoi tu ciia chudi s6 sau :
Z( 1)"+1 , (a@>0)
Giai:
Chudi la dan diu thoa man cac diéu kién cta dinh 1i Leibnitz:

1 . ) e Xy a-
[—a] don di¢u giam va hm—a = 0 vay chuoi hai tu.
n n—>0 n

1+ (- 1) Aln

o0
Vi du 2: Xét sy hdi tu cua chuoi so Z
n=2
Giai:
o0

1
Chubdi 1a dan diu tuy nhién phan ki vi Ia tong ctia chudi diéu hoa Z—
n=2 N

[e0]

va chuoi dan dau
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5.1.4. Chudi ¢6 s6 hang mang dau bat ki
A. Su hdi tu tuyét dbi va ban hdi tu

Cho chudi s6 bat ki Zai , a,€R (a)

i=1
Lap chudi s6 duong i|ai| (b)
i=1

1.Néu chudi (a) hoi tu va chudi (b) phan ki thi néi riang chudi (a) ban hoi tu
2.Néu chudi (a) va (b) cting hoi tu thi noi rang chudi (a) hoi tu tuyét doi .
Pinh li: Néu chudi (b) hoi tu thi chudi (a) cling hoi tu .
Chirng minh:  Gia sir chudi (b) hoi tu vé& S’
Goi S, 1a tong riéng thi n ctia chudi (a) va S,' 14 tong riéng thir n ciia chudi (b), tic la:

S, =a+a,+..+a,=P -0,

S,'=|a|+|a)| +...+|a,| = P, + 0,

Trong d6 P, 1a téng cac s6 duong trong n sb hang dau tién , con — 0 la
téng cac s6 am trong n s hang dau tién. Vi chudi (b) hoi tu vé S’ nén diy (S,') tang ngat
va hoitu vé S’

limS,'=S' va §,'<S'

RO rang cac day (P) va (Q,) tang ngdt va thod man:
P <§5/'<S
0,<85'<S',Vn
Suy ra cac day (P.) va (Q,) hoitu:

limP =P, limQ, =0

n—»0

Vay limS, = lim(P,-0,)=P-Q =S,

Nghia 1a chudi (a) hoi tu vé& S.

Chu y: Trong nhiéu bai toan xét s hoi tu ctia chudi sé (a), nho vao dinh i trén nguoi ta di
xét sy hoi tu cta chudi (b). D6 1a chudi sé dwong nén c6 thé sir dung céc tiéu chuin trong muc B
ctia 5.1.2. Trong truong hop sir dung tiéu chuidn D’Alembert hodc Cauchy ma chudi (b) phan ki
thi két luan chudi (a) ciing phan ki vi thdy ngay duoc trong truong hop nay sb hang téng quat
khong dan t6i khong khi n — oo

B’. Mt s6 tinh chit ciia chudi ban hdi tu va hdi tu tuyét doi
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1.Néu chudi da cho 1a ban hoi ty thi c6 thé 1dy sé S™ tuy ¥ (hitu han hodc vo han) dé sao cho
khi thay doi vi tri cdc s6 hang dugce chudi méi hoi tu vé S™. Noi cach khéc, trong truong hop nay
tinh chat giao hodn, tinh chét két hop khong con dung dbi véi tong vo han.

Chéng han: Xét chudi ban hoi tu

2 < 1 1
co tong riéng thur 2n la: S,, = (— — —j
’ ,; 2k-1 2k

(Chudi hoi tu vé S =In2, xem cong thirc 5.35)
Xét chudi méi do thay ddi vi tri cac s6 hang

I 1. 1 1 1 1 1 1
+ ot +
2 4 3 6 8 2k—-1 4k-2 4k

Xét cac tong riéng cua chuoi nay.

O () (Y
o\ k-1 4k-2 4k) 29\ 2k-1 2k) 2%

£ * 1
S S, +—
3n-1 3n 47’1
* * 1
S Sy, +
3n-2 3n-1 47’1 T 2

ot e ot »n 14. 1
Suyra limS; =lmS;, ,=lmS,, ,=—1limS,, =—-In2

n—>0 2 n—>o0
, 5 X ;. A A% * 1
Chung t6 chuoi méi hgituve S = Eln 2.
2. Néu chudi di cho hoi tu v& S va la hoi tu tuyét dbi thi chudi méi nhan duoc béng cach
thay doi vi tri cac s6 hang hodc bang cach nhom mot so6 hitu han cac s6 hang lai cling hoi tu vé S
va ciing 12 hoi tu tuyét ddi. Noi cach khac trong truong hop ndy tinh chat giao hoan va két hop

duoc gilt nguyén doi voi chuoi vo han

3. Chohaichudisd > a, va Db
i=1

i=l1

Lapbangsé ab, ab ab, .. ab, ..
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Lap diy sé (u,) voi u, = ab, , u, =ab, +ab, , ..

(v,) voiv, =ab ,v,=ab,+ab,+a,b, , ..
Céc chudi Y u, va > v, goila chudi tich ciia hai chudi da cho.
n=1 n=1

Néu hai chudi di cho hoi tu tuong ing vé S, , S, va la hoi tu tuyét dbi thi cac chudi
tich ctia chung hoi tu vé S, .S, va 1a hoi tu tuyét doi.
5.2. CHUOI HAM
5.2.1. Cac khai ni¢ém chung vé chudi ham
A. DPinh nghia chudi ham

Cho day ham thuc (fn (x)) , x€(a,b),

goi fi(x)+ fL(x)+..+ [ (x)+...= ifk(x) (5.9

1a mot chudi ham xac dinh trén (a,b).
B. Mién hdi tu ciia chudi ham
. o0
1. Biém x, € (a,b) 1a diém héi ty ctia chudi ham néu chudi sé Y /. (x,) hoi tu.
n=1
2. Tap X cac diém hoi ty cia chudi ham goi la mién hoi ty ciia chudi ham.

3. Haim s6 S,(x) =Y fi(x) V6i x e (a,b) goi la tong riéng thir n chudi ham. Chudi ham

k=1

goi 1a hoi tu vé S(x) VOi x € X néu lim S, (x) = S(x),Vx € X . Trong trudng hop nay ki hiéu
n—>0

ifn(x)zS(x) ,xeX

n=1

4. Néu chudi ham | £, (x)| hoi ty trén tap X thi ndi rang chudi ham ) f,(x) hoi ty tuyét
n=1 n=1

ddi trén tap X .
Sau day ta s€ tim mién hoi tu cia mot s6 chudi ham.
, <
Vidu 1: Z—X
n=1 n
Giai:
Tap xac dinh : R

D6 1a chudi Riemann v&i tham s6 13 x. Vay mién hoity X = (1,400)
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Giai:
Tap xac dinh : R
"

. . ; f X
Liy x e X va xét chudi sé » . Ding tiéu chudn Cauchy ta ¢ 11m|—|' =0, Vay
el n—owo 1 n!
chudi ham hoi ty tuyét dbi trén R . Puong nhién miénhdi tu X =R.

o0

coS nx
Vidu 3: —_—
) ;‘ n* +x*
Giai:
Tap xac dinh: R

coSnx

2

RS
n +x

1
n2

Liy xeR tacd

Vay chudi ham hdi tu tuyét ddi trén R .

> nx (n—1)x
Vidu 4: =
' Z(l+n2x2 l+(n—1)2x2j

n=l1

Giai:

Tap xadc dinh : R

Tong riéng tha n: S, (x) = %
I+n"x
. ; nx A A e \
Suyra limS, (x) = llmﬁ =0, Vx.Vaymiénhgitula R.
n—»0 n—>0 + n x

5.2.2*. Sw hdi tu déu ciia chudi ham
A. Dinh nghia
1. Day ham ( I (x)) duogc goi 1 hoi tu déu vé ham £ (x) trén tap X néu nhu

Ve>0, 3Fng(e), Vn>n0:>|fn(x)—f(x)|<g, Vxe X

2. Chudi ham (5.9) duoc goi 1a hoi tu déu vé ham S(x)trén X néu diy tong riéng cua né
hoi tu déu vé S(x)trén X .

Nghiala: Ve >0 , 3n(e) , Vn>nO:>|Sn(x)—S(x)|<8 , Vxe X  (5.10)

Vay néu chudi hgi tu déu vé S(x) thi phan du R (x) = S(x)—S,(x) s& hoi tu déu vé 0,

tic la:
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Ve>0 , Ine) , Vn>n, =

R(x)|<e , VxeX (5.11)

Trong truong hop chudi hoi tu déu vé ham S(x) trén (a,b) thuong ki hiéu

ifn(x) = S(x) , xe(a,b)

n=1

Vidu 1: Chung minh chudi ham ZL X2 - ( x1)2 S
+n'x +(n-1)"x

hoi tu déu trén [0,1]

Giai:
S (x)= , IimS (x)=0 , xe€]0,1
n( ) 1+n2x2 N0 n( ) [ ]
X 2nx 1 1
R (x) = = —<—<g
2 )| 1+n*x* 1+n°x* 2n  2n

Suyra dn, = {ZL} dé Vn > n, s&co |Rn (x)| <g, Vxe [0,1]
£

. - 2 -1
Vidu2: Chung té rang chuoi ham ZL nxz 7] ((n 1))); >
+n°x +(n-1)"x

n=1

khong hoi tu déu trén [0,1]

Giai:
Tl vi du 4 ta c6 phan du thr n ctia chudila |R, (x)| = 5 » XE€ [O,l]
l+n°x
N 1 1 1
Nhuvdy 3e=— . ¥n . 3, =—e[01]=[R,(x,)] = =2
n

Chimg t6 chudi khong hoi tu déu trén [0,1].

