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LOI NOI DAU TAI BAN

Gido trinh nay dugc bo sung, sip xép va chinh sira lai tir gido trinh Pai s6 cia
cung tac gia, xuat ban nim 2008- Nha xuét ban Buu dién.

Noi dung cua gido trinh duoc sap xép phi hop v6i dé cuong chi tiét theo hinh
thirc ddo tao tin chi ciia Hoc vién Cong nghé Buu chinh Vién thong ban hanh nim
2012. Chuong 3 va chuong 4 cua giao trinh cii dugc gop lai thanh chuong 3: Ma
tran va Dinh thirc. Cac ndi dung danh diu (*) khong co trong dé cuong méi va
dugc xem 13 phan doc thém. Tac gia dd bd sung thém nhiéu vi du minh hoa, hy
vong rang ngudi doc s& d& dang tiép thu kién thirc hon.

Tac gia xin chan thanh cam on cac dong nghiép va cac thé hé sinh vién cia
Hoc vién da ung ho va dong gop y kién dé giao trinh dugc hoan chinh hon.

Trong qué trinh bién soan lai Tac gid da nhan dugc sy dong vién, tao diéu
kién tir Ban 1anh dao Hoc vién, su ho tro tich cuc tr Khoa Co ban 1, dic biét Bo
mon Toan dé tic gia hoan thién hon gido trinh cia minh. T4c gia xin chan thanh
cam on.

Ha Noi, 2015.
PGS. TS. Lé B4 Long
Khoa co bén 1
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LOI NOI DAU XUAT BAN LAN 1

Toén cao cip A;, Ay, A; la chuong trinh todn dai cuong danh cho sinh vién
cac nhom nganh toan va nhom nganh thudc khdi ky thuat. Noi dung cia toan cao
cdp Aj, A; chu yéu la phép tinh vi tich phin ctia ham mot hodc nhiéu bién, con
toan cao cip A, gi6i thiéu cac ciu tric dai sd va dai sd tuyén tinh. C6 kha nhiéu
sach gido khoa va tai lidu tham khao viét vé cac chu dé nay. Tuy nhién xuat phét tir
dic thu ing dung toan hoc d6i voi nganh dién tir vién thong va céng nghé thong tin
va nhu cau c6 tai liéu pht hop véi chuong trinh dao tao ciia Hoc vién Cong nghé
Buu chinh Vién thong nén chiing t6i da bién soan gido trinh nay.

Giao trinh dugc bién soan theo chwong trinh qui dinh nam 2007 cua Hoc vién
Cong nghé Buu Chinh Vién Thong. Noi dung ciia cudn sach duoc tong két tir bai
giang cila tic gia trong nhiéu nim va c6 tham khao cic gido trinh cia cac truong
dai hoc k¥ thuat khac. Chinh vi thé, gido trinh nay cling c6 thé dung 1am tai liéu hoc
tap, tai liéu tham khao cho sinh vién cua céac truong, cac nganh dai hoc va cao déng
k¥ thuat.

Gi4o trinh gdm 7 chuong:

Chwong I: Logich toan hoc, 1y thuyét tap hop, 4nh xa va cac ciu tric dai sb.

Chwong I1: Khéng gian véc to.

Chwong I11: Ma tran.

Chwong IV: DPinh thtc.

Chwong V: Hé phuong trinh tuyén tinh

Chwong VI: Anh xa tuyén tinh.

Chwong VI1: Khong gian vec to Euclide va dang toan phuong.

Ngoai vai tro 1a cong cu cho cac nganh khoa hoc khac, toan hoc con duoc
xem la mot nganh khoa hoc c6 phuong phéap tu duy 1ap luan chinh xac chat ché.
Vi vay viéc hoc toan ciing giap ta rén luyén phuong phap tu duy. Cac phuong
phap nay da duoc giang day va cung cip tirng budc trong qua trinh hoc tap & phd
thong, nhung trong chuong I cac van dé nay dugc hé thong hoa lai. Noi dung cia
chuong | dugc xem la co so, ngdn nglt cia toan hoc hién dai. Mot vai ndi dung
trong chuong nay da duoc hoc ¢ phd thong nhung chi v6i mic d6 don gian. Cac
cdu truc dai sd thi hoan toan méi va kha triru twong vi vay doi hoi hoc vién phai
doc lai nhiéu 1an méi tiép thu duoc.

Cé4c chuong con lai ciia gido trinh 1a dai s6 tuyén tinh. Kién thirc cua cac
chuong lién hé chit ch& véi nhau, két qua cua chuong nay 13 cong cu ciia chwong
khac. Vi vAy hoc vién can thdy duoc mdi lién hé giita cac chuong. Dic diém cua
mon hoc nay 1a tinh khai quat hoé va triru tugng cao. Céc khai ni¢m thuong duoc
khai quat hoa tir nhitng két qua ctia hinh hoc giai tich ¢ phd thong. Khi hoc ta nén
lién hé dén cac két qua do.

Gido trinh duoc trinh bay theo cach thich hop dbi voi ngudi ty hoc. Trude khi
nghién ctru cac ndi dung chi tiét, ngudi doc nén xem phan gii thiéu cia mdi
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chuong ciing nhu muc dich cia chuong dé thay duoc muc dich y nghia, yéu ciu
chinh cua chuong d6. Trong mbi chwong, mdi ndi dung, nguoi doc c6 thé tr doc va
hiéu duoc cin k& thong qua cach dién dat va ching minh rd rang. Pic biét ban doc
nén chi y dén cac nhan xét, binh luan dé hiéu sdu hon hodc mé rong tong quat hon
cac két qua. Hau hét cac bai toan dugc xay dung theo luoc dd: Dit bai toan, ching
minh s ton tai 1oi giai bang 1y thuyét va cudi cung néu thuat toan giai quyét bai
toan nay. Cac vi du la dé minh hoa truc tiép khai niém, dinh 1y hodc cac thuit toan,
vi vy sé& gitp ngudi doc d& dang hon khi tiép thu bai hoc. Cudi mdi chwong déu co
cac bai tap sap xép tir d& dén kho. Cac bai tap dé chi kiém tra truc tiép ndi dung vira
hoc con cac bai tap khé doi hoi phai sir dung cac kién thire tong hop.

Mbt s6 nodi dung cua cudn sach da duogc day hodc day mot phén o phé thong.
Chang han giai tich t6 hop, cac dudng conic c6 & chuong trinh phd thong. Tuy
nhién & day tac gia mudn trinh bay lai giai tich to hop theo ngdn ngit anh xa. Minh
hoa ung dung chi s6 quan tinh ciia dang toan phuong dé phan loai cac dudng bac 2
trong mat phang va cac mat bac 2 trong khong gian.

Tuy rang tac gia di rat cd gang, song cac thiéu sot con ton tai trong giao trinh
la diéu kho tranh khoi. Tac gia rdt mong sy dong gop ¥ kién cua ban bé dong
nghiép, hoc vién xa gan va xin cam on Vi diéu d6. Tac gia xin chan thanh cam on
GS. Poan Quynh, PGS. TS. Nguyén Xuan Vién, PGS. TS. Nguyén Ning Anh,
Ths.GVC. Nguyén Tién Duyén, Ths.GVC. DS Phi Nga da c¢6 nhimg dong gop va
dong vién quy bau.

Cudi cung ching t6i bay to sy cam on ddi voi Ban Giam déc Hoc vién Cong
nghé Buu Chinh Vién Thong, Khoa Co ban 1 va ban bé dong nghiép di khuyén
khich dong vién, tao nhiéu diéu kién thudn lgi dé chung t6i hoan thanh gido trinh
nay.

Ha Noi, 2008.
PGS. TS. Lé Ba Long
Khoa co ban 1
Hoc Vién Cong nghé Buu chinh Vién thong
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CHUONG 1: MO PAU VE LOGICH MENH DE, TAP HOP ANH X4 VA CAC CAU TRUC BAI SO

~_ CHUONG1
MO PAU VE LOGICH MENH DE, TAP HQP
ANH XA VA CAC CAU TRUC PAI SO

Toan hoc 13 mot nganh khoa hoc 1y thuyét dugc phét trién trén co s& tudn
thu nghiém ngat cac qui ludt 1ap luan cua tu duy l16gich hinh thirc. Cac qui luét co
ban cua l6gich hinh thirc da dugc phat trién tir thoi Aristote (Arit-xtdt) (thé ky thir 3
trudc cong nguyén) cung véi su phat trién ruc r& ctia vin minh ¢6 Hy Lap. Tuy
nhién méi dén thé ky 17 véi nhitng cong trinh ciia De Morgan (P& Mocgan), Boole
... thi 18gich hinh thirc mé&i c6 mot cau trac dai s6 dep d& va cung véi 1y thuyét tap
hop gitp 1am chinh xac hoa cac khai niém toan hoc va thuc dy toan hoc phat trién
manh mé&. Viéc nam vimng 16gich hinh thirc khong nhiing gitip sinh vién hoc t6t
mon toan ma con co thé van dung trong thuc té va biét 1ap luan mot cach chinh xac.
Hoc t&t mon l8gich 1a co s& dé hoc tdt dai s6 Boole, van dung dé giai cac bai toan
vé s0 d6 cong tic role, ki thuat s va cong nghé thong tin. Yéu cau ciia phan nay 1a
phai ndm viing khai niém ménh dé toan hoc, cac phép lién két ménh dé va cac tinh
chat ciia chung.

Khai niém tap hop, anh xa va céc cAu tric dai s6 1a cac khai niém co ban: vira
la cong cu vira & ngdén ngir ctia toan hoc hién dai. Vi vai tro nén tang cia n6 nén
khai niém tap hop duoc dua rat sém vao chuwong trinh toan phd thong (toan 16p 6).
Khai niém tap hop dugc Cantor (Cing-to) dua ra vao cudi thé ky 19. Sau dé dugc
chinh x4c hoa bang hé tién dé& vé tap hop. C6 thé tiép thu 1y thuyét tdp hop theo
nhiéu mtrc d6 khac nhau. Chung ta chi tiép can 1y thuyét tip hop ¢ muic do truc
quan két hop vai cac phép toan 16gich hinh thirc nhu "va", "hodc", phép kéo theo,
phép tuong duong, luong tir phd bién, lwgng tir ton tai. Vi cac phép toan 16gich
nay ta co tuong trng cac phép toan giao, hop, hiéu cac tap hop con cta cac tap hop.

Trén co s tich Descartes (Pé-cac) cua hai tip hop ta c6 khai niém quan hé
hai ngdi ma hai truong hop dac biét 1a quan hé twong duong va quan hé thir tu.
Quan hé twong duong dugce dung dé phan mot tip nao do thanh cac 16p khong giao
nhau, goi 1a phan hoach cta tdp d6. Quan hé dong du méduld p (modulo) 1a mot
quan hé tuong dwong trong tap cac sd nguyén. Tap thuong cia n6 1a tap Z p cac 5O
nguyén moduld p. Tép Z, cb nhiéu g dung trong 1y thuyét mat ma, vé an toan
mang. Quan hé tht tu duoc dung dé sip xép cac ddi twong can xét theo mot thir ty
dya trén tiéu chuin nao do. Quan h¢ < trong céc tap hop sb 1a cac quan hé thu ty.

Khai niém anh xa la sy mé rong khai niém ham sb6 da duoc biét. Khai niém
nay gitp ta mo ta cac phép tuwong ung tir mot tip niy dén tap kia thoa man dicu
kién rang mdi phan tir ctia tip ngudn chi cho tmg v6i mot phan tir duy nhat cia tap
dich va moi phan tir cta tdp ngudn déu duoc cho tng véi phan tir cua tip dich. O
dau co twong tmg thi ta c6 thé mo ta dugce dudi ngdn ngit anh xa.
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CHUONG 1: MO PAU VE LOGICH MENH DPE, TAP HOP ANH XA VA CAC CAU TRUC PAI SO

Str dung khai niém anh xa va tdp hop ta khao sat cac van dé cua giai tich to
hop, d6 1a cac phuong phap dém sb phan tir cua tap hop. Giai tich t6 hop dugc ap
dung dé giai quyét cac bai toan xac suat thdng ké va toan hoc roi rac.

Chung ta c6 thé thuc hién cac phép toan: cong cac sb, ham sd, da thirc, véc to
hodc nhan cac sb, ham s, da thirc... Nhu vy ta co thé thuc hién cac phép toan nay
trén cac d6i twong khac nhau. Cai chung cho mdi phép toan cong hay nhan & trén 1a
cac tinh chét giao hoan, két hop, phan bd... Mot tap hop c6 phép toan thoa mén diéu
kién nao do duoc goi la co cAu tric dai sb tuong ung. Cac cAu tric dai sb quan
trong thudng gip 1a nhoém, vanh, trudng, khong gian véc to. Dai sé hoc 1a mot
nganh ciia toan hoc nghién ctru cic cau triic dai so. Ly thuyét Nhém duge Evarist
Galois (Galoa) dua ra vao dau thé ki 19 trong cong trinh "Trong nhiing diéu kién
nao thi mot phuong trinh dai sé co thé giai duogc?", trong d6 Galoa van dung ly
thuyét nhom dé giai quyét. Trén co so 1y thuyét nhom nguoi ta phat trién cac cu
tric dai s khac.

Viéc nghién ctru cac cau trac dai s6 giup ta tach ra khoi cac ddi twong cy thé
ma thiy dugc cai chung cua timg ciu trac dé khao sat cac tinh chét, cac dic trung
ctia chung. Chang han, tip cac ma trin vudng cung cp, cac tu dong cu tuyén tinh,
cac da thuc ... c6 cau tric vanh khong nguyén nén c6 nhiing tinh chat chung nao do.

Céc ciu tric dai s6 co tinh khai quat hoa va triru twong cao vi vy ngudi ta
nghi rang kho 4p dung vao thuc tién. Tuy nhién thuc té cho thiy dai s6 Boole dugc
g dung rat hiéu qua trong viéc giai quyét cac bai toan vé so d6 mach dién, trong
cong nghé thong tin va k§ thuét s6. Ly thuyét nhém dugc tng dung vao co hoc
luong tir. Ly thuyét vi nhom va vanh duoc tng dung trong 1y thuyét mat méa, Iy
thuyét Otomat.

Chuong 1 trinh bay mot cach so lugc cac cAu trac: Nhom, vanh, truong va dai
s0 Boole. Cac chuong con lai ctia cudn sach nay lién quan dén dai sé tuyén tinh.

1.1. SO LUQC VE LOGICH MENH PE
1.1.1. Ménh dé

Logich ménh dé 1a mot hé thdng 16gich don gian nhét, véi don vi co ban 1a
C4c ménh dé mang nodi dung ciia cac phan doan, mdi phan doan dugc gia thiét 1a co
mot gia tri chan 1y nhat dinh la diing hodc sai.

Dé chi cac ménh dé chua xac dinh ta dung cac chit cai p,q,r... va goi ching
1a cac bién ménh dé. Néu ménh dé p dang ta cho P nhan gia tri 1 va p sai ta cho
nhan gia tri 0. Gi tri 1 hodc 0 duoc goi 1a thé hién cua p.

Ménh dé phirc hop duge xay dung tir cic ménh dé& don gian hon bang cic
phép lién két 16gich ménh deé.

1.1.2. Cac phép lién két 16gich ménh dé

1. Phép phii dinh (negation): Phu dinh ciia ménh dé P la ménh dé dwoc ky
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CHUONG 1: MO PAU VE LOGICH MENH DE, TAP HOP ANH X4 VA CAC CAU TRUC BAI SO

hiéu p doc la khéng p.Ménh dé p dung khi p sai va p sai khi p ding.

2. Phép héi (conjunction): Héi ciia hai ménh dé p,q la ménh dé dwoc ky hiéu
PAQ (docla p va ). Ménh d& pAq chi dung khi ca hai ménh dé p, q cung
dung va P A( sai khi it nhat mot trong hai ménh dé p hodc ¢ sai.

3. Phép tuyén (disjunction): Tuyén ciia hai ménh dé p,q la ménh dé dwgc ky
hiéu pvq (doc la P hodc Q). Ménh d&& pv(q dung khi it nhit mot trong hai
ménh d& p hodc q ding va pv q chi sai khi ca hai ménh d&& p, q cung sai.

4. Phép kéo theo (implication): Ménh dé p kéo theo , ky hieu p=q, la
ménh d¢ chi sai khi p dung ¢ sai.

5. Phép tuwong dwong (equivalence): Ménh dé (p = g) A(q=> p) duoc goi la
ménh dé p twong dwong (,ky hiéu p<(.

Mot cong thire gdm cac bién ménh dé va cac phép lién két ménh dé duoc goi
la mot cong thirc ménh dé. Bang liét ké cac thé hién cuia cong thirc ménh dé duoc
goi la bang chan tri.

Tir dinh nghia ciia cac phép lién két ménh dé ta c6 cic bang chan tri twong

ung sau
— P|d|pPAg| PV
Plp 11 1 1
110 110] 0 1
1 0|1 0 1
0|0 0 0
Pl Q| pP=( P1QQ | P=0q | q=p | pP<=Q
1|1 1 111 1 1 1
110 0 110 0 1 0
0|1 1 0|1 1 0 0
0] o0 1 0|0 1 1 1

Nhu vdy p < Q 1a mot ménh dé ding khi ca hai ménh dé p va g cung ding
hodc cing sai va ménh d& p < q sai trong trudng hop nguoc lai.

Mot cong thirc ménh dé& duoc goi 13 hdng diing néu n6 ludn nhan gia tri 1 véi
moi thé hién cta cac bién ménh dé co trong cong thirc. Ta ky hiéu ménh dé tirong
dwong hang diing 13" =" thay cho "< ".

1.1.3. Cac tinh chat

Dung bang chan trj ta dé dang kiém chung cac ménh dé hang ding sau:

1) p=p lut phii dink kép.
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2) (p=0)=(pva).
3) pAQ=gAp, Pvg=qvp. luat giao hoan.

4 pA@Ar)=(PAQIAT; pv(qvr)=(pva)vr.  ludtkét hop.
5) [pA(@avn)]=[(pra)v(pan)];

[pv(@an]=[(pva)A(pvr)]. ludt phdn phoi.
6) Ménhdé pwv p ludn ding. ludt bai trung.
pAp ludn sai. ludt mdu thuan.
7) pvg=pAag; pAg=pVvq. luat De Morgan.
8) p=q=q=0p. ludt phan ching.
9 pvp=p; pApP=p. ludt liy dang.
10) pv(pArg)=p; pA(pva)=p. ludt hdp thu.

1.2. TAP HQP
1.2.1. Khai niém tap hop

Khai niém tdp hop va phan tir 13 khai niém co ban cua toan hoc, khong thé
dinh nghia qua cac khai niém da biét. Cac khai niém "tap hop", "phan ti" xét trong
mdi quan hé phan tir cia tap hop trong 1y thuyét tap hop 1a gidng véi khai niém
"duong thang", "diém" va quan hé diém thudc duong thang dugc xét trong hinh
hoc. Mot cach truc quan, ta co thé xem tap hop nhu mot su tu tap cac vat, cac dbi
trong nao d6 ma mdi vat hay dbi tuong 1a mot phan tir cua tap hop. Tap hop dugc
dac trung tinh chat ring mot phén ttr bat ky chi co thé hodc thudc hodc khong thudc
tap hop. C6 thé lay vi du vé cac tap hop c6 ndi dung toan hoc hoic khong toan hoc.
Chéng han: tap hop cac s6 tu nhién 1a tap hop ma cac phén tr ctia nd la cac s6 0, 1,
2, 3, ... con tap hop céc cudn sach trong thu vién ciia Hoc vién Coéng nghé Buu
chinh Vién thong 14 tip hop ma cac phan tir cia n6 1a cac cudn sach.

Ta thuong ky hiéu cac tap hop béi cac chit in hoa A, B,... X,Y,... con cac phan
tir boi cac chit thuong X,Y,... Néu phan tir x thudc A ta ky hiéu xe A, néu X
khong thuéc A ta ky hiéu x¢ A. Ta ciing noi tit "tdp" thay cho thuit ngit "tip
hop".

1.2.2. Biéu dién tap hop
Ta thuong mo ta tap hop theo cac cach sau:
a) Liét ké tat ca cac phan tir ctia tap hop trong déu ngodc nhon
Truong hop tdp hop c6 hitu han phan tir hodc cic phan tir cia tip hop co thé
liét ké theo mot quy luat d& nhan biét thi ta c6 thé biéu dién cac phan tir trong dau
ngodac nhon.
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CHUONG 1: MO PAU VE LOGICH MENH DE, TAP HOP ANH X4 VA CAC CAU TRUC BAI SO
Vi du 1.1: Tép céc s6 ty nhién 1é nhé hon 10 1a {1,3,5,7,9}.

Tap hop cac nghiém cua phuong trinh x> —1=0 la {-11}.

Vidu 1.2: Tap hop cac s6 tu nhién chin c6 thé biéu dién dudi dang:
P= {O, 2,4,6,...} :

b) Néu dic trung tinh chit ctia cac phan tir tao thanh tdp hop

C6 nhitng tap hop khong thé 1iét ké cac phan tir cia ching, khi d6 ta mé ta tp
hop nay bang cach dac trung cac tinh chat ciia phan tir tao nén tap hop.

Tap hop co6 thé dugc mé ta bang cach néu tinh chét dic trung cua cac phan tir
thong qua khai niém ham ménh dé.

Ham ménh dé xac dinh trong tap hop D 12 mot ménh dé& S(X) phu thudc vao
bién x € D. Khi cho bién X mdt gia tri cu thé thi ta dwoc ménh dé 16gich (ménh dé
chi nhan mdt trong hai gia tri hodc ding hodac sai).

Gia st S(X) 1a mot ménh dé xéac dinh trong tip hop D, ta goi tip hop céc

phan tir X e D sao cho S(X) dung 1a mién dung ctia ham ménh dé S(X) va ky hiéu
Ds(x) hodc {X € D‘S(X)}.
Vi du 1.3: i) Xét ham ménh dé& S(X) xac dinh trén tap cac s ty nhién N: "x*+1 14
mot s6 nguyén t6" thi S(1),S(2) dang va S(3),S(4) sai ...

i) Mdi mot phuong trinh ¢ thé xem 13 mot ham ménh dé c¢6 mién dung 1a
tap nghiém. Chang han { X ER‘ X2 —1= O} ={-1,1}.

iii) Tap hop cac sb tu nhién chéan co thé biéu dién dudi dang:

P={neN|n=2m, meN}.

¢) Gian dd Venn: Dé c6 hinh anh tryc quan vé tip hop, ngudi ta thuong
biéu dién tap hop nhu 1a mién phang gi¢i han boi duong cong khép kin khong tu
cat duoc goi 1a gidn do Venn.

Gian d6 Venn cia tdp A 1a hinh anh minh hoa tryc quan va khong phai
chinh ban than tap A, vi vay khi ching minh ta chi sir dung gian d6 Venn véi tinh
chat goi y minh hoa.

1.2.3. C4c tap hop sé thuong gip
- Tép céc sO tw nhién N={0,1,2, ...}
- Tap céc sb nguyén Z= {0,+1,£2,..}.
- Tap céc sd hitu ti Q:{p/q‘ q=0, p,q eZ}.

- Tap cac so thuc R (gom céc so hiru ti va vo ti).
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-Tépcécséphl'rc (C:{Z:X+iy‘ X,y eR; i2:—1}.

1.2.4. Tap con
Pinh nghia 1.1: Tdp A duwoc goi la tdp con ciia B néu moi phan tir cia A déu la
phan tir ciia B, khi d6 ta ky hiéu

Ac B hoacBo A.

Khi A 1a tap con cua B thi ta con n6i A chira trong B hay B chira A hay B bao
ham A.

Taco: NcZcQcRcC.
Pinh nghia 1.2: Hai tdp A, B bang nhau, ky hiéu A= B, dwoc dinh nghia nhw sau:
A=B khivachikhi AcB va BcA.

Nhu vay dé chirng minh A B ta chi cAn ching minh xe A= XxeB .

Do d6 dé ching minh A=B ta chi can ching minh xe A< xeB.

Pinh nghia 1.3: Tdp réng la tdp khong chira phdn tir nao, ky hiéu & .

Mot cach hinh thirc ta c6 thé xem tip rong 1a tip con ctia moi tap hop.
Vidu 1.4: Xét X ={xeZ]x’ =4, x ¢} thi X =,
Tdp hop tdt ca cdc tdp con ciia X dwoc ky hidu P (X). Vay A€ P(X) khi

va chi khi Ac X . Tap X 1a tap con cua chinh nd, vi vay X 14 phan tir 16n nhat va
@ 1a phan tir bé nhat caa 2 (X).

Ac (X)) AcX. (1.1)
Vidu 1.5: X ={a,b,c} c6 #(X)={@,{a},{b}.{c}{a,b}.{b,c}.{c.a}, X}.
Ta thdy X c6 3 phan tir thi #(X) c6 2% =8 phén tir. Ta ¢6 thé ching minh
téng quat rang néu X ¢6 n phan tir thi #(X) c6 2" phan tir (bai tap 1.19).
1.2.5. Cac phép toan trén cac tap hop
Cho A va B I hai tap con cta tap U nao do, ta c6 thé dinh nghia cac phép
toan hop, giao, hi€u cua hai tap hop nay nhu sau.
1. Phép hop: Hop ciia hai tdp A va B, ky hiéu AUB, la tdp gom cdc phan
tir thuéc it nhdt mot trong hai tdp A, B.
(XeAuB)@((XeA)\/(XeB)). (1.2)
2. Phép giao: Giao ciia hai tip A va B, ky hiéu ANB, la tdp gom cdc phan
tir thuée dong thoi cd hai tdp A, B .
(xe AnB)<((xe A)r(xeB)). (1.3)
3. Hiéu cua hai tap: Hiéu cua hai tip A va B, ky hiécu A\B hay A—B, la
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tdp gom cdc phan tir thuéc A nhung khéng thuée B.
(xe A\B) < ((xe A)a(x¢B)). (1.4)

Thong thuong gia thiét tat ca céac tap dugc xét 1a cac tap con cua mot tap cd
dinh goi 1a tdp phé dung U . Tap U \B dugc goi 13 phan bu cia B trong U va

dugc ky hiéu 1a CB hoic B.
Vidu 1.6: Xét cac tap A={a,b,c,d}, B={b,d,e,f}, U={a,b,c,d,e f,g,h}.
Taco: AuB={ab,cde f}, AnB={b, d}, A\B={a,c},

ci={e f,g,h}, C§={ac,gh}.

Ta c6 thé minh hoa cic phép toadn trén véi cac tap twong mg 13 phan gach
chéo cuia gian d6 Venn:

ANB A\B oF:

Phép hop va giao céc tap hop dugc mo rong cho n tap con A, ..., A, nhu sau:

n
Hop A U...UA, (hodc ky hiéu | J A ) 1a tap c6 cac phan tir thudc it nhat mot
k=1

trong cac tap A,..., A,.

n
Giao A N..n A, (hodc ky hiéu () A ) 1a thp c6 cac phén tir thudc dong thoi
k=1

tAt ca cAc tap Ay,..., A,

Ap dung I8gich ménh dé (tinh chat 1.3) ta dé dang kiém chutng lai cac tinh

chat sau:
1. AUA=A, AnA=A. tinh iy dang
2. AuUB=BUA, AnB=BnA. tinh giao hoan
3. Au(BuC)=(AuB)uUC,
ANn(BNC)=(AnB)NC. tinh két hop

4. Au(BNC)=(AuB)n(AUC),
AN(BUC)=(ANB)U(ANC). tinh phén bé

Gia st A B 1a hai tap con cua U thi:
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5. A=A; AUZ=A; AnU =A.

6. AUA=U; ANA=0.

7. M:Kmﬁ; AnB=AUB. ludt De Morgan
8. A\B=ANB=AN(ANB)=A\(AnB)=CA"®.

9. AnBc Ac AuB; ANBcBc AUB.

AcC DcA
10. = AuBcC; =DcANB.
Bc DcB

1.2.6. Lwgng tir pho bién va lwgng tir ton tai

Gia str S(X) 1a mot ham ménh dé xac dinh trong tdp D c6 mién ding Ds(x) -
Khi do:

a) Ménh dé vx e D, S(x) (doc 1a véi moi x € D, S(x)) 1a mot ménh dé dung
néu Ds(x) =D va sai trong truong hop nguoc lai. Nhu vy ménh dé vxeD, S(X)
dung khi ham ménh dé S(X) dung véi moi phan tir xeD.

Ky hiéu V (doc 1a voi moi) dugc goi 13 luwong tir phé bién.

Néu khong s¢ nham 1an ta thuong bo qua x € D va viét tit Vx, S(x) thay cho
vxeD, S(x).

b) Ménh d&& Ix e D, S(x) (doc 1a ton tai x e D, S(x)) 1a mot ménh dé dung
néu Ds(xy # QD va sai trong truong hop nguoc lai. Nhu vay ménh dé Ixe D, S(x)
dung khi c6 it nhat mot phan tr X € D ham ménh dé S(X) dung.

Ky hiéu 3 (doc 14 ton tai) dwoc goi 1a hiegng tir ton tai.

Pé ching minh mot ménh dé véi luong tir pho bién 1a dung thi ta phai chimg
minh dung trong moi trudng hop, véi ménh dé ton tai dung ta chi can chi ra it nhat
mdt truong hop dung.