Vidu 3: Chung minh réng cac chudi ham sau day hoi tu déu trén tap R .

N i (_anl /e Zoo: (—1)" ¥

=X +n = (1+ xz)"

Giai:
V&1 x ¢ dinh trén R ta nhan duoc cac chuoi s0 dan dau. Theo dinh 1i Leibnitz cac
chudi nay hoi tu .
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a. VxeR, Theo dinh 1i Leibnitz thi phin du cua chudi. R (x) thoa man
1 1
<

1 < :
R,(x) < <—<¢.Vay R (x) = 0 ching t6 chudi ham hoi tu déu trén R.
x“+n+l n+l1 n
L x? 1
b. VxeR CO|R (x)|<—F—<—<¢
l+nx"+... n

Vay R (x)= 0 chimg té chudi ham hoi tu déu trén R .
B. Cic tiéu chuén vé sy hi tu déu ciia chudi ham
1. Tiéu chuin Cauchy.
Pinh li: Gia s (S,(x)) 1a ddy tong riéng cta chudi ham. D& chudi ham héi tu déu trén tap
X diéu kién can va du la:
Ve>0 , In(e)eN , Va>n, , VpeN
(5.12)

=N Sn+p(x)—sn(x)\<g , Vxe X

Chirng minh:

DPiéu kién can: Ta ¢ chudi hoi tu déu trén X  vé S(x), tic la
Ve>0 , dn(e)eN , Vn>n0:>|S”(x)—S(x)|<§ , VxeX
Liy n>n, vaVp e N s&cb

S,y ()= 8,(0)] =[8,., ()= S()+ S(x) - S, (x)

<

S,., ()= S(0)|+

E &
SX)=SX)|<—+—=¢
() = S(x)| D)

Piéu kién du: Trudc khi chimg minh diéu kién du ching ta hiy cong nhan nguyén 1y hoi tu
sau ddy cua day sb:

bé day so (a,) hoi tu thi dicu kién can va du la

Ve>0, 3dn, , VYn>n, , Vp=

Ay, an‘ <&
Trong truong hop nay goi (a,) la day Cauchy.

Tir diéu kién (5.12) 15 rang v6i x € X nhén dugc (S” (x)) 1a ddy Cauchy. Vay ton tai ham
S(x) xac dinh trén X @& lim S, (x) = S(x).

S,,(0)=S,(x)|<e , VxeX

Tu (5.12) suy ra lim
p—®

hay la |S(x)—Sn(x)|<g , Vxe X

Vay S (x)= S(x) trén X
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2. Tiéu chuan Weierstrass.
DPinh li: Gia str cac s hang ctia chuo6i ham thoa man bat dang thirc

[, <a, , ¥xeX (5.13)

va chudi s D a, hoity.Khid6 chudiham )’ £ (x) hoi ty tuyét dbi va déu trén tap X

n=1 n=1
Chirng minh: Trudc hét chimg minh sy hoi ty tuyét d6i trén X .
Lay x, tuy y trén X c6 |f,(x,)| < a,. Theo dinh Ii so sanh myc B, 5.1.2 thi chudi sb
Y /()| hoi tutirc 1a Y £ (x,) hoi tu tuyét di. Vi x, tuy y trén X chimg t6 chudi hoi ty

n=l1 n=1

tuyét d6i trén X .
Xét su hoi tu déu trén X .

Vi >a, hoity,nghiala ddy tong riéng S, = »_a, hoi tu. Theo nguyén li hi ty s& ¢6 :

n=1 k=1
n+p
Ve>0, dn, , Va>n, , VpeN= Zak<£
k=n+1
n+p n+p
Tace: |S,.,(0)=S,x)|< D|A@|< Da<e ., VxeX
k=n+1 k=n+1

Theo tiéu chuin Cauchy chudi ham héi tu déu trén X .

Vi du 4: Xét sy hoi tu ciia cac chudi ham sau day:

i COSnX < sinnx

2 2 ? z P 2

~n +x ~n +x

Giai:
COS nx 1 sin nx 1
3 S—z . 3 2 S—z . VxeR
no+x n no+x n

Chudi Riemann Z_z héi tu vay cac chudi ham di cho hoi tu déu trén R

n=1

o0 00
Tir vi dy trén suy ra néu céc chudi sd D a, , D b, hoitu tuyét ddi thi cac chudi ham

i=1 i=1

0 0
Zan cosnx , an sinnx hoi ty déu trén R .

n=1 n=1
C. Cac tinh chat ctia chu6i ham hgi tu déu

Pinh li 1: Cho chudi ham (5.9), cac ham sé f,(x) , (i =1,2,...) lién tuc trén tdp X va hoi
tu déu vé S(x) trén X thi S(x) lién tyc trén X
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Chirng minh: Ly x € X va s& chimg minh su lién tuc cia S(x) tai diém x do.
Liy he R saocho x+he X vagoi S, (x) latongriéng thir n cua chudi.
Xét [S(x+h)—S@)| =|S(x+h) =S, (x+h)+S,(x+h)—S,(x)+5,(x) - S(x)|

<[S(x+h)—S,(x+h)|+

S,(x) = S(x),

S (x+h)- Sn(x)| +

Do tinh hoi tu déu cia ddy (S,(x)) trén X nén

Ye>0 , Ing(e) . ‘v’n>n0:>|S(x+h)—Sn(x+h)|<§ ] Sn(x)—S(x)|<§

Ngoaira S,(x) , (n>n,) latong n ham s lién tuc tai x trén X . Vay v6i & di chon

thi ton tai & >0 dé

h| <0 séco.
1S, (x + )= S, (x)| <§

Nhuvidy Ve>0 , 35 @& | <5 thico [S(x+h)—S(x)|<e
Chingté S(x) liéntuctai x € X .

Tinh chét nay thuong ding dé chimg minh sy hoi tu khéng déu ciia chudi ham trén tap X
nao do.

Vidy 5: Xét sy hoi tu déu ctia chudi ham Y x(1-x)" trén [0,2)

n=0
Giai:
S(x)=1-(1-x)"" ", xel0,2)
imS (x) = S() 0 vOiI x=0
imS (x)=S(x) = .
nsn " 1 voi xe[0,2)\{0}
Cac ham x(1—x)" lién tuc trén [0,2) tuy nhién S(x) gian doan tai x = 0. Vay chudi ham
hoi tu khong déu trén [0,2).
Pinh li 2: Cho chudi ham (5.9) hoi tu déu v& S(x) trén [a,b] va cic ham
f,(x) ., (i=12,..) lién tuc trén [a,b] thi

j S(x)dx = i j £(x)dx (5.14)

i=1 g

Hé thirc (5.14) chimg to véi didu kién nao d6 c6 thé lay tich phan timg tir cia chudi ham.

w b b
Chirng minh: Ta s€ chiing minh limZI f(x)dx = IS (x)dx

i=1 4 a

b n b
Tacla Ve>0 , dn,: Vn>n,= IS(x)dx—z-[ﬁ(x)dx <&

i=1y

Céc tich phén ton tai do tinh lién tuc cua cac ham dudi dau tich phén.
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Thét vy do chudi ham hoi tu déu vé S(x) nén

Ve>0 , dn,: Vn>n0:>|S(x)—Sn(x)|<

ma

j.S(x)dx j f(x)dx| =

i=1 4

jS(x)dx j S (x)dx

b

= [[s(x) =S, (x)ax

a

dx =¢

&
<HIS(x) =S (x)dx <
! [S(0) =5, () j —
Cha y: Su hoi tu déu chi 1a diu kién du dé lay tich phén ting tir ciia chudi, sau day chung
ta s& néu ra mot sd vi du minh hoa diéu do .