¢) Ngudi ta mé rong khai niém lugng tir ton tai véi ky hiéu I'x e D, S(x)
(doc 12 ton tai duy nhat x € D, S(x)) néu Ds (x) €0 dung mot phan tu.

d) Phép phu dinh lugng tur

WD, 5() < (<D, 5(K).

IxeD, S(x) = ( vx e D, %) (1.5)

Vi du 1.7: Theo dinh nghia cua gidi han
limf(x)=L &Ve>0,35>0;vx: 0<|x—a|<s=|f(x)-L|<e¢.

X—a
Str dung tinh chat hang ding (p=q) =(PVv () (xem tinh chit 1.3) ta co
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0<|x—a]<d=|f(x)—L|<e tuong dwong vai

(0<|x—aj<8)v([f()-Lj<e).

Vay phu dinh cua lim f(x) =L la

X—a
3e>0,V5>0;3x: (O<[x—a|<d)A(|f()-L|z¢).
1.2.7. Phép hgp va giao suy rong
Gia st (A )., 1a mot ho cac tp hop. M6 rong cong thirc (1.2), (1.3) ta dinh
nghia:
U A la tap gdm cac phan tir thudc it nhat mot tap A nao do.

iel

ﬂ A latap gdm cac phan tir thudc ddng thoi moi tap A.

iel

(xelU_ A) < (el xeh). (1.6)
(XeﬂielA)a(Viel;XeA). (1.7)
Vidu1.8: A ={xeN|0<x<n/(n+1)}; B, ={xeN|-J/(n+1) <x<1+Y/(n+1)}
UJA =[0;1), (B, =[0;1].
n=1 n=1

1.3. TICH DESCARTES VA QUAN HE
1.3.1.Tich Descartes cua cac tap hop

Pinh nghia 1.4: Tich Descartes (Pé cdc) cia hai tdp X,Y la tdp, ky hiéu X xY,

gom cdc phan tir ¢ dang (X,Y) trong d6 xe X va yeY . Vay
XxY ={(x,y)|xeX va yeY}. (1.8)
Vidu 1.9: Cho X ={a,b,c}, Y ={1,2};
X xY ={(a,1),(b,1),(c,2),(a 2),(b,2),(c,2)};
Y x X ={(1,a),(2,a),(,b),(2,b),(Lc),(2,c)}.
D& thiy X xY #Y x X .
Ta c6 thé chimg minh dugc rang néu X ¢6 n phan tir, Y ¢ m phan tir thi
X xY ¢6 n-m phan tu.
Tich Descartes cia n tap hop X;, X,,..., X, duoc dinh nghia va ky hiu

nhu sau:

Xy % Xy % Xy ={ (%, X, %) | X% € X, 1 =1,2,..,0} (1.9)
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Nhan xét 1.1:

1. Khi X;=..= X, =X thitaky hi¢u X" thay cho X x..x X .
n lan

Chang han R? ={(x,y)|x,y eR}, R®={(x,y,2)|x,y,zeR},
R" ={(xl,xz,...,xn)|x1,x2,...,xn eR}.
2. Tich Descartes X;x X, x...x X, con duge ky higu [ [, X; .

3.Gid st (X, Xy) € Xy X x X5 (X', X)) € Xy %o x X, khi d6
(X X)) = (X', X)) < X =X, Vi=1..,n (1.10)

x=1

Chang han (x, y) = (1,-3) e R? @{y__s.

4. Tich Descartes cua céc tap hop khong co tinh giao hoan.
1.3.2 Quan h¢ hai ngoi*

Trong thuc té cudc sdng ciing nhu trong toan hoc ta thudng xét dén cac quan
hé giita cac d6i tuong. Chang han hai ban sinh vién c6 thé c6 quan hé dong huong,
quan hé cing mot ho ..., hai s6 nguyén c6 quan hé chia hét, quan hé nguyén t6
cung nhau, quan hé nho hon ... Mdi quan hé nay c6 thé xac dinh boi tap ma cac
phan tir ciia né 12 cac cip c6 quan hé v6i nhau. Noi cach khac mdi quan hé duoc
ddng nhit véi mot tap con cua tich Descartes theo dinh nghia sau.

Pinh nghia 1.5: Cho tip X #J, moi tap con R < X xX duoc goi la mot quan

hé hai ngoi trén X .

Véi x,ye X va (X,y) e R tandi X cé quan hé véi Y theo quan hé R va
ta viet X Ry .
Vi du 1.10: Ta xét cac quan hé sau trén tap cac sd:

- XAY <> X:y (X chia hétcho y), VX,ye N,

XAy <> (X,¥) =1 (X va y nguyén td cing nhau), VX, y€Z.
: XY <> X<y (X nho hon hay bang y), VX, yeR.

XY <> X—yim, VX, YeZ. Taky hieu x=y(modm) va doc la x dong
du véi Y modulo m.
DPinh nghia 1.6: Quan hé hai ngéi R trén X duoc goi la co tinh:

a) Phdn xa, néu xR, Vxe X ;

b) Déi xing, néu WX,y € X ma XAy thi cing c6 YHX;
¢) Bdc cau, néu VX, y,z € X ma XAy va YRz thi ciing c6 xRz ;

d) Phdn doi xirng, néu ¥x,y € X ma XAy va yAX thi x=y.
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Vidu 1.11: 4 phan d6i xtmg, bic cau nhung khong ddi xtmg, khong phan xa (vi
0 khong chia hét cho 0).
Sk, d6i xtng, khong phan xa, khong phan xtng, khong bac cau.
% phan xa, phan ddi ximg, bac cau.
i, phan xa, d6i xtmg, bic cau.
1.3.3 Quan hé twong duwong*
Pinh nghia 1.7: Quan hé hai ngoi R trén X = dwoc goi la quan hé twong

dwong néu cé ba tinh chdt phan xa, doi xitng, bdc cau.
Theo thoi quen, v6i quan hé tuong duong & ta thuong viét X ~ y(A) hoic
X~y thay cho XAY.
Ta dinh nghia va ky hiéu I6p twong dwong cta phan tir X € X 13 tap hop
x={yeX|y~x}. (1.11)

M&i phan tir bat ky cta 16p twong duong X dugc goi 14 phan tir dai dién cia X.
Nguoi ta con ky hiéu 16p twong duong cua X la cl(X).

Hai 16p twong dwong bat ky thi hodc bang nhau hodc khong giao nhau, nghia
la X~ X' hodc bang X =x"' hodc bing &, noi cach khac cac 16p twong duong tao
thanh mot phan hoach céc tap con cia X .

xx=[%% (1.12)

Tap tat ca cac 16p twong duong duoc goi 13 tdp hop thiwong, ky hidu X /~.
x/~={§|x6x}. (1.13)
Vi du 1.12: Quan hé 4, trong vi du 1.10 1a mdt quan hé twong duong goi 1a quan
hé ddng du moéduldé m trén tap cac sd nguyén Z. Néu X~ Y, ta viét x = y(modm).

Ta ky hiéu tap thuong (1.13) gdbm m sé déng du moduld m, goi 1a tip sb
nguyén moduld m.

Zmz{o,l..., m—1}. (1.14)
Vi du 1.13: Quan hé "véc to O bang véc to V" 1a mot quan hé twong dwong cla tap
hop cac véc to tu do trong khong gian. Néu ta chon gbc O cb dinh thi mbi 16p
trong duong bat ky déu c6 thé chon véc to dai dién dang OA.

Vi du 1.14: Quan hé tam giac dong dang trong khong gian Euclide 1 quan hé
tuong duong.

1.3.4. Quan hé thw tu™

Pinh nghia 1.8: Quan hé hai ngéi AR trén X = duwoc goi la quan hé thir t néu
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co ba tinh chat phan xa, phan doi xung, bac cau.

Vidu 1.15:
1) Trong N, Z, Q, R quan h¢ "x < y" la mot quan hé thu tu.

2) Trong N* quan hé "X:y" 12 mdt quan hé thir tu.
3) Trong 2 (X) (tap hop tit ca cac tip con cia X ) quan hé "tap con" 1a mot
quan h¢ thu ty.

Khai niém quan hé tht ty duoc khai quat hoa tir khai niém 16n hon (hay
ding sau) trong cac tip so, vi vay theo thoi quen ngudi ta cling dung ky hiéu " <"
cho quan hé thtr ty bat ky.

Quan hé thir ty "<" trén tdp X duoc goi 13 quan hé thir tw toan phan néu
hai phan tir bat ky cia X déu so sanh dugc voi nhau, nghia la:

VX,ye X :x<y hodc y<x. (1.15)

Quan h¢ thtr ty khong toan phén dugc goi la quan hé thur tw bo phan.

Tap X v6i quan hé thir tu " <" dugc goi 1a tap dwoc sap. Néu "<" 1a quan
hé thtr ty toan phan hay bo phan thi X duogc goi 1 tap duwoc sdp todan phan (con goi
sdp tuyén tinh) hay duoc sip bd phan.

Vi du 1.16: Cac tap (N,<), (Z,<), (Q,2), (R,<) dugc sip toan phan, con (N*,?)
va (,‘?(X),c) duogc sip bo phan (néu X c6 nhiéu hon 1 phan ti).

Pinh nghia 1.9: Cho tdp duwoc sap (X,<) va tdp con Ac X . Tdp A dwoc goi la bi

chan trén néu ton tai ge Xsao cho a<q, voi moi ae€ A. Khi do q dwoc goi la
mot chan trén cua A.

Hién nhién rang néu ¢ 1a mot chin trén cia A thi moi q'e X ma q<q’
déu 1a chin trén cia A. Phan tir chin trén nho nhat q cia A (theo nghia q<q',
v&i moi chan trén ' cua A) dugc goi la cdn trén ciia A va dugce ky hiéu g=sup A
RO rang phén tr cAn trén néu ton tai 1a duy nhét,

Vae Ara<q

: (1.16)
(Vae A:a<q)=0q<q'

g=sup A<:>{

Tuong tu tap A duoc goi 1a bi chdn duwdéi néu ton tai pe X sao cho p<a,
v6i moi a e A. Phan tir chan dudi 16n nhat duoc goi 14 cdn dudi cia A va dugc ky
hiéu inf A. Can dudi néu ton tai ciing duy nhat,
VaeA:ip<a

: (1.17)
(VaeA:p'<sa)=p'<p

p =inf A<:>{
NGi chung sup A, inf A chua chac 1a phan tir cia A. Néu q=supAc A thi
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q duoc goi 1a phan tir I6n nhdt cua A ky hiéu =maxA. Vay

Vae Ara<q

1.18
e A (1.18)

q :maxA<:>{

Tuong tu néu p=inf Ae A thi p duoc goi 1a phdn tir bé nhdt caa A ky hiéu
p=minA. Vay

VaeA:p<a

1.19
beA (1.19)

p=min A@{

Tt tinh chét lién tuc cua tap s6 thuc R ¢6 thé chirng minh dugc réng vO1 moi
tdp con AcR:

= Néu A bi chan trén thi ton tai can trén sup A,

Yae A:a<
qosupAcs] 0 € g | (1.20)
Ve>0,dJaceA:q—¢c<a
» Néu A bi chin dudi thi ton tai can dudi inf A,
Yace A:p<a
p=inf Acs{ 0P | (1.21)
Ve>0,dJaeA:asp+e¢

Vi du 1.17: Tap A=[0;1)={xeR|0<x<1} c6 1=supAg A, inf A=0eA, do
d6 khong ton tai max A nhung ton tai min A=inf A=0.

Vi du 1.18: Gia sir ham s6 Yy = f(X) xac dinh trong mién D. Ap dung cong thirc
(1.20), (1.21) ta c6 cong thirc xac dinh gi tri 16n nhat M va gia tri nhé nhat m.
{VXEDZf(X)SM {VXEDZme(X)

; m=minf(x)< .
IgeD:f(Xy)=m

M =max f (x) = ;
I, eD:f(x)=M xeD

xeD

1.4. ANH XA
1.4.1. Dinh nghia va vi du
Khai niém anh xa dugc khai quét hod tur khai niém ham ) trong d6 ham s6
thuong duoc cho dudi dang cong thirc tinh gia tri ctia ham sé phu thudc vao bién
s0. Chang han, ham s6 y = 2x v6i X €N 1a quy luat cho tmg
0—~01—2 2—~4,3-6,..
Ta c6 thé dinh nghia 4nh xa mot cach truc quan nhu sau:

Dinh nghia 1.10: Mot dnh xq tir tgp X vao tap Y la mot quy ludt cho twong trng

moi mot phan tr X € X véi mét phan tie Y= T(X) ciia Y théa méan hai diéu kién
Sau:

(i) Moi xe X déu cé dnh twong img y= f(X)eY,

(ii) V6i moi xe X danh T(X) la duy nhat.
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Takyhieu f: X —Y hay  X— Y
Xty =f(x) Xt y=f(X)
X dwoc goi la tdp nguon, Y dwoc goi la tap dich.
Vidu 1.19:
e 1 —»e 1 —>e 1
<P 2 L»* 2 =pe 2
~he 3 L4 3 . 3
e 4 > 4 e 4
X Y X Y X Y
Tuong tng a) Tuong ung b) Tuong tng C)

Tuong ung a) khong thoa man diéu kién (ii). Twong tng b) khong thoa méan diéu
kién (i) cua dinh nghia. Chi c6 twong tng c) xac dinh mot anh xa tr X vao Y .

Hai d4nhxa f:X =Y, g:X'—>Y" duoc goi la bang nhau, ky hiéu f =g,
néu théa man

{X =X Y=Y (1.22)

f(x)=g(x); Vxe X
Vi du 1.20: Mdi ham s6 Y = f(X) bét ky c6 thé duoc xem 1a anh xa tir tip xac dinh
D vao R. Chang han:
Ham légarit y=InX ld dnhxa In:R, >R
X y=Inx
Ham can bdc hai y:\/; la anh xa \/_:R+ —->R

X y=X.

Dinh nghia 1.11: Xét dnhxa f: X ->Y:

# Cho Ac X, ta ky hiéu va goi tdp sau la anh ciia A qua anh xa f
f(A) ={f(X)|xeA}. (1.23)
Noi riéng f(X)=Imf dwoc goi la tap anh hay tap gia tri cua f .
Khi f la ham sé thi f(X) dwoc goi la mién gid tri .
# Cho BCY, ta ky hiéu va goi tdp sau la nghich anh cia B qua anh xa f
f(B)={xeX|f(x)eB}. (1.24)
Truong hop B 14 tap hop chi c6 mot phan i {y} thi ta viét f*(y) thay cho
() vay
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f(y)={xeX]y="f(x)]. (1.25)

Vidu1.21: Xétviduanh xa f : X =Y 1a twong trng ¢) cua vi du 1.18.
Cho A={a,b,c}c X, B={2,34} Y thi

f(A)={12}, Imf ={1,2,4}, f'(B)={b,c,d}, f (2 ={bc}, F*(3)=2.