Vi du 6: Chl’Ing minh céc h¢ thirc sau:
-1 ay -1
D e 3| et
0l l+n°x> 1+(n-1)>x ek 1+n’x> 1+(m-1)>x

w{ nx  (n-Dx

Giai:

Theo vi du 6, Z

I+ ni 1+ (-1x } khong héi tu déu trén [O,l]
=1

Tuy nhién chudi hoi tu vé ham S(x) = 0 va téng riéng tha n cua chudi la:

S, (x)— s ta co IS(x)dx—Jde 0

1

1 2
limISn(x)dx = lim [ —"— dx = hmiln(l +n2x2)‘ _ lim A +77)
0

n—>oo0 1+n°x n—wo Qpn n—o 2n

=0

Vay h¢ thuc dung.

Pinh 1i 3: Néu chudi ham (5.7) hoi tu vé& ham S(x) trén tdp X va cac ham f;(x) thoa
man:

+ f'(x) lientuc trén X, Vi=12,...

+ D" f'(x) hoi tu déu v& R(x) trén X

Khi do S'(x):R(x):ifi'(x) , xeX (5.15)

Hé thire (5.15) chimg t6 v6i cac diéu kién nao d6 co thé ldy vi phan timg tir
cua chudi ham.
Chirng minh: Liy x,€X va xe X khidé f'(x) lién tyc trén
[xo,x] , 1=12,.... Theo dinh li 2 ta co:
j R(x)dx = Z j £ (x)dx

llx0
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= L) = /() + [,(0) = £ () o+ £, (X) = £, (X)) + ..
= 5(x) = S(x,)

Theo dinh li 1, ham R(x) lién tuc trén X do d6 S(x) kha vitrén X . Suy ra

%iR(x)dx =R(x)=5"(x)

Hy — S(0=3 /')

5.3. CHUOI LUY THUA
5.3.1. Cac khai niém chung vé chudi luy thira

A. Pinh nghia chudi luy thira

Mot chudi ham c6 dang Zaixi , a,€R , Vi (5.16)
i=0

hodc Y a(x—a) , a lahingsd (5.17)
i=0

Goi 1a mot chudi Iuy thira. Trong chudi luy thira trén a, 1a cac hing s6 (i = 1,2,...) goi la
cac hé sb cia chudi luy thira. Chudi (5.17) suy tir (5.16) bang phép thay x boi x — a . Do d6 dé
thuan tién, duéi day chung ta chi can xem xét chudi (5.16).

B. Tinh chit hdi tu ciia chudi luy thira

Pinh li Aben (Abel)

Néu chdi luy thira (5.16) hdi tu tai x = x, # 0 thi hoi tu tuyét ddi tai moi diém x thoa man
1 < x|

Néu chudi luy thira (5.16) phan ki tai x = x; thi phan ki tai moi diém x thoa man |x| > |x,|

Chirng minh: Chudi s6 Zaixg hoi tu . T diéu kién can cua chudi hdi tu suy ra

i=0

lima x; = 0. Tt diéu kién ctua day hoi tu suy ra ton tai s6 M dé
n—0

ax,| <M , Vn.Xét

o0

2 n
X
n n
D a,x" =D 4| —
n=0 n=0 xo

n

X

Xo

n

J4 n x
Taco |axy| — | |<M

Xo
n
~. 1 . = X
Véi x thod man |x| < |x0| thi chuoi cap so6 nhan ZM —
n=0

hoi tu. Vay chudi

X0
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i‘anx”‘ hoi tu chimg t6 chudi > a,x" hoi tu tuyét déi khi || < |x,|

n=0 n=0

Phan hai cta dinh 1i 12 hé qua truc tiép tir phdn mot.
C. Ban kinh hgi tu ciia chudi luy thira

Trude hét ta thira nhan mét dinh i sau:

Pinh li 1: D4i v6i chudi luy thira (5.16) ludn ton tai s6 R >0 dé chudi hoi tu tuyét doi
trong khoang (—R,R), phan ki trong cac khoang (—o,—R),(R,+). SO R thoa man dicu kién
trén goi 1a ban kinh hoi tu ctia chudi (5.16).

Pinh li 2: (Qui tic tim ban kinh hoi ty).

X a
Néu lim—* = p hoac limzfla | = p ,
n—>o a” p ° n—w ”| p
(5.18)
|
— neu 0< p<+o0
2,
thi R=:0 néu p=o (5.19)

R = 0 nghia la chudi lu§ thira chi hoi tu tai x =0
R = oo nghia 1a chdi luy thira hoi tu tai moi x
Chirng minh:

e Trudnghop 0 < p < +oo.Gia s x xac dinh xét chudi s6 duong Z
n=0

anx”‘ . Ap dung tiéu

chuin D’ Alembert s& ¢

n+l
an+1x

n
a,x

lim

n—>0|

:dﬂ=D

Khi D <1 hay |4 <L chudi s6 hoi tw
o)
1 awar- el
D >1 hay |x| > — chuoi so phan ki
P

1
Theo dinh nghia suyra R =—
P
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e Trudng hop p = oo . Hién nhién chudi luy thira hoi tu tuyét ddi tai x =0 Vé&i x =0 c6

n+l

lim| et —{ =00 >1.Vay chudi luy thira phan ki v6i Vx # 0 (Xem cha y muc A, 5.1.4). Suy ra
Nn—>00 anx
R=0.
. a xn+l
e Truong hop p =0, lay x tuy y co lim—"—— =0 < 1. Ching té chudi luy thira hoi tu
n—»0 anx

v6i moi x, hay noi cach khac R = .
Chi y: Tu dinh li 2 suy ra: Dé tim mién hoi ty ctia chudi luy thira truée hét ta tim ban kinh

o0
héitu R cuia no, sau do xét tiep sy hoi tu cua cac chuoi so Zai (xR)'.
i=0

Vidu 1: Tim mién hdi tu ciia cac chuoi luy thura sau:

n=1 N n=0 n!

Giai:

) 1
a. Ban kinh hoi tu: llmi/:zlz p=>R=1
n

Hn—»0

n

b. limi/I=0:>R:oo.
n—om nl

c. limW:ijzo.

n—

o (=D = ‘
Chudi s6 Z( )" o ty, > — phanki. Vay mién hoitu la X =[-11)
n=1 n

n=1

Vidu2: Tim mién hoi tu ciia chudi luy thira

2x° +§x10 +§x15 +gx2° F...

Giai:
X an AR \ - 2” S5n
Chuoi da cho ki hiéu 1a Z X
o 2n—1
- 5 A X ~ < <A = 2’1 n
bat x° = X', nhan dugc chuoi luy thira theo bién X . Z 5 1X
n=1 <N —

Ban kinh hoi tu ctia chudi méi: lim 1"/ 5 2 " =2=>R-= % Chudi s6
n—»00 n J—

3 2 [_ lj => =D hoi tu (Theo dau hiéu Leibnitz)
o 2n—10 2 o 2n—1
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han ki (So sanh véi chudi —
n=1 2” _1 p ( ; I’l )

- , 0 2n
Chudisd Y. : 1(
n —_—

Mién hoi tu: X = { L

Ql
it

. - 0 _1 n
Vidu 3: Tim mién hdi tu cua chuoi luy thira Z (x=1)

n=1 \/;

Giai:

bat x—1= X, Xét chudi Z

[

Ban kinh héi tu : limn/ ! =l=>R=1
n—oo 'n
—1)"

Chubdi sb héi tu (theo dau hiéu Leibnitz)

M 1
- 4T

S
Il
—_

phan ki .

Chudi da cho hoi tu tai x thoaman —1<x—-1<1 hay 0<x<2
Mién hoi tu: X =[0,2)

Vidu 4: Tim mién hdi tu ctia chudi ham Z (-1 ( al j
za 2 \/n+1 3—x
Giai:
Pit — =X
- X

Xét chudi luy thira Z

) . . ( ))’l
Ban kinh héi tu : lim» 1m—n/ =
2 i n—»0 2” n + n—o 2 /n +
x & s (GD'(2)"
Chudi s6 phan ki (so sanh véi chudi
n=0 2n 24 + n= O 1 Z \/_
( + 1)2
- (=D"2" . A
Chudi sb Z hoi tu theo dau hiéu Leibnitz.
=2n+1 \/1 +n
Vay chudi ban dau hdi tu voi x thoa nan: —2 < 3 <2
-X
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6—x 0 x<3

3—x> x>6 {x£2
Hay , ,

3x_6£0 x<2 x>6

3—x x>3

Mién hoitu: X = (—0,2]u(6,4+0).
D. Tinh chit ciia chudi luy thira

Gia str chudi lu thira (5.16) ¢6 ban kinh hi tu R >0 va [a,b] 14 doan tuy ¥ chira trong
khoang (—R,R).