1.4.2. Phan loai cac anh xa

Pinh nghia 1.12:

1) Anh xa X =Y duwoc goi la don dnh néu dnh ciia hai phan tir phén biét
la hai phan tir phén biét. Nghia la:
VX, Xy € X X # %X = T (X)) = F(X,),
hay mdt cach twong duong:
VX, X € X1 F(x)=T(X) =X =X,. (1.26)
2) Anh xa f:X =Y dwoc goi la toan dnh néu moi phan tir cia Y la anh cia
phan tir ndo dé cia X .
Vay f 1a mot toan anh khi théa méan mot trong hai diéu kién twong duong
sau.
f(X)=Y hoac VyeY, Ixe X saocho y= f(x). (1.27)
Moi énh xa f:X =Y bat ky la toan anh lén tdp gia tri f(X). Ham s la
toan anh tw tap xac dinh lén tap gia tri.
3) Anh xa f : X =Y vira don dnh vira toan anh dwoc goi la song dnh.
Vay f 1a mot song anh khi théa man diéu kién sau:

VyeY,3!xe X saocho y=f(X). (1.28)

Nhan xét 1.2: Truong hop anh xa f: X =Y dugce cho dudi dang cong thirc xac

dinh anh y = f(X) ta co thé xac dinh tinh chit don anh, toan anh cta anh xa f
bang cach giai phwong trinh:
y="1(x), yeY, (1.29)

trong d6 ta xem X 13 bién an va y 1a tham bién.

¢ Néu voi moi yeY phuong trinh (1.29) ludn c6 nghiém X € X thi 4nh xa
f latoan anh.

¢ Néu voi mdi y eY phuong trinh (1.29) ¢6 khong qua 1 nghiém X e X thi
anh xa f 1a don anh.

¢ Néu véi moi yeY phuong trinh (1.29) ludn c6 duy nhit nghiém x e X
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thi anh xa f Ia song anh.
Vidu1.22: Choanhxa f:N_sN
Xt y=f(X)=x(x+1)
Xét phuong trinh y = f (x) = X(x+1) = x* +x hay x? +x—y=0.
Biét s6 A=1+4y >0 (vi yeN). Phuong trinh luén ¢ 2 nghiém thuc

X =(-1+\1+4y)/2,%, =(-1- J1+4y) /2.

Vi x, <0 nén phuong trinh ¢6 khong qua 1 nghiém trong N. Vay f la don anh.
Mt khéc ton tai Y €N ma nghiém x, ¢N (chang han y =1), nghia la phuong
trinh trén v6 nghiém trong N. Vay f khong toan anh.
Vi du 1.23: Céc ham sb don diéu chat:
e Dong bién chit: x <X, = f (%)< f(X,),
e Nghich bién chit: X, <X, = f(x)> f(X,)
la cac song anh tir tdp xac dinh 1én tip gia tri cua no.

Vidu 1.24: Xét 3 anh xa f :R>R, g:R—>R va h:R—R xé4c dinh va c6 cac dd

thi trong Gng nhu sau :

Ham sb f(x) = 2" A

c6 dao ham f'(x)=2"In2>0 do d6 ham
s6 ludn déng bién, ham s6 chi nhan gia tri
duong. Vay f 1a don anh nhung khong
toan anh.

C6 thé nhan thdy rang duong thang
song song vai truc hoanh cit do thi khong _/
qua 1 diém do d6 phuong trinh (1.29) co
khong qua 1 nghiém.

v

Ham s6 g(x)=x>—3x khdng luén
dé)ng bién va nhan moi gia tri.

Puong thang song song vé&i truc
hoanh cit do thi tai 1 hodc 3 diém do d6
phuong trinh (1.29) luén c6 1 hoac 3
nghiém.Vay f 1a toan anh nhung khong
don anh.

v
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Ham s6 h(x)=x? khong luén dong 4
bién va chi nhén gi tri >0.

DBuong thang song song voi truc hoanh
ludn cat @6 thi tai 2 diém khi ¢ trén tryc
hoanh va khong cat do thi khi & duéi truc
hoanh do d6 phuong trinh (1.29) co6 2
nghiém khi y >0 va v6 nghiém khi y <0.

Vay h la khong toan anh va khong don
anh.

v

Vidu 1.25: Giasir| |1atip con cia X thi 4nhxa
A > X
X > 15(X) = X
12 mot don anh goi 1 phép nhiing chinh tac.
Diac biét khi A=X anh xa |~
ddng nhat cta X .

la mot song anh, ky hiéu | |va goi 1a 4nh xa

1.4.3. Anh xa nguoc ciia mot song anh

DPinh nghia 1.13: Gia sit f : X —Y 1a mot song anh, theo (1.28) v6i mdi yeY

ton tai duy nhat x € X sao cho y = f(X). Nhu vy ta c6 thé xac dinh mot anh xa tir
Y vao X bang cach cho tng mdi phan tir yeY voi phan tir duy nhat xe X sao
cho y = f(X). Anh xa nay dwoc goi la dnh xa nguoc cia f va dwoc ky hiéu 7.
Vay

fhy 5 X va fi(y)=xoy=f(X). (1.30)
C6 thé chig minh dugc f *ciing 1a mot song anh.
Vidu 1.26: Ham mii cosé a:y=a*,a>0,a=1
la mot song anh (vi ham mil don diéu chit) c6 ham nguoc 1 ham 16garit ciing co s6

y=a* < x=log,y.

Vidu 1.27: Cac ham luong gidc nguoc

Xétham  sin:[-7/2;7/2] —>[-11]
X = sinXx

don di€u tang chat va toan anh nén né 1a mdt song a&nh. Ham nguoc dugc ky hi¢u

arcsin: [-11] > [-7/2;7/2]
y > arcsiny

x=arcsiny < y=sinx, Vxe[-L1],y e[-7/2;7/2].
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Tuong ty ham cos:[0; 7] —[-11] don diéu giam chat c6 ham ngugc
arccos :[-1,1] —[0; z];
X =arccosy <> y=COSX.
Ham nguoc arctan, arccot dugc xac dinh nhu sau
x=arctany < y=tanx, Vxe(—w;»),ye(-7/2;7/2).
Xx=arccoty < y=cotx, Vxe(—w;x),ye(0;7).
1.4.4. Hop cha hai anh xa
Dinh nghia 1.14: Cho hai dnhxa T :X ->Y, g:Y = Z. Tuong vmg X+ g(f (X))

xdc dinh mot anh xa tr X vao Z, goi la hop cua hai anh xa f va ¢, ky hiéu
gof. Vay gof:X —Z c¢6cong thirc xac dinh anh

go f(x)=g(f(x). (1.31)

Vi du 1.28: Cho f:R—R, g:R—>R vdi cong thirc xdac dinh anh f(X)=sinx
9(X)=2x*+4. Ta cé thé thiét lip hai ham hop Qo f va fog nr R vao R.
f og(x) =sin(2x?+4), go f (x) =2sin®x+4.

Qua vi du trén ta thdy noi chung f og # go f , nghia 1a phép hop anh xa
khong co tinh giao hoan.

Giasit f:X =Y 1a mot song anh c6 anh xa nguge f1:Y — X , khi d6 ta
d& dang kiém chimng ring f *o f = ldy va fo fl= ldy . Hon nita ta c6 thé chimg
minh dugc riang anh xa f :X —Y 1a mot song anh khi va chi khi ton tai 4nh xa
g:Y - X saocho gof =Idy va fog=1Id,,lucds g=f*.
1.4.5. Luc lwgng ciia mot tap hop

Khai ni¢m lyc lugng cua tap hop cod thé xem nhu 13 sy m& rong khai ni¢m )
phan tir cua tap hop.

Tap X ¢6 n phan tr néu cic phan tir co thé liét ké dang X = {Xl,xz,...,xn}.
Vay X ¢6 n phan tir khi ton tai song anh tir tip {12,..,n} lén X.
Dinh nghia 1.15: Hai tap hop X,Y dwoc goi la cung luc lwong néu ton tai song
anhtir X 1én'Y .

Tap cung lyc luong vai tap {1,2,...,n} duoc goi la co luc lugng n. Vay X co

luc lugng n khi va chi khi X cd n phan tr. n con duoc goi 14 ban sb caa X, ky
hiéu Card X hay |X|. Quy uéc lyc lugng ciia & 12 0.

Pinh nghia 1.16: 7dp co luc luong N hoac 0 dwoc goi la cdc tap hitu han. Tap
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khéng hitu han dwoc goi la tdp vé han. Tdp c6 cing lwc lwong véi tdp cdc so tw
nhién N hay hitu han dwoc goi la tdp dém duwoc.
Nhén xét 1.3:

1) Tap v6 han d&ém duoc 1a tap cung lyc luong véi N.

2) Ban than tap N 1a tdp vo han dém duoc.

3) Két qua noi tiéng nhat ciia Cantor vé tip vo han 1a da chi ra rang tip hop
céc sb hitu ti Q la tap vo han dém duoc, con tap céc sb thuc R khong dém duoc.

4) Tap vo han duoc dic trung bai tinh chat: Tap A vo6 han khi va chi khi ton
tai tdp con B A, B # A cung luc luong véi A.

5) Gia st X,Y 1a hai tdp hitu han cung luc lvong. Khi d6 anh xa f: X -Y

la don anh khi va chi khi 1a toan anh, do d6 1a mot song anh.

1.5. SO LUQC VE PHEP PEM, GIAI TICH TO HQP- NHI THUC
NEWTON*

1.5.1. So lwge vé phép dém

Céac két qua sau dugc suy truc tiép tir tinh chit cua tap hiru han va anh xa:

a) |AUB|+|AnB|=|A+|B|, (cong thirc cong) (1.32)
b) |AxB|=|A/|B], (cong thirc nhan) (1.33)
o) [(f:A—B}/=[8[", (chinh hop c6 Iip) (1.34)
d) |2(n)] =24, (1.35)
e) Néu f:A— B song anhthi |A=|B|. (1.36)

Cong thirc cdng (1.32) thuong duoc sir dung trong treong hop dac biét khi A,
B roi nhau (thoa man ANB =), lac d6 |Au B| :|A|+|B| .

Cong thure cong (1.32) md rong cho truong hop k tap déi mot roi nhau:

|A UL UA|=|A] A (1.37)
Trong thyc té ta str dung cong thirc cong (1.37) bang cach chia cac ddi tuong
thanh k nhom roi nhau va cé sb cac phan tir twong ing 1 ny, ..., n,, khi d6 tong sb
cac dbi tugng can tinh 1a 0 +---+n, .
Cong thic nhan (1.33) c6 thé mé rong cho k tap bat ky
[ A A=Al | A (1.38)
Hodc néu mot hanh dong H gom k giai doan A,..., A . Mdi giai doan A c6
thé thuc hién theo n; phuong an thi ca thay c6 n, x...xn, phuong an thyc hién H.
Vi du 1.29: Cho mach dién theo so d6 dudi day. Héi:
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a) C6 bao nhi€u trang thai cua mach.
b) C6 bao nhiéu trang thai ¢ thé ciia mach dé c6 dong dién chay tir A dén B.
U 3

U, U,

) |
Gidi: Ap dung cong thirc nhan ta co:

a) Sb cac trang thai ctia mach 222324 =2°=512.
b) O U, co 2° trang thai nhung c6 1 trang thai dong dién khong qua duoc, do
d6 ¢ U; c6 3 trang thai dong dién qua dugc. Tuong tu & U, €O 2—1vao Uj co

241 trang thai dong dién qua dugc. Vay s6 cac trang thai cua mach c6 dong dién
chay tir A #én B 1a 3.7.15=315.

1.5.2. Ho#n vi, phép thé

Dinh nghia 1.17: Cho tdp hitu han E ={X,X,,..X,}. Mdi song énh tir E 1én E
dwoc goi la mot phep thé, con anh ciia song anh nay dwoc goi la mot hoan vi n
phan tir cua E .

Néu ta xép cac phén tir cia E theo mot thir tu ndo d6 thi moi hoan vi 1a mot
su doi cho cac phan tir nay.

Dic biét néu E={1,2,..n} thi mdi phép thé duoc ky hiéu dudi dang ma tran
(xem Dinh nghia 3.1, DPinh nghia 3.6).

{ 1 2 .. n }
o= : (1.39)
o o) .. o(n)

trong d6 hang trén 1a cac sb tir 1 dén n sdp theo tht ty ting dan, hang duéi 1 anh
tuong Urng cua nd qua song anh o . Khi do [0'(1), 0(2),...,G(n)] la hoan vi ung véi

phép thé o .

_ . 1 2 3 4| |
Vi du 1.30: [4 2 1 3] la hoan vi tir phép thé o = 42 1 3 co:

c)=4,0(2)=2, o(3)=1, o(4)=3.
Tap hop {1,2} c6 hai hoan vi la:
[12] va[21].

Tap hop {1,2,3} co sau hoan vi la:
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[123], [213], [312], [132], [231] va [321].

Véi tdp E={X,X,,....%,} thi ¢6 n cach chon gia tri o(x), n—1 cach chon
gia trj o(X,) .... cho mot phép thé o bat ky.

Vay ¢6 n(n—=1)(n—2)...1=n! hoan vi (phép thé) ctia tdp N phan tir.
1.5.3. Chinh hop

Cho tap hop hitu han c6 n phan tor E :{Xl,xz,...,xn} va tap hop hiru han
B={12,..,p}.

Pinh nghia 1.18: Mét chinh hop ldp chdp P cdc phan tir ciia E la anh ciia mét

anh xa tw B vao E.

Ta ciing c¢6 thé xem mot chinh hop lap chap p nhu mot bo gobm p thanh
phan 13 cac phan tir c6 thé tring nhau cia E . Noi cach khac, mot chinh hop lap
chap p 1a mot phan tir ciia tich Descartes EP.

Vay sb cac chinh hop 1ap chap p cta n vat1a nP (cong thic 1.34).

Vi du 1.31: Cho n vat E={x,X,,...,X,} va tién hanh boc c6 hoan lai p lan theo
cach sau:

Bdc lan thir nhit tir tap E duoc X, » ta tra X lai cho E va béc tiép lan thir
hai... Mdi két qua sau p lan béc (xil,xiz,...,xip) e EP 1a mot chinh hgp c6 lip n
chap p.

Pinh nghia 1.19: M4t chinh hop (khéng ldp) chdp p gom N phdn tir cia E (p <n)

la anh cua mot don dnh tir B vao E..
Hai chinh hop n chap p 1a khac nhau néu:
= hoic ching c6 it nhit mot phan tir khac nhau,
= hodc gdm P phan tir nhu nhau nhung cé thir ty khac nhau.

Nhu vay ta ¢ thé xem mdi chinh hop 1a mot bo ¢c6 p thanh phan gom cac
phan tir khic nhau ciia E hay c6 thé xem nhu mot cach sap xép n phan tir ciia E
vao p i tri.

C6 n céach chon vao vi tri tha nhit, n—1 cach chon vao vi tri thi hai, ... va
Nn—p+1 cach chon vao vi tri th p.

Vay sb cac chinh hop chip p cta n phan tir 1a

AP =n(n-1)..(n-p+1)= (nflp)!' (1.40)
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1.5.4. T6 hop

Pinh nghia 1.20: Mot 16 hop chdp p cia tdp E ¢6 n phan tir la mét cach ldy ra

dong thoi P phan tir tir E . Nhue vy ta c6 thé xem mot té hop chdp P ciia n phdn
tir la mét tdp con P phan tir cua tdp ¢6 n phan tir E .

Néu ta hoan vi P phén tir cia mét t6 hop thi ta c6 cac chinh hop khac nhau
clia cung P phan tr ndy. VAy tng v6i mot to hop p phan tir c6 ding p! chinh hop

ctia p vat ndy. Ky hiéu CP 14 s cac to hopn chap p thi

cnpzp*‘pz n_ (1.41)
p!  p!n-p)!

Vi du 1.32: a) C6 bao nhiéu cach bau truc tiép mot 16p truong, mot 16p phd va mot
bi thu chi doan ma khong ki€ém nhiém ctia mot 16p c6 50 hoc sinh.

b) C6 bao nhiéu cach bau mot ban chap hanh gom mét 16p trudng, mot 16p
phé va mdt bi thu chi doan khong ki€ém nhiém cia moét 16p ¢6 50 hoc sinh.
Gidi: a) Mdi két qua bau tryc tiép 1a mot chinh hop chap 3 ctia 50 phan tir.

Viy co ASy =50.49.48 =117.600 cich bau tryc tiép.

b) Mbi két qua bau mot ban chap hanh 13 mot to hop chap 3 ciia 50 phén ti.

50! 50.49.48

31471 6

Vayco CJ) = =19.600 cach bau ban chip hanh 16p.

Vi du 1.33: C6 bao nhiéu sb ty nhién viét duéi dang thap phan c6 n chit s6 (n>3)
trong d6 c6 dung hai chir s 8.
Gidi: Gia stt N 12 s6 ty nhién c¢6 n chit s6 ma chit so thir nhat bén trai khac chit s6
0 va c6 dang hai chit s6 8.

¢ Trudng hop 1: Néu chit s thir nhat bén trai 14 chir s6 8 thi c6 n—1 vi tri dé
dat chir s6 8 thir hai, c6 9 cach chon cho mdi chit s6 & N—2 vi tri con lai. Vay ¢
dung (n—1)9"2 s6 N thudc loai nay.

¢ Truong hop 2: Néu chir s thir nhat bén trai khong phai 1a chir s6 8 thi ¢o
Cﬁ_l vi tri dé dat 2 chir s 8, c6 8 cach chon chir sb cho vi tri thir nhat, ¢6 9 cach

chon cho moi chir sO & N—3 vi tri khac vi tri thr nhat va hai vi tri da chon cho chir

(n=-1)(n-2)

sd 8. Viy co dung Cr?_l .8-9"3 = -8-9"3 56 N thudc loai ndy.

Str dung cong thure cong ta suy ra s cac so tu nhién can tim la:

(N—=1)9" 2 +4(n—1)(n—2)9"> = (4n +1)(n—1)9" 3.

Vi du 1.34: Trong mit phang cho n duong thing d6i mot cit nhau va cac giao
diém nay khac nhau (n>4).
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a) Tim s0 cac giao diém cua chung.
b) Tim s6 cac duong thang mdi dugce tao boi cac giao di€ém trén.

Giai:

a) S6 cac giao diém cia n dudng thiang bang sb cac cip cia n dudng thang
nay. Vay co an giao diém.
b) Xét tai diem A bét ky trong Cﬁ giao diém cua cau a). Ton tai dung hai

duodng trong n duong trén diqua A la D;,Dyji< j.
Trén mdi duong c6 dung n—1 diém trong sd Cﬁ giao diém cua cau a).

Vay trén D;,D; ¢6 2(n—1)-1 diém, do d6 c6
C2-(2(n-1)-1) = &2(”_3) duong thing méi ndi dén A.

Vi mdi dudng thing méi déu noi hai diém & cau a) nén s6 dudng thing moi

lcﬁw =1n(n ~)(n-2)(n-3).
2 2 8
Vi du 1.35: Xép ngiu nhién 6 cudn sach toan va 4 sach Iy vao 1 gia sach. C6 bao
nhiéu cach sip xép dé 3 cudn sach toan dimg canh nhau.
Gidi: Ta xem 3 cubn sach toan ding canh nhau nhu 13 mot cudn sach 16n. Nhu vay
ta can sap xép 8 cudn sach vao gia sach (c6 8! cach), ngoai ra 3 cudn sach toan
dtng canh nhau c6 3! cach sip xép. Do d6 sb cach sip xép dé 3 cudn sach toan
dlng canh nhau la 813!.
Vi du 1.36: Cén sip xép 4 cudn sach Toéan, 6 sach Ly va 2 sach Hoa khac nhau trén
cing mot gia sach. Co bao nhiéu cach sap xép trong mdi trudong hop sau:
a. Céac cudn sach cung moén hoc phai ding canh nhau.
b. Chi cin cac sach Toan dtng canh nhau.
c. Néu cac cudn sach trong mdi mén hoc giéng nhau thi ¢ bao nhiéu cach sip
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7
A

X€Ep.
Gidgi: a. C6 4! cach sap xép cac cudn sach Todn, 6! cach sip xép cac cudn sach Ly,
2! cach sap xép cac cudn sach Hoa va 3! cach sap xép 3 nhém Toan, Ly, Hoa.

Vay sb cach sap xép theo yéu cau 1a 416!2131=207.360.

b. Ta ghép 4 sach Toan thanh 1 cudn sach to. Nhu vy c6 9 cudn sach can sip xép,
do d6 c6 9! cach sap xép. Trong mdi trudng hop nay cac cudn sach Toan ludn dimg
bén nhau, nhung c6 4! cach sap xép 4 cudn sach Toan.

Vay sb cach sap xép theo yéu cau 13 9141=8.709.120.

C. Vi cac cudn sach cung loai khong phan biét do d6 c6 thé 4p dung cong thirc

. . I
(1.41) va so cach sap xép la 12! : =13.860.

41612
1.5.5. Nhi thirc Newton
Xét da thic bac n: (x+1)" = (X +1)(Xx+1)...(x +1).

n thira s6

Khai trién da thic nay ta duoc:
(X+D)" =x"+a, ;X" +a, X" 4.+
Hé s6 cua xP bang sb cach chon p thira sb trong n thira s6 trén. Mbi cach
chon 13 mot t6 hop chiap p cia n phan tir, do do a,=C;.
Vay (X+1)" =CMx" +CM X" 4 +CPxP +...+C.
Thay x =a/b (néu b= 0) ta co:
n
(a+b)"=Cpa"+Cp*a" b +...+Cob" = > CPaPb" P (1.42)
p=0
Cong thic nay duoc goi 1a nhi thirc Newton, ding v6i moi a,beR (ké ca
truong hop b =0).
Vi du 1.37: Cho tip con A ¢6 P phén tir ctia tip E ¢O n phan tr (p<n). Hay
dém s cac cap (X,Y) cac tap con ciia E thoa man diéu kién:
XUY=E, XNnY DA, (1.43)
Gidi: Ky hi¢cu B=E\A.
pat A ={(X,Y)|XUY =E, XY DA},
B={(X,Y)|X'cBY'<B;X'uY'=B |.
Tuong tng f:eod > A ; (X,Y)—= (X NB,Y NB) 1a mot song anh.
Miatkhac X' B,Y'cB: X'UY'=B<B\X'cY".
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Vay sb cac cap (X,Y) thoa man diéu kién (1.43) can tim bang ban sb cua tap
{(X"Y)|X"=BY'=B,X"<Y].
Véimbitap Y'< B co ban s y' thi ban sb cua tap {X‘ X"CY'} la 2¥'; S6
cac tdp con Y'c B ¢O y' phan tu 1a Cg’_'p. Ap dung cong thic cong va nhj thire
n-p

Newton suy ra ban s6 can timla 2ler¥_'p =3"P,
y'=0

1.6. CAC CAU TRUC PAI SO*
1.6.1. Luat hop thanh trong

Dinh nghia 1.21: Mot ludt hop thanh trong cua tdp X # O la anh xa tir X x X
vao X.

Ta thuong ky hicu  *: X xX —» X
(% y) = x*y
Luat hop thanh trong két hop hai phan tir X,y ctia X thanh mot phan tir X*y

cia X vivay luat hop thanh trong con dugc goi la phép toan hai ngoi.

Vi du 1.38: Phép cong va phép nhan 1a cac luat hop thanh trong cta céac tap s6 N,
Z,Q, R, C.

Vi du 1.39: Phép cong véc to theo quy tic hinh binh hanh 1a phép toan trong cia
tap Ry cac véc to tur do trong khong gian, nhung tich vo hudng khong phéi 1a phép

toén trong vi G-V =|dl-|V|cos(i,V)  Rs.

Dinh nghia 1.22: Ludt hop thanh trong * cua tgp X dwoc goi la:

1) C6 tinh két hop néu VX, y,72€ X i x*(y*z)=(X*y)*Z ;

2) C6 tinh giao hodn néu WX,y € X i X*y=y*X ;

3) C6 phan tir trung hod (hay c¢é phan tir don vi) la € € X néu

VXe X :X*e=e*X=X;

4) Gia sir * c6 phan tir trung hoa €€ X . Phan tir X'€ X dwoc goi la phan
tirdoi cia Xe X néu X*X'=X*x=¢.

Ta dé dang thiy rang phan tir trung hoa c6 phan tir ddi 1a chinh né.

Céc phép hop thanh trong hai vi du trén déu c6 tinh két hop va giao hoan. S&
0 1a phan tu trung hoa doi véi phép cong va 1 1a phan tr trung hoa doi vaoi phép

nhan trong. Véc to 01a phan tir trung hoa ciia phép toan cong véc to trong R;.

Moi phén tir X trong Z, Q, R, C déu c6 phan tir d6i cua phép + 1a —X.
Phan tir d6i ctia X # 0 ting véi phép nhan trong Q, R, C la 1/x.
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Moi phan tir khac 0 trong N khong c6 phan tir dbi dbi véi phép cong, moi
phan tir khac 1 trong Z khong c6 phan tir o1 doi véi phép nhan.

Dinh Iy 1.4: Gid sur * la mét ludt hop thanh trong cua tdp X #. Ta co cdc két
qua sau:

1) Phan tir trung hod néu ton tai la duy nhat.

2) Néu * ¢6 tinh két hop, thi phan tir @i ciia moi phan tir la duy nhat.

3) Néu * cé tinh két hop va phan tir @ cé phan tir doi thi ¢6 ludt gidn woc:
a*X=a*y=Xx=Y va phuong trinh a*xX=b co duy nhdt nghiém x =a's*b vdi
a' la phan tir doi cua a.

Chirng minh:

1) Gia str e va e' 1a hai phan tir trung hoa thi e'=e'xe=e (du "=" thir nhat
c6 duogc do e 1a phan tir trung hod, con déu "=" thr hai 1a do €' 1a phan tir trung
hoa).

2) Gia str @ c6 hai phan tir d6i1a a' va a", khi dé:

a'=exa'=(a"+a)*a'=a"+(axa)=a"+e=a".

3) arx=ax*xy=a*(axx)=a*(axy)=(a*a)*x=(a*a)*y=x=y.

Theo thoéi quen nguoi ta thuong ky hi€u cac luat hop thanh trong c6 tinh giao
hoan bai ddu "+", khi d6 phan tir trung hoa dugc ky hiéu 1a 0 va phan tir ddi cua X
la —x. Néu ky hiéu luat hop thanh béi dau nhan '

" thi phan tir trung hoa dugc ky
hiéu 1 va goi 1a phén tir don vi, phan tir dbi ciia x ky hiéu X va goi la phan tir
nghich ddo cua X.

1.6.2. Nhom
Pinh nghia 1.23: Gid sit G la tdp khdc trong véi ludt hop thanh * cap (G,*)

dwoc goi la mot vi nhom néu thoa man hai diéu kién sau:
Gy * ¢ tinh két hop.
Gy * ¢6 phan tir trung hod €.
Vi nhém (G,*) la mot nhém néu thod mén thém diéu kién:
Gs: Moi phdn tir ciia G déu cé phan tir doi.
Vi nhéom (G,*) dwoc goi la vi nhém giao hodn, twong iing nhém duwoc
goi la nhém Abel néu :
G,4: * ¢6 tinh giao hoan.
Vi du 1.40: (N,+), (Z*,) 1a hai vi nhoém giao hoan. (Z,+), (Q,+), (R,+), (C,+),
(@*9), (R*), (Q}.,2), (R},), (C*,2) 1acac nhom Abel.

Nhin xét 1.4: 1) Mot nhom 1a tap khic rong G véi lust hop thanh * thoa man G1,
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G2, G3, nhung néu * di xac dinh va khong so nham 13n thi ta néi tit nhom G thay
cho nhém (G,*).

2) Cho nhém giao hoan (G,+) va A, B 1a hai tip con cua G, ta ky hiéu:
A+B={a+blacAbeB}; a+B={a+bbeBj. (1.44)

Pinh nghia 1.24: Pong ciu nhém tir nhém (G,*) vao nhom (G'J)) la dnh xqa

f:G—>G'saocho
vx,yeG: f(xxy)=f(X)If(y). (1.45)
Néu f don danh (toan anh, song dnh) thi t dwoc goi la don cdu nhém (toan
cdu, dang cau, mot cach twong ung).
Vi du 1.41: log, :R: —>R;0<a=1 la mot dang cdu nhém tir nhoém (R:,-) Ién
nhom (R,+).

DPinh nghia 1.25: Tdp con G' duoc goi la nhém con cia nhém (G,*) néu théa man

3 diéu kién sau:
) ¥x,yeG' = x*yeG',
i) eeG’,
iii) VxeG' = x'eG’,
DPinh Iy 1.6: (G,*) la mot nhém, D=G'<cG. G' la mét nhém con cua G khi va
chi khi VX,yeG'=>x*y'eG".
Vidu 1.42:(Z,+) la nhém con cua (Q,+), (R,+). (C,+).
1.6.3. Vanh
Dinh nghia 1.26: Gia su trén tip A+ co hai ludt hop thanh trong ky hiéu boi

déu cong va ddu nhan, khi dé (A,+,) duoc goi la mot vanh néu:

Ai: (A+) la mét nhom Abel,

A,: Ludt nhén cé tinh két hop,

Ag: Ludt nhan c6 tinh phén phéi hai phia doi véi ludt cong, nghia la:
VX, Y,2€ A X-(Y+2)=X-Y+X-Z phdn phéi bén trdi
VX, Y, ze Al (X+Y)-Z=X-Z+Y-Z phdn phéi bén phai

Néu thod méan thém diéu kién:

A, Ludt nhan cé tinh giao hodn thi (A,+,-) la vanh giao hoan.