Tinh chit 1. Chudi luy thira hoi tu déu trén [a,b].
Ching minh: Gia sir [a,b]c (-R,R) = 3x, € (-R,R) dé [a,b]c [ x,,x,] mit khac:

0
< ‘anxg‘ vi x, € (—R,R) nén Z‘anxg ‘ hoi tu, Theo tiéu chuan Weierstrass
n=0

Vx €la,b]= ‘anx"
suy ra chudi luy thira hoi ty déu trén [a,b] .
Tinh chét 2. Chudi luy thira hoi tu déu vé& ham S(x), lién tuc trén (—R, R)

Chirng minh: Liy tuy y x € (—R,R). Xét sy lién tuc cia S(x) tai x. That vay ton tai
[a,b] c(-R,R) va x e [a,b]. Theo tinh chét 1 va dinh 1i 1 muc C, 5.2.2 suy ra S(x) lién tuc

trén [a,b]. Vay lién tuc tai x

Tinh chit 3. Batki x,,x, trong khoang (—R,R) ludn co

fianx”dx = ian fx”dx (5.20)
x n=0 n=0 x|
X oo 0 a
- A 4 h\ nd — n n+l .
Pac biét Vx € (—R,R) thi -([;anx x ;—nJrlx (5.21)

Chimg minh: Vi  Xx,x,€(—R,R) nén ton tai doan [a,b] thoa man:
X,X, € [a,b] < (=R, R) . Theo tinh chat 1 va dinh li 2 muc C, 5.2.2 suy ra cc cong thirc (5.20),
(5.21).

Tinh chit4. Vx e (-R,R) ludn co [Z anx"j => na,x"" (5.22)
n=1

n=0
Chirng minh: Lay tuy ¥ x € (—R,R) s& chimg minh c6ng thic (5.20) dung tai diém x do.
Voi x € (—R,R) s€ tdn tai s6 r sao cho |x| <r <R, rdrang chudi sd Zanr” hdi tu suy
n=0

r" < L,Vn trong 6 L 1a hing s6 nao do .

ra limar" =0=

n—o

a}'l
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o0
r A A A: o X. A -1
Xét su hdi tu tuyét doi cua chuoi so Z na,x"

n=1

n—1 n-1

, -1 x| 1 L |x
Ta co n|an||x|" = "= =< —n—
rlr r|r
L n—1
\ x. A X - .| X A 2
ma chuoi s —Zn —|  hditukhi |— <1 (Theo ti€u chuan Cauchy)
roao|r r

Vay Vx € (R, R) chudi Z:nanx"_1 hoi tu tuyét déi.

n=1
Goi ban kinh hoi tu ciia chudi dao ham ting tir 14 R' thi rd rang R'> R
Theo dinh 1i 3 myc C, 5.2.2 va tinh chét 1, cong thirc (5.22) s& ding trén [—r,+7], vy s&

ding tai x.

, Vn

Ngoai ra ta thiy: ‘anx"‘ < n‘anx"
Chung to néu chudi dao ham ting tr hoi ty tai x € (=R',R") thi chudi ban dau cling héi tu
tai x, do ddsuyra R > R'. Vay chudi dao ham ting tir cling c6 ban kinh hoi tu 1a R .
Chu y: Dudi ddy chung ta s& cong nhan cac két qua mé rong nhu sau.
o  Néu chudi luy thira hoi tu tai x = R thi n6 s& hoi tu déu trén [0, R]
e Néu chudi luy thira hoi tu tai x = R thi tong S(x) cua chudi s& lién tuc bén tri tai x = R
e Néu chudi luy thira hoi tu tai x = R thi cong thiic (5.21) van dang v6i x = R
e Néu chudi dao ham timg tir hoi ty tai x = R thi cong thirc (5.22) van ding véi x = R.

0 4n

o (4m)!

Vi du 1: Chimg minh ring ham sé: y = . thod man phuong trinh vi phan
y® =y trén R
Giai:

bit x* = X, chudi luy thira
' % Z; (4n)!

c6 ban kinh hoi tu 1a o vi

n—»

. / 1 : ; x. 3 .
lim » )] =0, duong nhién hoi tu VX >0 suy ra chuoi ban dau hdi tu trén R . Theo
n)!

tinh chét 4 s& ¢6

o0 x -
y'= ;(4;1—1)' V= ;(4;4 2)v
© 4n3 © -
(4)
,,Z(4n 3)! ’ ;(4;1 4)!
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© 4k
: X
Thay chisé n—1=k Vay y* = =y
Z? (4k)!
© n+l
Vidu 2: Tinh tong cta chudi luy thira Z:(—l)"+1 _r
n=1 n(l’l + 1)
Giai:
, ) ) (_1)n+l
Trudc hét tim ban kinh hoi tu lim» =1=>R=1
noo\[|n(n+1)

o mms & Sy EDT e 1
Céc chuoi so Z(— )" ———— hdi ty tuyét doi vi <&
o n(n+1) n(n+l) n

ool R X 1o e p A 4 Cox X 1
ma chuoi Z_z hoi tu . Vay chuoi luy thura héi tu trén [— l,l]. Goi tong cua chudi la
n=1 1

S(x), 13 rang S(0) = 0. Theo tinh chét 4 ta co

n+l n

S'(x) = Z( 1) voi —1<x<1

S'(0) =0

S"(x) = i:(—l)”“x”'l = i(—l)kxk , —l<x<l1
S"(x) = b = S'(x) = IS“(x)dx vi §'(0)=0
I+x s

¢ dx
S' = —
(x) ;|).l+x

=In(1+ x)

n+l n

Nhu vay In(1+x) = Z( 1) , —l<x<1

Tu S(0) =0 suyra
S(x) = jS (x)dx = j In(l + x)dx

j—dx

=xIn(1+x)—x+In(1+ x)
=(x+DIn(x+1)—-x véi —-1<x<1

o0

Véi x =-1 taco S(-1
D=2y

Ta xét tong riéng tha n ciia chudi nay
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=l-—4———+.+—=

2 3 n n+l
—-1- !

n+1

limS, =1. Kétluan S(x)=

n—>0

1 vOix =-1
(x+DIn(x+1)—x véi-1<x<1

q x 2 (3x-2Y
Vidu 3: Tinh tong ctia chudi ham. Zn( al j
X

n=1

Giai:

3x-2 y -
T Xét chudi uy thira > nX”
X n=1

Dit X =

Bankinh hoitu: lim%/n =1= R =1

n—w

Véi X =1 nhan dugc cac chudi sb Zn(il)" phan ki, vi s6 hang tong quat khong

n=1

dén dén 0. Vay chudi lu thira hoi tu v6i |X| < 1. Goi tong cua chudi d6 1a S(X). Xét chudi luy

thira i){” . Chudi nay hoi tu véi | X| <1

n=l1

0 : X ! 1
Rorang S(X)=X ZX” :X(—]:X'—z )
n=1 l_X (I—X)
Pit R(x) la tong cia chudi ham vay
R(x)zS[3x_2j voi |22
X

X

‘<l

A (Bx=2)x

y voi l<x<1
4(x-1) 2

5.3.2. Khai trién mot ham s6 thanh chudi luy thira
A. Khii ni¢m vé chudi Taylor ciia ham s6 f(x) & lan cén X,
e Giasirhamsb f(x) € C” tailan can diém x,. Chudi luy thira c6 dang
! (n)
X, X,
f(xo) + f ( 0) f ( 0)
I! n!

dugc goi 1a chudi Taylor cia f'(x) & lan can diém x,

(x=x))+...+ (x—x)" +... (5.23)
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e Gia sir ham sd f(x) e C” tai lan cén diém 0. Chudi luy thira biéu dién trong dang

f(0)+—— S (0) +w.x" +... (5.24)

n!
du(jc goi 1 chudi McLaurin ctia ham sb f(x). D6 chinh 1a chudi Taylor ciia f(x) & lan
cincua x=0

= x. . 1
Vidu 1: Viét chuoi Taylor cia ham s f(x) = — ¢ lancén x =1
X
Giai:

1 D
RO rang f(x) = — kha vimoi cap ¢ lan can x =1
X

[P = 1) 3f”‘)(1) (=D 4!