As: Ludt nhdn c6 phan tir don vi la 1 thi (A,+,-) la vanh ¢6 don vi.
Nhan xét 1.5:
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1) Ton tai vanh giao hoan nhung khong c6 don vi va nguoc lai.
2) Ta noi tit vanh A thay cho vanh (A +,-).
Pinh nghia 1.27:

1) Phan tir X#0 cia A dwoc goi la wéc trdi ciia 0 néu ton tai ye Ay #0

sao cho x-y=0 (0 la phdn tir trung hoa ciia ludt cong ciia vanh (A+,)). Twong
tw X#0 cia A dwoc goi la wée phdi cia 0 néu ton tai ye A y=0 sao cho
y-x=0.

X dwoc goi la woc cua 0 néu X la wée trdi hodc wéc phdi cua 0.

2) Vanh giao hoan khong co woc cua 0 dwoc goi la vanh nguyén.

Vay vanh (A,+,) la vanh nguyén khi va chi khi moi X,ye A sao cho
X-y=0 thi Xx=0 hoac y=0.
Vidu 1.43:

1) (Z,+,-) 1a mot vanh nguyén.

2) Ky hiéu C[%;b] la tap hop cac ham lién tuc trén doan [a;b].

Ta dinh nghia phép cOng va phép nhén trong C[%;b] xac dinh nhu sau:

v, g eClp: (F+9)(X)=fF(X)+9(x);
fg(x) = £ (x)g(x).
Ta c6 thé kiém chimg dugc rang v6i hai phép toan nay thi C[%;b] la mot vanh
giao hoan c¢6 don vi va c6 udc cua 0.
3) (K[x],+) la mdt vanh nguyén, trong d6 K[x] 1a tap céc da thirc ctia bién
X c6 hé sd thude vao vanh sb hoic truong s6 K =Z,Q,R, C.

Vidu 1.44: Tdp 7, =Z/modn cdc s6 nguyén dong dw médulé n.

o . . X = X'(modn) X+Yy=Xx'+y'(modn)
Ta c6 thé chiing minh dugc rang: = .
y = y'(modn) Xy = X'y'(modn)

Vi vdy ta c6 thé dinh nghia phép cong va phép nhan trong Z béi:
X+Y=X+Yy VA X-y=X-V. (1.46)
Chinghan  5(mod7)+4(mod7) =2(mod7),
5(mod7)-4(mod7) = —1(mod 7) = 6(mod 7).

Véi hai phép toan nay (Z,,,+,) 1a mot vanh giao hoan c6 don vi.

Pinh nghia 1.28: Dong cdu vanh tir vanh (A+,-) vao vanh (A',+,-) la dnh xa

f:A—> A' théa man 3 diéu kién sau:
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) VX, ye A: f(x+y)=1t(x)+ f(y),
i) vx,yeA: f(x-y)=1(x)- f(y). (1.47)

Trudng hop A, A" 13 hai vanh ¢6 don vi 1,, 1, thi thém diéu kién

i) (L) =1,.
Khi f don dnh (toan danh, song dnh) thi f dwoc goi la don cdu vanh (toan

cau, dang cau, mot cach twong iing).
1.6.4. Truong

Pinh nghia 1.29: Vanh giao hodn c¢é don vi (K,+,") duwoc goi la mét truong néu

moi phan tir X #0 ciia K déu kha nghich (cé phan tir déi ciia ludt nhan). Nghia la:
Ki: (K,+,-) 1a nhém Abel,
Ko: (K*,-) la nhém Abel, K*= K \{0},
Ks: Ludt nhan phdn phéi doi véi ludt cong.
R rang rang moi trudng 14 vanh nguyén, nhung diéu nguoc lai khong dung.
(Z,+,”) 1a mét vi du vé vanh nguyén c6 don vi nhung khong phai 13 trudng.
Vidu 1.45: (Q,+,), (R,+,"), (C,+,) la truong.

Vi vay ta c6 cac truong sb hiru ti, trudng sd thuc, trudng sd phirc va vanh sb
nguyén.

Vi du 1.46: (Z,,+,) la truong khi va chi khi n la s6 nguyén to.
Gidi: Gia sir n 13 s6 nguyén t6 va MeZ,, m=0(modn) thi (m,n)=1 do d6 ton
tai hai sd nguyén U,v sao cho um+vn=1 (Pinh Iy Bezout) =u-m=1(modn).
Vay ula phan tir nghich dao cia m.

Nguoc lai, néu Z, 1a truong thi véi moi meZ (0<m<n)tontai M'eZ

saocho m-m'=1 = mm'=1+kn = (m,n) =1. Vay n 1a sé nguyén td.

1.7. PAI SO BOOLE

Ly thuyét dai s6 Boole dugc George Boole (1815 - 1864) gi6i thiéu vao nim
1854 trong bai bao "Cac quy luat cua tu duy", trong d6 k¥ thuat dai s6 duoc dung
dé phan tich cac quy luat ciia 16gich va cac phuong phap suy dién. Sau d6 dai s6
Boole duoc ap dung trong cac linh vuc khac nhau cua toan hoc nhu dai sd, giai
tich, t6 po, 1y thuyét xac suat... Vao khoang nim 1938, Claude Shannon (Clau Sé-
nén) (mot ky su vién thong ngudi M¥) 1a ngudi dau tién di ap dung dai sé Boole
vao linh vyc may tinh dién tir va Iy thuyét mang.

1.7.1. Pinh nghia va cac tinh chit co béan ciia dai s6 Boole
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Pinh nghia 1.30: Mot dai s6 Boole (B,v,A,") la mét tdp khdc trong B véi hai

phép todn hai ngbi v,A:BxB — B va phép toin mét ngéi ': B — B thod man cdc
tién d@é sau:
*By:V, A 6 tinh két hop, nghia la véi moi a,b,c e B
av(bvc)=(avb)vec, an(bac)=(anb)ac. (1.48)
®B,:V, A <0 tinh giao hodn, nghia la véi moi a,b € B
avb=bva, anb=baa. (1.49)
e By: Ton tai cdc phan tir khéng va phan tir don vi 0,1€ B; 0% 1 sao cho véi
moi a€B
av0=a, anl=a. (1.50)
eB,: Véimoi acB tontgi a'eB la phdn tr doi cuia a theo nghia:
ava'=1l ana'=0. (1.51)
¢ Bs: Ludt v phdn phéi doi véi ludt A va ludt ~ phdn phéi doi véi ludt v,
nghia la véi moi a,b,c € B
av(bac)=(avb)a(avc), an(bvc)=(anb)v(anc). (1.52)
Vi du 1.47: Gia su X =@, xét #(X) 1a tap cac tap con cia X . Cac luat hop
thanh v, A 1a phép hop, phép giao cac tip con cia X va phép toan mot ngdi ' la
phép 1y phan bu cta tap con trong X . Khi d6 (#(X),u,n,") 1a dai sb Boole voi
phan tr khong 13 & va phan tir don vi 1a chinh tap X .
Vi du 1.48: Xét B, ={0;1} tap gom hai phan tir ky hiéu 1a 0 va 1. Ta dinh nghia:

b {1 néu it nhat mot trong hai phan tira,bla 1
avp=

néu nguoc lai

{1 néuca haiphantra,blal {1 néua=0
anb= , a'=

néu nguoc lai 0 néua=1
v |0 1 AlO 1 '
0|0 1 00 O 01

11 110 1 1

thi (B,,Vv,A,) 1a mot dai s6 Boole.

Vi du 1.49: Xét B, ={0;1; a; b}, ta dinh nghia cac phép toan
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vi|i0 1 a b Al0 1 a b '
0lo 1 a b 0o 0 0 0 0|1
11111 1 1001 ab 1 o
aljlal a1l al0 a a0 a |b
blb 1 1 b blo b 0 b b |a

thi (B,,v,A,) 1a mot dai s6 Boole.

Vi du 1.50: Cho m 14 s6 tu nhién 16n hon 1, ky hiéu D(m) 1a tap cac sb ty nhién 1a
uéce s6 cia M. Chang han D(12) ={1,2,3,4,6,12}, D(42) ={1,2,3,6,7,14,21,42} .
Ta dinh nghia cic phép toan v, A,' trong D(m) nhu sau:
a\v b =boi chung nhé nhat ctia a,b;
m

aAnb=u6cchunglénnhiatchaa,b ; a'=—.
a

C6 thé kiém chtng duoc rang cic phép toan vira dinh nghia thoa mén cac diéu
kién By, B,, Bs va B; v6i s6 1 dong vai tro 1 phan tir 0 va sé6 m dong vai tro 1a
phan tir 1. Tuy nhién diéu kién B, néi chung khong dang. Chang han véi m=12
thi 6'=2 va 2v6=6=12.

Nguoi ta chimg minh duoc rang (D(M),v,A,) 1a mot dai sé Boole khi m
bang tich cac sb nguyén to phan biét, vi du m=30=2.3-5, m=42=2-3.7 ....
Tuy nhién 12 =2-2-3 khong thoa man.

1.7.2. Céong thirc Boole, ham Boole va nguyén ly ddi ngiu

Pinh nghia 1.31: M6t biéu thirc chita cac bién duge lién két boi mot sb hitu han 1an

cac phép todn v, A,' va hai phan tr 0;1 ciia dai s6 Boole (B,Vv,A,") dugc goi 1a mot

cong thirc Boole.
Vidu 1.51: (Xvy)Alva (X'AYy)vZ lahai cong thirc Boole.

MJi cong thirc Boole cua dai sé Boole (B,V,A,") xac dinh mot ham nhén gia
trj thudc B vi khi thay cac bién c6 mit trong cong thirc bdi cac phan tir cua B thi
nhan duoc gia tri 1a phém tr cia B. Mdi ham xéac dinh boi cong thitc Boole duoc
goi la ham Boole .

Hai cong thirc Boole xac dinh cuing m¢t ham Boole dugc goi 1a hai cong thuc
tuong duwong. Chiang han XA(YvZ) va (XAY)V(XAZ) 1a hai cong thic tuong
duong, ta ki hiéu XA(YVvZ)=(XAY)V(XAZ).

Pinh nghia 1.32: Hai cong thirc Boole trong dai s6 Boole (B,Vv,A,") duoc goi la

déi ngdu néu trong mot cong thirc ta thay v, A, 0;1 1an luot bang A, v, 1,0 thi ta

duoc cong thirc hai.
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Vi du 1.52: Hai cong thuc XA (yv1) va xv (yA0) la d6i ngau.
Trong mdi tién dé cua hé tién dé B;-Bs cua dai sé Boole déu chua ting cip
cong thirc dbi ngiu nhau, vi vay ta c6 nguyén ly d6i ngiu sau:

Nguyén 1y dbi ngiu: Néu hai cong thire ciia dai so Boole dwoc chirng minh la
twong dwong dwa trén co so hé tién dé B,-Bsthi hai cong thirc doi ngdu ciia chiing
cling twong duong.

Chéng han, ta s& chimg minh av1=1, do d6 theo nguyén 1y d6i ngiu ta ciing
c6 an0=0.

Tinh chit 1.7: Gia sit (B,v,A,") 1a dai s6 Boole v&i phan tir khong va don vi 1a

0;1.Khi d6 véi moi a,b e B ta co:

1) ava=a, arna=a; (tinh lity dang)

2) 0'=1, 1'=0;

3) avl=1l, an0=0;

4) av(aab)=a, as(avb)=a; (tinh hdp thu)

5) Néuton tai ce B saocho avc=bvc va anc=bnac thi a=b;
6) Néu avb=1va arb=0thi b=a'; (tinh duy nhdt ciia phan bi)
7) (avb)'=a'Ab'va (aab)'=a'vb'. (cong thirc De Morgan)

Chiurng minh:
Theo nguyén 1y dbi ngiu ta chi cAn chimg minh cic dang thirc thir nhat tir 1)-7).
1) a=av0 theo Bs
=av(ana) theo B,
=(ava)a(ava) theo Bs
=(ava)al theo B,
=ava. theo B3
2) 0'=0'v0 theo Bs
=1. theo B,, B,
3) avl=av(ava) theo B,
=(ava)va' theo B,
=ava' theo 1)
=1. theo B,
4) av(aanb)=(anl)v(anb) theo Bs
=an(lvb) theo Bs
=anl theo 1)
=a. theo B3
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5) a=av(anc) theo 4)
=av(bac) Vi anc=Dbac
=(avb)a(avc) theo Bs
=(avb)a(bvc) vi avc=bvec
=bv(anc) theo Bs
=bv(bAc) Vi anc=bac
=b. theo 4)

6) Vi avb=1=ava'va anb=0=ana',theo5)suyrab=a'.
7) Ta dé& dang kiém ching (avb)v(a'ab’)=1 va (avb)A(a'ab’)=0, &p
dung 6) suy ra diéu phai chirg minh.

Ap dung cac tinh chit nay cing v&i hé tién dé B;-Bs ta co thé don gian hoa
cac cong thirc Boole bat ky.

Vi du 1.53: Rut gon cong thirc Boole (XA Y)V (XAY)V(X'VY).
Gidi: Tacd (XAY)V(XAY)=XA(YyVvYy)=xAl=X.
= (XAY)VXAY)VXVY)=xv(XVy)=(XvX)vy=1vy=1.

Vi du 1.54: Rat gon cong thire Boole (XA Y)V[XA(yAz)]vz.

Gidi: Taco (XAY)V[XA(YAZ)]vz=(XAY)V[(XAY)V(XAZ)]vz
=(XAY)V(XAZ)vZ=(XAY)V[(XVZ)A(2'V2)]
=(XAY)V[(XVZ)ALl=(XAY)V(XvZ)=[(XAYy)vX]vZ=XxVZ,

Vi du 1.55: Rut gon cong thitc (XAYAZ)V(XAYAZ)V(X'AYAZ).

Gidi: Taco (XAYAZ)V(XAYAZ)V(X'AYALZ)
=[(XAYADV(XAYAD)]V[(XAYAZ)V(X'AYAZ)]
=[(XAYADV(XAYAZ) V(XA Y AZ) V(XA Y AZ)]
=[(xAY)A(zvZ)]V[(yAZ) A(xvX)]
=(XAY)V(YAZ)=YyA(XVZ).

1.7.3. Phwong phép xiy dung ham Boole trong B, c6 gia tri théa man diéu kién
cho trude

Mot vai truong hop khi Gng dung dai s6 Boole dé giai quyét van dé thuc té s&
din dén bai toan can tim cac ham Boole theo cac bién nio d6 thoa méin cac dicu
kién cho trude (muc 1.7.4.2). Trong tiét nay chung ta chi ra hai phuong phap xay
dung cac ham nhu thé. Phuong phap thtr nhat biéu dién ham cin tim dang “téng
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(v) cac tich (A)”. Str dung nguyén 1y dbi ngiu ta c6 phuong phap thir hai dang
“tich c4c tong”.
Dé xay dung ham can tim dang “tdng céc tich” ta thuc hién cac budc sau:
1. Lap bang cac gia trj cac bién X; € B, c6 mat trong cong thirc va gia tri twong
tmg ctia ham F cia cac bién nay (tuong tu bang chan tri trong muc 1.2).
2. Chi xét cac hang ctia bang ma ham F nhan gia tri 1. Trong mdi hang nay ta
1ap biéu thirc 1a A cua cac bién:
# x. néu x, nhan gid tri 1

3

# X' néu X, nhan gi tri 0.

3. Ham F can tim c6 duoc bang cach 1dy v cua cac biéu thire theo hang.
Vi du 1.56: Tim ham cua hai bién F(x,y) nhan gia tri 1 khi X,y dong thoi nhan
gia tri 1 hoac 0.

Lap bang cac gia tri ciia ham va bién:

X y F(x,y) |Biéu thirc theo hang
1 1 1 XNY

1 0 0

0 1 0

0 0 1 X'Ay'

Vay ham can tim 1a F(X,y) = (XA Y) Vv (X'AY).
1.7.4. Ung dung dai s6 Boole vao mang chuyén mach(switching networks)

Ta chi xét cac mang gdm cac chuyén mach c6 hai trang thai dong (dong dién di
qua duoc) va mo (dong dién khong qua duoc). Hai mang don gian nhét 1a mang
song song co ban (basic parallel network) va mang ndi tiép co ban (basic series
network) dugc mo ta trong hinh vé sau:

*— X —@ [ Q O—O
X y

mang song song co ban (hinh 1) mang noi tiép co ban (hinh 2)
Mot mang bat ky co6 thé nhan dugc bang cach ghép nbi tiép hay song song céac
mang co ban nay.

Ta ky hiéu céc chuyén mach bédi cac chir X,Y,z,.... Néu x & trang thai mé ta
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X cho nhan gia tri 0 va & trang thai dong ta cho X nhén gi4 tri 1. Trong mdt mang
néu hai chuyén mach luon cung trang thai thi ta ky hiéu cing mét chit. Hai chuyén
mach cé trang thai luén ngugc nhau, néu mot chuyén mach duoc ky hiéu 1a x thi
chuyén mach kia dugc ky hiéu 1 x'.

Mang song song (hinh 1) nhan gia tri 1 khi c6 it nhat mot trong hai chuyén
mach X,y nhan gia tri 1, ta ky hiéu XV Y. Con mang ndi tiép (hinh 2) nhan gia tri
1 khi ca hai chuyén mach X,y nhan gid tri 1, ta ky hiéu XAYy. Nhu vay
X' XV Y, XAY c6 thé duge xem nhu cac bién nhan gia tri trong dai sé Boole B, (vi
du 1.48). Bang phuong phép niy ta c6 thé biéu dién mot mang bat ky boi mot cong
thirc Boole va nguoc lai. Chang han mang sau day:

O

y
()
N\

Z

() ()
) )
X y'

twong tng vdi cong thirc (Yvz)v(XAY)).

Con cong thire Boole (XA Z)v (Y AZ) v (Y'AX) biéu dién mang:

<O <O =O
(O ~O~O

Chu ¥ rang trong cic cong thirc can xét ta thay(XvYy)' boi x'Ay' va
(XAY) boi x'vy'.

Hai mang N1 va N, duoc goi la twong duwong néu no thyc hién cung mot chirc
nang, nghia 1a v&i bat ky cach chon cac trang thai dong mé & moi vi tri chuyén
mach trong mang thi trang thai dau vao va dau ra ciia N; va N, déu nhu nhau. Nhu
vay hai mang tuong duong khi hai cong thirc Boole tuong ung cua chung la tuong
duong.

Ta c6 thé ap dung dai s Boole dé giai quyét hai van dé sau:
1.7.4.1.Véi mot mang cho trude tim mang twong duwong don gian hon
Vi du 1.57: Tim mang tuong duong don gian hon cia mang sau

Cong thirc Boole tuwong tng: [(X VI)A y] v [((X AW) vV W) A y] .

Ta cd (XAW)vW=w (luat hap thu), do d6 cong thirc trén c6 thé bién ddi

thanh [(xv Z) Ay]v[wAay]=(XvzZvWw)AYy.
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)
N\
y

M)
N\
y

Vay ta c6 mang tuong duong don gian hon

O—o
y

=0O~0 >0

Vi du 1.58: Tim mang tuong duong don gian hon cia mang sau:

() ()
—/ —/
z X
— |
X
z 1

Cong thire Boole trong tmg: [ (ZAX) v (XA(yvz))|[A(zvX)A(zvY).
Taco [(zAX)v(xA(yvz))|a(zvX)a(zvy)
=[@r)v((xay)v(xaz))|a[zv(xAY)]
=[(xA@AZ))v(XAY) |A[zV(XAY)]
=XA[zv(XAY)]=(XAZ)V[XA(XAY)]=(XAZ) V(XA Y)=XA(ZVY).

Vay ta c6 mang tuong duong don gian hon

M
Y
Z
—O— .
X '\
U/
y
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1.7.4.2. Thiét ké mdt mang thoi min cac diéu kién cho truéc

Vi du 1.59: Thiét ké mot mang dién cho mot bong dén & cau thang ma co thé bat
tit & ca hai ddu cau thang.

Gidi: Goi X va Y 1a hai cong tic ¢ hai dau cau thang. Theo yéu cau dit ra ta can
thiét ké mot mang di¢n sao cho khi thay doi trang thai cua mot trong hai vi tri X,V
thi trang thai cua dau ra (bong dén) phai thay doi. Bang gia tri cia ham cho trong vi
du 1.56 thoa man doi hoi nay.

Vay mang can tim l1a

X y
o—0-
X' y'

BAI TAP CHUONG 1
1.1 Hai tap hop A va B trong cac trudong hop sau day co bang nhau hay 14 tap hop
con cua nhau?

a) A={xeR|x*+2x>1f , B={xeR|x>V2-1.

b) A 1a tap moi sb thuc >0, B 1a tAp moi sb thuc > tri tuyét ddi cua chinh
no.

¢) A 1a tap moi s6 nguyén khong 4m co luy thira bac 3 1a mot s6 1¢ khong chia
hét cho 3, B 1a tap cac sd nguyén khong 4m co6 binh phuong trir 1 chia hét cho 24.
1.2 A B,C,D latap con cua E . Ching minh rﬁng:

a) A\ B = khi va chi khi Ac B.

b)Néu AcB,Cc=D thi AuUCcBuUD, ANCcBND.

¢)Néu AUCc AUB, ANCcANB thi CcB.
1.3 Cho A, B la hai tap con ciia E, Chirng minh rang:

a) AcB< BcCA.

b) AcB< AUB=B< AUB=E.

) AcBo ANB=A<BNA=0.

d) A\(A\B)=AnB.

e) An(B\C)=(AnB)\(ANC).

f) AU(B\A)=AUB.
1.4 A,B,C,D latap con cua E . Ching minh réng:
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a) AnB#J < (AxB)N(BxA)=J.
b) (AxC)n(BxD)=(AnB)x(CND).

1.5 * Trong R, xét quan h¢ A xac dinh boi: akb < a’-b*=a-b.
Chirng minh Z 1a mot quan hé twong dwong. Tim 16p tuwong duong a cuaa.
1.6 * Trong tap hop cac sb ty nhién Z, cic quan hé sau c6 phai 1a quan hé tuong
duong khong?

a) aZ’b <> a chia hétcho b.

b) ab < a khong nguyén td véi b .
1.7 * Trong R, xét quan hé A xac dinh bai:

ash < (@ +2)(b*+1) = (B> +2)(@° +1).

Chung minh &2 14 mot quan hé tuong dwong. Xac dinh s6 phan tir cia 16p
tuong duong a cla a.
1.8 * Trong tap cac duong thang trong khong gian, quan hé vudng goc c¢b phai 1a
quan h¢ tuong duong khong?
1.9 * Trong R2xét quan hé¢ (x,y)<(x,y") < x<x', y<y'. Ching minh < la mot
quan hé th tu. Quan hé nay c6 phai 1a quan hé th tu toan phan khong?
1.10 * Ta sip xép thir hang hoc sinh bang cach dwa vao diém kiém tra hai mén hoc,
di€ém mon thtr nhat ky hiéu la X, diém mon tha hai ky hi¢u 1a y. Hoc sinh c6 diém
(%, ;) kém hon hogc bang hoc sinh co diém (X,,Y,), ky hiéu (X, y;) < (X5, Y,)
xac dinh nhu sau:

X < Xy
(X, Y1) < (X, Y,) < {Xl =Xz
Y1=Y2

Gia st diém ctia mon tht hai cta cac hoc sinh 1a khac nhau, ching minh
quan hé < 13 quan hé tht ty toan phan (dugc goi 1a sap thir ty tir dién).
1.11 * a) Cho tap duoc sap (E,<) va hai tip con Ac B < E. Ching minh rang
néu ton tai sup A, sup B thi sup A<supB.

b) Tim ba vi du vé tip duoc sip (E,<) thoa man:

1) Ton tai sup A nhung khong ton tai SUPB .

2) Ton tai SUP B nhung khong ton tai sup A.

3) Ton tai sup A ¢ Anhung ton tai max B.
1.12 Cac anh xa f : X —Y sau diy la don anh, toan anh, song 4nh? Xac dinh anh

xa nguoc néu ton tai.
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a) X =Y =R, f(x)=2x+5.

b) X =Y =R, f(x)=x%—-2x.
c) X =[13],Y =[-L3], f(x)=x"-2x.
d) X =Y =R, f(x)=3x-2|x|.
e) X =Y =R, f(X)=x*+bx+c;b,ceR.
1.13 Cho f:R*—> R va g:R — R xac dinh boi:
f(x) =1/x,g(x) =3x/(x? +1).
a) Anh xa ndo 1a don anh, toan anh. Tim Im f,Img.
b) Xac dinh anh xa tich go f . C6 dang thuc go f =g khong ?
1.14 Cho hai 4nh xa f,g:N—>N xac dinh bai:

fn)=2n, g(n):{?r/nz—l;/élzl :ejla: e
a) Xac dinh tinh chat don anh, toan anh cia f,g.
b) Xac dinh fog,gof.
1.15 Cho anh xa f : X =Y cho A Bc X va C,DcY . Ching minh rang:
a) AcB= f(A)c f(B).
Tim vi du ching to f(A) < f(B) nhung Az B.
b) f(AnB)c f(A) N f(B).
Tim vi du ching to f(A)n f(B) z f(ANB).
c) f(AuB)=f(A)uU f(B).
d f{(CAD)=fC)nf D).
e) fY{(cubD)=f1C)uf D).
f) f}(c\D)=f 1)\ f{D).
Néu f don 4nh thi
g) f(A)c f(B)=AcB.
h) f(AnB)=f(A)nf(B).
1.16 Ky hiéu h=go f lahop ciahai danhxa f: X ->Y,g:Y > Z.
Chtng minh:
a) f,g don anh thi h don anh.
b) f,g toan anh thi h toan anh.
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c) h toan anh thi g toan anh.

d) h don anh thi f don anh.

e) h donanh va f toan anhthi g don anh.

f) h toan &nh va g don anh thi f toan anh.
1.17 * Vi mdi bon s nguyén a,b,c,d e R sao cho ad —bc =1.

Taxétanhxa f:R? - R? xac dinh boi f (X, y) = (ax +by,cx +dy).

Goi # latap hop cac anh xa nhu trén. Chirng minh:

a) Voimoi f €7 thi f lasongéanhva fte7.

b) Néu f,geZ thi foge . Né6icach khac tip F véi ludt hop thanh 1a
hop hai dnh xa 1a mot nhom khong giao hoan.
1.18 * Cho ba tap hop khac trong E,F,G.

a) Cho hai anhxa f :E—>F va g:E—>G.

Chtng minh rang ton tai anh xa h: F —G sao cho ho f =g khi va chi khi
véimoi X,X'eE: f(X)=f(X)=g(x)=9g(x").

b) Cho hai anhxa g:E—>G va h:F > G.

Chtng minh rang ton tai anh xa f :E —F sao cho ho f =g khi va chi khi
véimoi xe E, Ay e F:g(x) =h(y).
1.19 Cho X ¢6 n phén tr . Ching minh #(X) ¢6 2" phan tu.
1.20 * Cho hai phép thé cua tap {1,2,3,4}:

1 2 3 4 1 2 3 4
o= TR .
3 41 2 4 2 1 3
Tim cou, poo, o >, u.
1.21 * Cho n diém khac nhau trong mit phang:
a) Tinh s cac doan thang ndi timg cip diém khac nhau.
b) Tinh s6 cac véc to =0 co cac diém dau, diém cudi tir n diém nay.
1.22 * Tim s6 hang 16n nhét trong khai trién cta nhj thirc (37 +19)%L.
n
1.23 * Véi hai s6 ty nhién n, p €N, ky hiéu S,(n)=> kP

k=0

p+1
a) Chimg minh S_,;(n+1) = > Cf 1S, (n).
k=0
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p
b) Suyra (n+1)P"=>"C5,.S(n).
k=0

n n n
¢) Suy ra céc tong Zk, Zkz, Zk3 :
k=1 k=l k=l

1.24 * Chtng minh rang % = { fo R —)R‘ f(x)=ax+b;abeR,a= O} voi phép
hop anh xa o 1a mot nhém. Nhom nay c6 giao hoan khong?
1.25 * Liiy thira cta phan tir @ ctia nhém G véi phép nhan duoc dinh nghia nhu
sau.
a’=1, a"=aa"*, a™" :(a‘l)n; vneN.
Chting minh rang véi moi mn,k € Z:
aman — ™" (am)” _am (am+n)k _ gkm+kn

1.26 * Cho nhém G voi phép nhan thoa man didu kién (ab)? =a’b® véi moi
a,b € G. Ching minh G la nhom Abel.
1.27 * Cho (G,*) 1a mot nhom, gia st G 1a mot tap hiru han co s6 phan tir chan.
bat S :{ X e G‘ X?=e,x#e } Chtng minh rang quan hé Z xéac dinh trong G
boi:
XAY<Yy=Xhoac y= X1
12 mot quan hé twong duong. Suyra S c¢6 sb phan tilé.
1.28 * Cho G,G' 1a hai nhom lan luot co6 phan tr trung hoa 1a e va e'.
f :G —G'1a mot dong cdu nhém. Chimg minh: f(e)=e', f(a )= f(a)™ .
1.29 * Cho G,G' 1a hai nhém lan luot co6 phan tr trung hoa 1a e va e'.
f :G — G' 1a mot dong ciu nhoém. Ta dinh nghia va ki hiéu hat nhan cua dong cu
nhém f 1a Kerf=f"(e). Chung minh ring f 1a don cdu khi va chi khi
Ker f ={e}.
1.30 * Cho (A,+,-) la mot vanh. Tap con C :{X € A‘ Vaec A:ax= xa} duoc goi
la tam cua A. Gia st Vxe A x*—xeC.

a) Chimg minh rdng (C,+) la mdt nhém con ctia nhém (A, +).

b) Chimg minh rang xy+yxeC véimoi X,yeA.

c) Suy ravanh A giao hoan.