Chudi Taylor ctia ham s6 da cho ¢ dang
= =D+ =1 =+ (=D =D +..= D (D (x =D
k=0

Vidu 2: Viét chudi McLaurin cia ham sé  f(x) = >
Giai:
Fx) = e = fOx) = 2%e* = £D(0)=2F | Vi
Chudi Maclaurin I
2% x? T e, 2k x*

1+2x+ +...+ T e
2! ! Z:; k!

1

A X . 5 \ A x?
Vi du 3: Viét chudi McLaurin cia hamsé f(x)=4¢ " » x#0

Giai:

1

119—139 Clime s~ im-% — o

=0 x a—>o ea

1'(0)=

1 A wWalaf=2 A UM - s
(bat — = « ,sur dung tinh chat tang nhanh ctia ham mii so véi ham luy thira)
X

Tuong ty nhu trén s& nhan duoc f*(0)=0 , Vk

Vay chudi McLaurin ctia ham di cho 1a
2

0+05+0.+..=0.
TR

Pinh li: Néu f(x)biéu dién dusi dang chudi luy thira & 1an can cia x,:
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f(xX)=a,+a(x—x))+..+a,(x—x))" +...
Thi chuoi do 1a chudi Taylor cia f(x) ¢ lan cén cua x,.

)
Chirng minh: Chung ta s& chira a, = —'O , VkeN.

k
That vay, theo tinh chat 4 thi f(x) kha vi moi cAp trong 1an can ciia x, va co
cong thae. ¥ (x) = [ao +a(x—x)+..+a,(x—x,)" + ...](k) , Vke N
%) = aki+a,, (k+1)k.2.(x—x,)+...
F9(x,) = ak!

IVAKED
k!

e Néuham sé f(x) biéu dién dudi dang chudi luy thira & 1an cén ciia X, thi noi rang f(x)

suy ra a,

khai trién dwoc thanh chudi Taylor & lan can cta x,, Ttc la trong trudong hop nay chudi Taylor

cia f(x) ¢lancancua x, hoi tu vé chinh f(x)

© (k)
£ = Z%(x —x,)" (5.25)

. 1 . ~
T vi du 1, cho thay ham f(x) = — khai trién dugc thanh chuoi Taylor ¢ 1an can x =1. Cu
X
thé trong khoang (0,2) .

Tir vi du 2 cho thdy ham s& f(x) = e** khai trién dugc thanh chudi McLaurin trong khoang
(—00,+00)

Tir vi du 3 cho thiy chudi McLaurin cia ham f(x) hoi tu vé 0, nghia 1a ham s§ f(x)
khong khai trién duoc thanh chudi McLaurin.
B. Piéu kién dit dé ham sb khai trién thanh chudi Taylor

Pinh li 1: Cho f(x) € C* & lan can x = x,, & ham f(x) khai trién dugc thanh chudi
Taylor & 1an can ctia X, thi can va du 1a phan du Taylor 7,(x) dan dén khong khi 7 — oo

Chirng minh: Theo muc C, 3.5.1tacd f(x) = P,(x)+7,(x)

n k)
Trong d6  P.(x) = Z%(}C —x,)"
k=0 :

_ f(n+1)(c) _ n+l
R =f ) e 0

lim £ (x) - lim 7, (x) = lim P, (x)
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P,(x) chinh la tong riéng th@ n+1 cta chudi Taylor cia f(x). Theo dinh nghia chimg to
chudi Taylor ciia f(x) hoi tu vé chinh f(x) trong lan cdn cla cia x, can va du la

lim7,(x)=0

Pinh li 2: Néu f(x)eC” ¢ lan can cia x=x, va trong lan can do6 co

[fP(0|<M . VkeN thi f(x)khai trién duge thanh chudi Taylor ¢ lan cén x, .

Chirng minh:
M n+
, (x)| < |x - X, 1
(n+1)!
x. . . © (x_xo)nH N .
Chuoi Iuy thtra Z— hdi tu trén (—o0,+00)
o (n+D!
_ n+l
Suy ra limM =0=limr (x)=0
n—»o (n +.1)! n—»o

Theo dinh li 1, vdy ham f(x) khai trién duoc thanh chudi luy thtra ¢ 1an cén cua x,.
C. Khai trién mgt s6 ham thwong ding thanh chudi McLaurin
l. f(x)=¢"
Ham sb e kha vi moi cdp va
fPx)=EH" =¢e" = fP0)=1, VkeN.
Lay s6 thuc duong tuy ¥ /4, ta co

FO)| et < Vxe(-hh) L VE

Suy ra ham s6 f(x) = e" khai trién dugc thanh chudi McLaurin trén (—o0,+00) va c6 dang

. e
e _Z; - . VxeR (5.26)
[ee] __1 n n
Suy ra a = Z( )'x , VxeR (5.27)
n=0 n.

Twr d6 bang céach trir va cong hai chuoi trén s€ nhén dugc cac khai trién sau day:

2k+1

shx=» ———— |, VxeR 5.28
kzz(‘; 2k +1)! ( )
0 x2k
chx = , VxeR (5.29)
im0 (2k)!
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2. f(x)=sinx
Taco f(k)(x)zsin(x+k§] , Vke N , Vx

0 VOl k =2m

®(0) = sink - =
/70 2 (=1 Vi k =2m+1

Ngoai ra sin(x+ k%} <1, Vk , Vx.Vay
( l)m 2m+1
sinx = z , VxeR (5.30)
(2m+1)!
( l)m 2m
Tuong ty COSX = z , VxeR (5.31)
noo  (2m)!

3. f(x) = arctgx
Theo vi du 3 muc B,3.3.3 ¢6

y" = (n—1)!cos” ysmn[y+2j , Vne N

Theo muc D, 3.5.1 nhan duoc chudi McLaurin cua ham sb f(x)=arctgx la:

Chudi nay hoi tu trén [~ 1,1]

os""! yo.sin{(rz + I)Lyo + ZH
n+l

Xét r(x)= . X'
n+

trong d6 y, = arctgbx , 0<0<1.
1 .
vxe[-11] thi |r(x) <=1, () >0 khi n — o
n+

Vay nhan duoc khai trien McLaurin cua ham so

3 5 2k-1

X X x
arctox = x — —+— — _+(=D*!
y 3.5 Ay

Thay x = 1vao cong thirc trén chiing ta nhan duogc cong thirc khai trién cua sd 7

+.., Vxel[-L1]  (532)

T 1 1
MG I k= 5.33
4 3 5 =D 2k—1 (5-33)
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4. f(x) =In(1+x) vOix > -1
00 = e
(1+x")
Chudi Maclaurin c6 dang
x2 3 n
X— .+ (=]
5 =1

Chudi nay hoi tu trén (~1,1]

= [70)=(-D"(n-1! , nx1

Phan du McLaurin thir n trong dang Lagrange la:

1 xn+1

r,(x) = (=1)".

Vx e [O,l] thi x—l
(I+é0)™

n+1 (1+ )"

, 0<O<1

<1.Vay |rn(x)|£L—>O khi n —»
n+l

Xét phan du McLaurin trong dang Cauchy (Xem muc C, 3.5.1)

() =(=1)"x

Vx € (—=1,0) s€co

1+ 6k

L[|

Ngoaira 1+6&>1-6 va |x|n+l

o (1=0)
(I+ )"

0<8<1

n+l n
4 (LﬂJ<ﬂl—M<l+&

—>0khin—o>ow

Vay r,(x) —> 0 khi n —> oo, Theo dinh 1i 1 s& co:

2 3

X X
In(l+x)=x——+2— ..+ 1"1
(I+x)= > (-1

Noi riéng, véi x =1 nhan dugc

ln2:1—l+lu<”+04y4l+
28 n
Thay x boi —x vao (5.32) s€ co
2 3 n
In(l—x)=—x—>—-> T 4
3 n

Tir d6 suy ra
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1+ x 2 X"
In—— = 2x. , Vxe(-11 5.36
1—-x Z()Zm+l LD ( )

5 f/(x)=10+x)* , aeR\N

Theo muc D, 3.5.1 nhan duoc chudi McLaurin cia f'(x) nhu sau.

1+oax+

-1 -D..(a—- 1
—a(a' )x2+...+a(a ) ('a nt )x"+
n:

Dung cong thirc D’ Alembert nhan dugc ban kinh hoi tu cia chudi trén 1a R =1. Phan du
McLaurin trong dang Cauchy s¢€ 1a

a(a—1)...(a—n)1+ @C)a—n 1

r(x) = : (d-6)'x" |, 0<6<1
n.
Hay la
() = (@-D(a=2).(a-1-n+1) .x"ax(l+9x)“_l.( 1—9}
1.2...n 1+ éx

Véi x € (—11) thi

1—H<1+Hx:>(1_9

) — 0 khin > o
1+ 6k

|ooc|(l - |x|)a_1 < o] (1+ )" < |ax|(1 + |x|)a_1

Chung t6 aox(1+ &)™ Tudn bi chan khong phu thude vao n, cudi ciing chudi luy thira

Z(a D(a—-2)..a=-1-n+1) ,

' x" ¢6 ban kinh hoi tu 13 1. Vay sd hang tong quat cia
n!

n()dénveOkhl n— oo

Nhu vay limr (x)=0 , Vxe(-Ll).

n—>0
Cudi cuing nhan duge cong thirc Newton hay chudi nhi thirc

ala—1) - a(a—1)..(x—n+1) N

I+x)* =1+ax+
( ) 12.1N.E

Q- (a 2D o vre (el (5.37)

n=1
Sy hoi tu cta chudi nhi thire tai x = £1 phuy thudc vao «, chiing ta khong xem xét van dé

A e 1 A . Do
nay. Tuy nhién dudi day chung ta thay o = 1,+E,—E s€ nhéan dugc lan luot cac khai trién ung

vol x = 1.
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1

—=l-x+x =+ (=D)'x"+..., Vxe(=1)) (5.38)
1+x
1 1 5 L (2n=3)!
Vitx =l4+—x——X"+—x ——x + (=D A
8" 16 128 D 2!
Vx e (-1,1] (5.39)
1
=l-—x+=x2—..+(=1)" @n=DU L Vx e (-11] (5.40)
1+x )l
X

Vi du 1: Khai trién ham s6 f(x) = —————
(x+1D(x+2)

Giai:

thanh chudi luy thira cua (x —1)

Thuc chit ctia bai toan 1a khai trién ham sé da cho thanh chudi Taylor ¢ lan can cia x =1

X 2 1
fx) = = -
(x+D(x+2) x+2 x+1
Ap dung cong thirc (5.38) s& co
2 _ 2 2 ZEZ(_D" £} , —2<x<4
x+2 3+x-1-3 3 *¥71 - 353 3
_I_i
3
1 1 1 !
— = 1 , —1l<x<3
x+1 2+x1 21 Z( )( J
a N

Cudi cung.

Z( 1"

=0

3n+l - 2n+l

(

Vidu2: Khai trién ham s6  f(x) = I

f(x)_(x+l)(x+2)_

o V14 x?

Giai:
f'(x) = \/_1— . Theo cong thtrc (5.40) s& ¢
¥y 4
2n—1
(x)—1+2( % ((’; )”) . xel-1]]

fx) = f f'(x)dx vi f(0)=0
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_ N (2n-Dl! 2n+1 a
f(x)—x+;( 1 —(zn)!!(2n+1)'x , xel[-11]

0
Vidu 3: Tinh cac hé sO a,,a, trong khai trien ™" = Zanx”
n=0

Giai:
Nh6 ring cac chudi cho bai cong thirc (5.26) , (5.30) hoi tu tuyét ddi Vax

Vay ta co
: 2 -3 . 4
v _ 1 smx+sm x+sm x+sm X
1! 2! 3! 4!
. 3 xS
sinx=x——+——...
3 35

2
3
sin? x = (x—);—'+0(x4)J = x? —%xd' +0(x5)

sin® x = x> +0(x5)
sin® x=x* + 0(x4)
3002 3 4
~ 1
Doviay ™™ =l+x-2—+> ——x* 15 42 Lo
32 6 6 24
1 1 1
Suyra a;,=0, a,=——+ ——

6 24 8
Vidu 4: Khai trién ham s6 f(x) = xe* thanh chudi luy thira ciia x —1.
Giai:
f(x)=xe" = e[(x e s e"_l]

0 _ln © _ln © _1 n+l _ln
e (x—l);(xn!) +,,Z=:§(xn!) }=e;{(x n!) +(xn!) }
i n+1)

n=0

5.4. CHUOI PHURIE (FOURIER)

5.4.1. Cac khai niém chung
A. Chubdi lwong gidc

Chudi ham c6 dang % + Z a,cosnx + b, sinnx (5.41)

n=1

trongd6 a,,a,,b, ,n=12,.. 1acac hé‘mg s6 , duoc goi 1a mot chudi lugng giac.

n?
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B. Piéu kién hdi tu ciia chudi lwong giac

Dinh Ii 1: Néu cac chudisé D a, , D b, hoi tu tuyét déi thi chudi luong gidc (5.41) hoi
n=1 n=1

tu tuyét dbi va déu trén tap R.

Chirng minh: Vx € R ludn co |an.cosnx + bn.sinnx| < |an| +

b,

o0 o0 o0
Vi cac chuoi Zan , Zbﬂ héi ty tuyét doi nén chuoi so ZQan
n=1 n=1 n=1

chuan Weierstrass suy ra chudi (5.41) hoi tu tuyét d6i va déu trén tap R.

+|b,]) h6i tu , theo tiéu

Pinh 1i 2: Néu cic day s6 (a,) , (b,) don di¢u giam va hoi tu vé 0 khi n —> o thi chudi
luong gide (5.41) hoitu tréntap X = R\{2mz , me Z}

Chirng minh: Xét x # 2mzm, m € Z céc ham s6:

A, =iakcoskx , B, =ibksinkx

k=1 k=1

Ta s€ chiing minh sy hoi tu cua cac ddy ham (4,) va (B))
. X N . X - . 1 . 1
2sin—A4, :z2aksm—coskx22ak sin| k+— |x—sin| k—— |x
2 k=1 2 k=1 2 2
. 1 . X X . 1
=a, sm(n + ij —-a, smz + Z:(ak_l - ak)sm(k —ij

k=2

Taco lima, sin[n + %)x =0

n—>0

< |ak—1 . ak| =4 —a;

(a,,— ak)sin[k - %)x

n 0
Vay Z(a,H —a,)=a, —a,, suy ra chudi so Z:(a,H —a,) hoituvé aq, .
k=2 k=2

Theo ti€éu chuan Weierstrass suy ra

“ch:(akf1 - ak)sin(k - %jx = S,(x)

Vay ZSingAn hoituvé —a, sing +5,(x)

Hay limAn:—ﬂ+Lxl:A(x) , Vx#2mmr , meZ
i 2sin—
2
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Tuong tu chirmg minh dugc

limB =B(x) , Vx#2mrx , meZ

Chung t6 chudi lwong giac (5.41) hoi tu vé

%+A(x)+B(x) , Vx#2mr , meZ

C. Chudi Fourier

Cho ham s6 f(x) kha tich trén [— 7[,72'] , chudi luong giac c6 dang

%JrZak cos kx + b, sin kx (5.42)
k=1
trong do
1% 1% 1% .
a,=— [f(0)dx , ag == [ f(x)coskrdx , b, == [ f(x)sinkrdx, k =12,..  (543)
T V2 T,

dugc goi 1a chudi Fourier ciia ham sé f(x), cac hang s tinh theo cong thirc (5.43) goi la

cac hé s6 Fourier ctia ham s6 f(x).
D. Chudi Fourier trong dang phirc
Xuit phat tir cong thirc Euler

coskx = l(e”“ +e ™)
2 (5.44)

sin kx = i(e”‘" — )
2i

Thay (5.44) vao (5.42) s& nhan duoc chudi trong dang

a, | < 1 At - |
—+ > a,—("+e™)+b, —(e" —e
5 kzzl, ¢ 2( )+ b, 2i( )

a <l : e /1 . —ikx
—+ > —(a, —ib)e™ +—(a, +ib,)e
2 @b (o +iby)
Tu (5.43) suy ra

a, —ib, = y j F(x)(coskx —isin kx)dx = L j F(x)e ™ dx
T T,

17 . 17 A
a, +ib, = — j F(x)(coskx +isinkx)dx = — j F(x)e™dx
T® T,
T d6 nhan thdy a, +ib, =a_, —ib_,
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1 1
Pit ¢, =—(a, —ib,) thi —(a, +ib)=c.
k 2 k k 2 k k k

1% .

Nhuvdy ¢, = — jf(x)e*l’“dx L k=+1,+2,43 .. (5.45)
4 -

Ngoai ra

a, = L ][.f(x)dx = L Tf(x)e_i'o'xdx =c,
T T

Cuoi cung chuoi Fourier dua vé dang

o0
ikx —ikx
¢+ ) e +c e
k=1

hay Z cke”“ (5.46)
k=-0

goi 1a chudi Fourier cia ham £ (x) trong dang phtrc.
E. Ham s6 khai trién thanh chudi Fourier

Néu trong [— 7z,72'] chudi Fourier (5.42) hoi tu vé chinh ham s6 £(x) thi néi rang ham s

£(x) khai trién dugc thanh chudi Fourier trén [— T, 7[] .

Pinh li: Néu f(x) biéu dién thanh chudi luong giac (5.42) trén [— 7r,7r] va cac chudi s6

> a; , > b, hoi ty tuyét ddi thi chudi d6 chinh la chudi Fourier cia f(x).

i=1 i=l1
Chirng minh: Gia st f(x) biéu dién dudi dang
f(x) = % +3 a, coskox + b sin kx (5.47)
k=1

Taséchira a, , a_, b, (k=12,.) chinh la h¢ s6 Fourier cua f(x), tac 1a dugc tinh
theo cong thirc (5.43).

That vy, do chudi (5.47) hoi tu déu v& f(x)trén [-7,7] nén c6 thé thuc hién phép lay
tich phan tung tir
[ £y = % +a, [coskxdx+b, [sinkdx
g k=1 g

=a,m = a, =lJ.f(x)dx
ﬂ-—ﬁ

Nhan ca hai vé ctia (5.47) v6i cosmx, (m # 0) sau d6 lay tich phan s& co

4 V4 © 4 T

a :

If(x) cosmxdx = ?O jcos mxdx + Z a, jcos kx.cosmxdx + b, Ism kx.cosmxdx = a,rx
-z k=1 -z

T -
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Suyra a, = L J f(x)cosmxdx
4 -

Trong tinh toan trén chung ta di sir dung cac két qua d& dang nhan duoc dudi day

< = 0 Yk #0
jsmkxdsz , YkeZ jcoskxdxz

? 2 27 k=0

. . 0 k#m
Isinkx.cosmxdx =0,VkmeZ Icoskx.cosmxdx =27 k=m=0
- i T k=m=#0
% . 0,k#m,k=m=0

I sin kx.sin mxdx =

it T ,k=m=#0

Tuong tu nhan dugc

b, = L J- f(x)sinmxdx .
4 -

5.4.2. Diéu kién di dé ham s6 khai trién thanh chudi Fourier

Pinh li Pirichlé (Dirichlet): Néu f(x) tuan hoan vdi chu ky 27, don diéu timg khuc va
bi chan trén [— 72',7[] thi chudi Fourier cia ham s6 f(x) hoi tu vé tong S(x) trén tip R . Tong
S(x) c6 tinh chat:

1
S(x) = 5[ f(x=0)+ f(x+0)] , VxeR (5.48)

Chung ta thira nhan dinh 1i ndy. Cong thic (5.48) cho thiy néu f(x) lién tuc tai x thi
S(x) = f(x), nhu vy coi rang ham s& f'(x) thoa man céc diéu kién ciia dinh Ii Dirichlet thi khai
trién duoc thanh chudi Fourier.

Sau day 1a cic chu ¥ rat quan trong dén viéc khai trién thanh chudi Fourier ctia ham sb

f(x) thoa mén cac diéu kién cua dinh li Dirichlet.

Chu y:
. . \ . oz | X X .
1.Néu f'(x)tuan hoan véi chu ky 7 = 2/ bang phép d6i bién 7 khi d6 nhan dugc

ham s F(X) = f(x). Ham s6 mdi tuan hoan véi chu ky 27 .

Tacé: F(X) =%+Zan cosnX +b, sinnX
n=1

Tro vé ham s6 ban dau nhan duoc

f(x):%+zancosn%+bn sinn% , (5.49)
n=1

trong do
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! / /
a, = %jf(x)dx ,a, = %J‘f(x)cosn%dx b = %If(x)sinn%dx ,n=12,.. (550)
— -1 -l

2. Néu f(x) tuan hoan véi chu ky 7 =2/ duoc md ta boi biéu thuc giai tich trén
(a,a + 21) thi khong nén str dung cong thirc (5.50) dé tinh cac hé s6 Fourier ma dwa vao tinh chat
ham tudn hoan (Xem vi du 1d muc 4.2.2) nhén dugc cong thuc sau:

1 a+2l 1 a+2l 1 a+2l .
a= [ Feodx . a,=7 | f(x)cosn%dx b= [ f(x)smn%dx (5.51)

a

3.Néu f(x) 12 ham s chin thi f(x) cosn? 12 ham s6 chin va f(x) sinn? 12 ham s 1¢
do d6 khai trién c6 dang

) ]
f(x)= Zak cosk% , trong d6 a, = g_[f(x)cosk%dx , k=0,12,... (5.52)
0

k=0 /

Tuong ty néu f(x) 12 ham s6 1¢ thi
0 l
7@ =5 sink? . b, :% | f(x)sink%dx (5.53)
k=1 0

4. Twong ty nhu trong phan khai trién thanh chudi luy thira, nhd vao khai trién thanh chudi
Fourier c6 thé tinh dugc téng mot s6 chudi dic biét.

Vidu1: Chohamsd f(x) tudn hoan vé6i chu ky bang 2 va c6 dang

f(x)=2-x , x€e(0,2). Hay khai trién ham sb thanh chudi Fourier

1R > (=)™
vatinhtong S = E
s =0 2m.F1

Giai: D) thi ciia ham sd duoc mé ta trén hinh 5.1.

Ham s6 thoa man cac dieu kién cua dinh 1i Dirichlet va c6 cac di€ém gian doan loai 1 tai
x=2k , keZ.

Chuing ta tinh cac hé s6 Fourier cia ham so

2
a, :J.(Z—x)dx:;(x—Z)z‘g =2
0

A

y

BANN
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H.5.1

2—x

2
a, = !(Z—x)coskﬂxdx = o

. 1t
sin kﬂx‘f) +—J‘sm kmxdx
ks,

= —#cosknx‘é =0 , k=12,..

2

x—2 coskﬂx‘g —choskﬂxdx

2
b, = j (2 — x)sin kmedx =
0

T ks,
=i—%sinknx\§=i , k=12,..
kr k°x krx
Viy 2—x=1+gzsmk’“ Vx#2k . keZ
Tk

2 & kx
l-x=2322
Tk

1 ) _1 k
Thay x =E vao cong thirc trén sé€ co %: z( ) =S.

Vidu 2: Hay khai trién thanh chudi Fourier ham s6 f(x) tudn hoan véi chu
ky 27 va f(x) =|x| véi x € [—7[,72].

. 2 1
Tu d6 tinh tdbng S=> ———
4 ,;) 2m+1)°
Giai:
Do thi ham sb cho bdi hinh 5.2
A
y
TT|
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-3z -2 -7 0 V4 2 3z x
H.5.2
Ham sb da cho 1a chén, lién tuc Vx va thoa man dinh 1i Dirichlet

a, = %jxdx =7

27 2(x . .
a,= —.[xcosnxdx == —smnx‘0 ——Ismnxdx
T nsy

m\n
5 5 0 , n=2m
- T - _1 n_l —
71712 COSI’DC‘O 727’[2 (( ) ) —Lz , n=(2m+1)
7(2m+1)
m=0,1,2,..
. 7 4 &Gcos(2m+1)x
Viy =72 S EEA
2 7. (2m+1)
Thay x = 0 vao céng thirc trén nhan dugc
1 1 1
Z Tttt
8 (2m+1) 3 5 7

Vidu 3: Chohamsd f(x) tuan hoan v6i chu ky 1a 7, biét

f(x)=cosx , x €(0,7) . Hay khai trién Fourier ham s} da cho
Giai:
D6 thj ham s6 cho béi hinh 5.3

Ham s6 14 1é va thoa man dinh 1i Dirichlet ¢6 cac diém gian doan x =kz , ke Z

/4

5, 2
b, = iIcosx.sin 2nxdx = gj.[sin(2n +1)x +sin(2n — l)x]dx
/4 Ty

:E : cos(2n+1)x + !
| 2n+1 2

_E 1 1 8 n
% 2n+1 2n—1 7r4n -1

VA

1cos(Zn - l)x}

0
z
2
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H.5.3

Vay COSX = _Z n4snzl 2nlx , xe(0,7).
5.4.3. Khai trién thanh chudi Fourier ciia m§t ham s6 bat ky

Xét ham s& f(x) don diéu ting khuc va bi chan trén (a,b), a < b. Bay gio ching ta s&
biéu dién ham s6 dudi dang mot chudi luong giac trén (a,b).

C6 nhiéu cach biéu dién, tuy nhién thudong dung phuong phép sau day:
A. Thac trién tuin hoan

Lap ham s6 f(x) tuan hoan véichuki 7 =b—a va F(x) = f(x), Vx € (a,b).

Xem hinh 5.4

v

a—-T a b b+T x

H.5.4

R& rang f(x) khai trién dugc thanh chudi Fourier , F(x) = f(x) , Vx € (a,b).
Vay tai cac diém lién tuc cua f(x) trén (a,b) ta co:

f(x) :%+Zak coskTﬂx+bk sinkTﬂx (5.54)
=
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b—a

2

b
Trong d6 [ = ,a, = % [ £(dx

1 k 17 .k
a, == [ f(x)cos=dx b, =~ [ f(x)sin==dx k =12.... (555)
1 / 1 /
B. Théc trién chin, thac trién 1é
Ngoai phuong phép thac trién tuan hoan, khi ham s6 f(x) cho trén khoang (0,a) , a >0,
nguoi ta c6 ding phuong phap thac trién 1¢ hodc chin ham sé da cho, cu thé nhu sau:
Lap ham s6 F,(x) tuan hoan véi chuki 7 = 2a va
—f(=x) , —a<x<0
Fi(x) =
f(x) , 0<x<a

Xem hinh 5.5

—3a —a 0 a 3a X

HS5.5

Trén co s khai trién ham F(x) d6 1a ham s 1¢ tuan hoan véi chu ki 2a (Xem cha y 3

muc 5.4.2 ) chiing ta nhan dugc cong thire sau tai cac diém lién tuc caa f(x) trén (0,a).
- .k 2% .k
f@)=Yhsin== | b ==[f(@)sin"dy . k=12... (5.56)
k=1 a a 0 a

Lap ham s F.(x) tuan hoan v&i chuki T = 2a

218

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Chirong 5: Ly thuyét chudi

f(=x) , —a<x<0

va FC(x)Z{f(x) , O<x<a

Xem hinh 5.6
Ham sd F (x)1a ham s6 chin va thoa man dinh 1i Dirichlet, khai trién dugc thanh chudi

Fourier. Vay tai cac diém lién tuc ciia f(x) trén (0,a) s& cé:

f(x) = %+ Sacos g =2 | F)cos P dy k=012  (5.57)
k=1 a 0 a

a
Nhu vay, nho vao thac trién 1€ hodc chan ham so s€ nhén dugc khai trién theo hé cac ham

sin hodc cdsin ctia ham s6 f(x) da cho.

v

—3a —-a a 3a X

H.5.6

Vidu 1: Cho f(x)=x, x€(0,])
a.Khai trién ham sb thanh chudi Fourier.
b.Khai trién ham s theo cac ham sin.
c.Khai trién ham sb theo cdc ham cosin.
Giai:
a. B?mg cach théac trién tuan hoan ham sb véi chu ki 7 =1 (Xem 5.54) nhén dugc:

Ay, < .
x==24"a, cos2kmx + b, sin 2kmx
k=1
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1 1
a, = 2Ixcos Dkeoxdx = 2| ——sin 2k7[x‘g —Ljsin 2k roxdx
0 2k 2kr

coszkyzx\ =0 , k=12,.

2(k7r)
1 X 1 1
b, = ZIxsin 2kmxdx = =2| ——cos 2k7r‘l) ——Icos 2k medx
0 2kr 2kmy,
L , k=12,..

kr

1 1 &sin2kmx

X=——— , xe(01
2 kzz; k o)

b. Béng cach théc trién 16 ham sb (Xem 5.55 ) s& co:

X = Zbk sinkmx , xe(0,])
k=1
1

1
by =2 xsin krvdx = —2(M\ 1 [ cos kﬂxdx]
0

ks,
:_2cosk7z_ 2 zsinkﬂx‘é :i(_l)H , k=12,..
ko (k) /%4
Z( Dt smk7zx
71' k=1

Cong thirc nay ding trén [0,1)
c. Bing cach thac trién chin ham sé (Xem 5.52)

X = %+ Zak coskmc. , Vxe(0)1)
k=1
1
a, = 2jxdx = 1
0
1

| .
Ay = 2J.xcosk7zxdx = 2(xsfﬂ|lo —kLJ.sinkﬂxde
0

T Ty
2 0 , k=2n
=~ coskm]} = (( I —1)= 4
kr)? — , k=2n+1
_l_iicos(2n+l)7zx
2 = 2n+l)
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Cong thirc nay ding trén [0,1]
Thay x = 0 hodc x =1 vio cong thirc trén s& nhan dugc tong cia mot chudi
s6 dac biét
il 1 1
=X e =l gt
= (2n + 1) 35
Vidu 2: Cho ham sb f(x)=sinx , xe(0,7).Hay khai trién thanh chudi
Fourier chi chtra cac ham c6sin
Giai:
Théc trién chdn ham sb da cho sé ¢o.

a o0
sinx ="+ g, coskx,
k=1

trong do
a, = —jsinxdx =
27 . 1 Gr. 1
+ —jsmxcos kxdx = »I[sm(l + k)x +sin(1 - k)x]dx
T 0 4 0
1 .
Suyra a, =—-——cos2x|; =0
2z

1 1 1
=—— cos(k +1)x— cos(k —1 .
“ ﬂ[k+l AN )x}"

i ! 0 , k=2n+1
_ _ o oms AN _1 k+1_1 —
(k 1 k+1j(( ) ) —i.421 1 k =2n
T 4n” —
Viy  sinx = 2 fi° § N0 21 , X€ [0,7[]

T 5= an® -1
Thay x =0 vao cong thirc sé€ co

¥y a1
243

~4n® -1

Vidu 3: Chang minh rang
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cosSx
COSX —

Giai:

7

cos7x cosllx = S(x)=10 ,_<x<2_7z
11 3
F_§ L&
WBa 733
V4 2w

Nhan thdy téng ciia chudi 1a ham s6 S(x) xac dinh trén [O,ﬂ']vé cac s6 hang cua chudi 13
cac ham cosin, vay chudi d6 chinh 13 thac trién chin ctiia ham f(x) nao d6 cho trén (0,7). Tix
téng S(x), chung ta hiy xét ham f'(x)

fx) =

1
2
0

2

9

O<)c<z
3

Va khai trién ham f(x) theo cac ham cdsin

f(x)=&+2akcoskx , xe(0,7) , x;t—,—”
2 k=1 3
AELSY 3
a, =— j—dx—j—dx =0
T 02 27[2
.
' :
a, =— Icoskxdx— jcoskxdx
T 0 2
3
1{./(7; .2kﬂ} 2 . kx  kx
=—|sin— +S8in—— | = —sin—Ccos—
0 , k=2m
=9 2(-D COS(2m+1)7z Ck=2mal

2m+ )z
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Chirong 5: Ly thuyét chudi

Tiép tuc
0 , m=3k+1 , ke N
Ay = i , m=3k , keN
(6k +1)
¥ , m=3k-1, keN’
7(6k +1)

NEYEEN = cos(6k —1)x
Va xX)=— cos(6k +1)x —
S0 = ;6k+1 (6k+D) ,; 6k —1

Theo dinh 1i Dirichlet ta nhan duge S(x) chinh la tong cia chudi.
Vi du 4: Cho ham s6 f(x) tuan hoan véi chu ki 27 c6 cic hé sd Fourier la
a,,a, b, ,k =1.2,.... Hiy tinh cac hé s Fourier ctia ham f(x + &), (h = const).
Giai:
Gia str cac hé sb Fourier cta f(x+h)la A4,,4,,B, . k=12,....Khido.

+h
Ay =— jf(x+h)dx = jf(x)dx = a,
—ﬂ+h
+h
== j F(x+ h)coskxdx = — j F(x)cosk(x — h)dx
73 —7+h
m+h 1 z+h
_ coskh j £(x) cos kxdx + sin kh.— j £ () sin kxdx
T —7+h —+h
= a, coskh+ b, sinkh { k=12,..
Tuong tu
B, =b,coskh—a,sinkh k=12,.
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