1.31 * Cho A la mét vanh ¢ don vi.
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a) Chung minh rang, néu X,y thoa min Xy = yX thi ta c6 nhi thirc Newton
(x+y)" = Zn:Cr']‘xky”"‘ ,
k=0
trong @6 x° =1, x* la tich k 1an ctia phan tir X.
b) Phan tir X e A duoc goi 12 luy linh néu ton tai mot sd tu nhién N=0 sao
cho x" =0.Ching minh rang, néu X,y luy linh va Xy = yX thi X+ ciing lity linh.

¢) Ching minh rang, néu X luy linh va Xy = yx thi Xy ciing liy linh.
d) Néu x e A Iug linh thi tdn tai (1-X) .
1.32 Biéu dién so d6 mang tmg voi cac cong thic Boole sau:
a) [XV(Yy'AZ)V(XAZ)]V(YAZ).
b) xv[y'v(yaz)vzl.

1.33 Viét cac cong thirc Boole tmg v&i cic mang sau va tim mang tuong duong
don gian hon

() () ()
_/ / _/
X y Z
[ m— ——
X
y 7'
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A CHUONG 2
KHONG GIAN VEC TO

Khai niém khong gian véc to c¢6 ngudn gde tir vat y. Ban dau cic véc to 1a
nhing doan thang c6 dinh huéng, véi khai niém nay nguoi ta da sir dung dé bicu
dién céac dai luong vat 1y nhu: véc to van toc, luc tac dong, luc dién tir .... Cac nha
vat Iy con str dung phuong phap véc to Fresnel dé tong hop cac dao dong diéu hoa.

Cudi thé ky 17 Descartes da dé xuat phuong phép toa d6 dé giai quyét cac bai
toan hinh hoc. V6i phwong phap nay mdi véc to trong mit phing dugc dong nhét
v6i mot cip sb 14 hoanh d6 va tung do con véc to trong khong gian duoc déng nhat
v6i bo ba sb. Cac phép toan ciia véc to (cong véc to, nhan 1 s voi véc to) co thé
chuyén twong tng bang phép toan trén cac bd sd va thoa man mot sé tinh chat nao
d6. Piéu nay ciing duoc tim thdy & cac dbi twong khac nhu cac da thirc, ham so,
V.V... cac ddi twong nay cling co cac phép toan thoa man cac tinh chat tuong tu cac
véc to. Piéu nay din dén viéc khai quat hoa khai niém véc to.

Trong cac cong trinh vé& s6 quaternion tir nim 1843 cua nha toan hoc Anh
Hamilton, nguoi ta c6 thé tim thdy mot dang thd so ctia khai niém khong gian véc
to 3 va 4 chiéu. Hamilton ding cac s6 quaternion dé nghién ciru cac van dé toan 1y.
Sau d6 cac nha vat Iy nhu Maxwell va Gibbs da phat trién dan 1y thuyét khong gian
véc to 3 chiéu. Khai niém khong gian véc to 4 chiéu duoc Einstein (Anh-xtanh) st
dung trong thuyét trong ddi. Ngay nay 1y thuyét khong gian véc to nhiéu chiéu
duoc str dung rong rii trong nhiéu linh vic khac nhau cia toan hoc va cic nganh
khoa hoc khac.

Chung ta thay khai niém khong gian véc to dugc hinh thanh qua mot qua trinh
lau dai trén co so cac thanh tuu vé 1y thuyét ciing nhu Gmg dung thyc té va co tinh
khai quat hoa cao. Vi vy dé hoc tot chuong nay doi hoi nguoi hoc phai ndm viing
khai niém khong gian véc to véi mac do triru tugng cao, con cac mod hinh cu thé 1a
cac khong gian 2 chiéu, 3 chiéu ta da biét & chuong trinh pho thong.

Gi4o trinh ndy chi xét cac khong gian véc to hitu han chiéu, d6 1a cac khong
gian c6 hé sinh hitu han. Trong khong gian nhu thé moi véc to déu c6 thé biéu dién
thanh to hop tuyén tinh ctia cac véc to ctia hé sinh. Mudn cho biéu dién nay 1a duy
nhét thi hé sinh phai doc 14p tuyén tinh, lic d6 ta c6 mot co sé ctia khong gian véc
to. Céc hé sb trong biéu dién & trén duoc goi la toa do cua véc to.

Sinh vién can luyén tap tim toa d¢ cua mot véc to trong cac co s& khac nhau.
Tim h¢ con doc lap tuyén tinh t8i dai ciia mot hé vée to cho trude. Tim hang cua
mdt hé véc to, tim chiéu cta khong gian con. Cong thirc chiéu ctia tong hai khong
gian véc to con, chiéu cia giao ciia hai khong gian véc to con. Thiy duoc méi lién
hé gitra hé con doc lap tuyén tinh t6i dai cua hé sinh va co sd, lién hé gilta hang cua
hé sinh va chiéu cta khong gian sinh bai hé sinh nay (dinh 1y 2.17). Lién hé voi
nhitng phép toan va tinh chat véc to da biét & pho thong.

59



CHUONG 2: KHONG GIAN VEC TO
2.1. KHAI NIEM KHONG GIAN VEC TO

2.1.1. Pinh nghiava cac vi du

Dinh nghia 2.1: Gid su V la tdp khac &, K la mét truong. V dwoc goi la khong

gian véc to trén truong K néu co hai phép todan:

- Phép toan trong (+): VxV >V
(u,V)>u+v

- Phép toan ngoai KxV 5V
(a,u) > au
thod man céc tién dé sau véi moi u,v,weVva a, K
V1) (U+v)+w=u+(V+w),
V2) Tontai 0eVsaocho u+0=0+u=u,
V3) Véiméi ueV cd —ueV saocho u+(-u)=(-u)+u=0,
V4) u+v=v+u,
V5) (a+ pfu=au+pu,
V6) a(U+V)=au+av,
V7) (af)u =a(pu),
V8) 1u=u, trong dé 1 la phan tir don vi ciia K .
Khi K=R thi V duoc goi la khong gian véc to thuec.
Khi K=C thi V duoc goi la khong gian véc to phirc.

Céc phan tir cia V duoge goi 1a cac véc to, cac phan tir cia K duoc goi 1a cac
phan tr vo hudng.

Bon tién dé dau chung t6 (V,+) 1a nhém Abel. Tién dé V5),V6) ndi rang
phép nhan sé v6 hudng voi vée to phan phdi ddi v6i phép cong cua sb vo hudng va
phép cong véc to. Tién dé V7) 1a tinh két hop cua tich cac s6 vo hudng véi phép
nhan voi véc to.

Vidu 2.1: Gia st K 1a mot truong, xét K" ={x=(x,...X))| % €K;i=1..,n},

Ta dinh nghia: (X,...,X,) + (Vs ¥Vp) = 4 + Vi Xy + Y1)

(X, Xy) = (@Xq,...,aX,), VaeK.

D& dang kiém chung lai hai phép toan nay thoa méan 8 tién dé ciia khong gian

véc to cd: Véc to khong 1a 0= (0,...,0),
%/_/
n phan ti

phéan tir d6i ctia X = (X;,..., X;) 18 =X = (=X(,...,=X,) .

Khi K =R ta c6 khong gian véc to thuc R".
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K =C ta c6 khong gian véc to phirc C".
Vi du 2.2: Cho X cR, X =@, ta ky hiéu tip cac ham sé xac dinh trén tap X Ia

R* va dinh nghia phép toan cong va nhan v&i sb thuc nhu sau:

(f+9)t)=f®O+g9), (af)t)=af(t), vteX
RS rang voi moi ham sé f,g xéac dinh trén tip con X c R, véi moi o €R

thi f +g, af ciing 1a cac ham sb xac dinh trén tdp con X cR.

V61 hai phép toan nay R* ¢6 cdu truc khong gian véc to thuc vdoi véc to
khong 12 ham hiang O(t)=0,Vte X, phan tor d6i caa f 1a —f xac dinh boi
(-P)(t)=—"1(t),vVteX.

Vi du 2.3: Goi P, 14 tap cac da thirc thuc bac <n, neN':
P, :{p‘p =ag+at+..+a,t";a,8,..,a, eR}.

Ta dinh nghia phép cong hai da thirc va phép nhan mot sd véi mot da thirc
nhu phép cong ham sd va phép nhan mét sé véi ham s trong Vi du 2.2 thi P, la
khong gian véc to vdi véc to khong la da thirc 0.

Vidu 2.4: Goi P latap cac da thuc,
P= U P, :{p‘p:ao+a1t+...+ant”;ao,al,...,an eR,n eN}.
neN

Ta dinh nghia phép cong 1a phép cong hai da thic va phép nhan véi mot sb
véi da thire theo nghia thong thuong ¢ Vi du 2.3, khi d6 P 1a khong gian véc to va
P, <P véimoi neN,

2.1.2. Tinh chat
1) Vi (V,+) 1a mot nhom Abel nén véc to 0 va véc to d6i —u cia u la duy
nhat véi moi U eV .
2) Co luat gian udc: U+V=U+W=V=W.
3)Véimoi ueV, Ou=0, (-u=-u.
4)Voimoi aeK, a0=0.
5) Néu aqu =0 thi & =0 hoic u=0.
Chirng minh:
1) 2) Xem Dinh 1y 1.4.
3) V6imoi ueV ,(0+0)u=0u+0u.Mit khac (0+0)u=0u=0u+0.
Theo luat gian udc ta ¢6 Ou =0.
Tuong ty voimoi ueV , u+(-u)=0=0u=Q1-Yu=1u+(-1u.
Suyra (-Ju=-u.
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4) 0+a0=a0=a(0+0)=a0+a0=a0=0,Va K.
5)Néu qu=0vagiast a #0=>Ja teK
O=a0=a(au)=(a*'x)u=1u=u.
Tir dinh nghia cua khong gian véc to ta c6 thé mé rong cac khai niém sau:
1) Ta dinh nghia U—V :=u+(-V), khi d6 ta ¢4 quy tic chuyén vé.
u+v=w=u=w-V.
2) Do tinh két hop ciia phép cong nén ta cé thé dinh nghia theo qui nap:

n
DU =ty o+ Uy = (U +o U )+ U
k=1

n
Tuong ty D U = oqUy +...+ &y = (oqUy + ...+ @ _Uy_g) + Uy
k=1
biéu thirc nay duoc goi 1a mét t6 hop tuyén tinh ciia céc véc to (VR U

Tir day tré di ta chi han ché xét cdc khong gian véc to thuc.

2.2. KHONG GIAN VEC TO CON
2.2.1. Dinh nghia va vi du
Gia sir tap con W = ciia V thoa man tinh chat:
YuveW: u+veW; (2.1)
YueW, VaeR: aueW. (2.2)

Khi d6 c6 thé xac dinh 2 phép toan tir khong gian V thu hep vao W :

(+): W xW —>W K xW —W
(u,v) > u+v (a,u) = au

Hai phép toan nay hién nhién théa man cac diéu kién V1), V4), V5), Vo),
V7), V8) cua Binh nghia 2.1.

Ngoai ravi W = & do d6 ton tai it nhat véc to ueW , suyra 0=0u W .

YueW: -u=(-DueWw.

Vay W théa man cac tién d& V1) — V8) ciia khong gian véc to. Noi cach
khac vai hai phép toan thu hep tir khong gian véc to V vao W thi W 1a mdt khong
gian véc to .

Pinh nghia 2.2: Giag su- (V,+,.) la khong gian véc to. Tap con W = cua V théa

man diéu kién (2.1)-(2.2) dwoc goi la khéng gian véc to con cia N (hay néi tdt:
khong gian con cua V).

Dinh 1y sau ddy chi ra mt tiéu chuan dé kiém tra tap con W <V 1a khong
gian véc to con cua V .
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Pinh Iy 2.2: Gid sit W ld tdp con khdc réng cua N . Khi d6 W khéng gian véc to
con cua N khi va chi khi: Véi moi u,veW , voi moi o, f €R thi au+ pveW.

Chirng minh: (= ): V6i moi u,veW , véi moi o, f R thi aueW, pveW , do
do au+ pveW.
(<) VvuveW, VaeR: u+v=lu+lveW, au=au+0u W .

Vi du 2.5: Tir dinh Iy trén ta thdy ring moi khong gian véc to con cua V déu phai
chira véc to 0 cua V.

Tap {0} chi gdm véc to khong 1a khong gian véc to con nho nhat cia V .

V 1a khong gian véc to con 1én nhat ctia V .
Vidu2.6:Tap W, = {u = (X, y,O)‘X, ye ]R} cR31a khong gian con cia RS,
Vidu2.7: Tap W, = {u =(X,Y,2) ERB‘ZX—3y+4Z = O} la khéng gian con cta R3.

Vidu2.8: Tap W; = {u = (X, y,l)\x, y GR} —R? khong 1 khong gian con cua R3.

Vi du 2.9: P, 1a khong gian con ctia P, néu n<m, trong d6 P, la khdng gian cac

da thire bac <n.

Vi du 2.10: Goi C(:b) 1a tap cac ham kha vi lién tuc dén cap k, (k=0,1 2,...),
trong khoang (a,b) cIR. Vi tong cua hai ham kha vi lién tuc va tich cia mot hing
s6 v6i mot ham kha vi lién tuc cling 12 mot ham kha vi lién tuc, vi vay C(:b) la mot
khong gian véc to con cua khong gian véc to R(®0) (Vidu 2.2).

2.2.2. Khong gian con sinh béi mot hg véc to

Cho tap con S bat ky ctia V, néu [~ | hitu han va khac {0} thi khong phai 1a

khong gian véc to con ctia |- |. Vay c0 ton tai khong gian véc to con W bé nhat cia

V chita S khong? Dinh Iy sau day chi ra rang ludn ludn ton tai khong gian véc to
con théa man yéu cau do.
Pinh 1y 2.3: Néu (Wi )iel la ho cac khong gian con cua NV thi ﬂWi cing la khong
iel

gian con cua V .
Chirng minh: Ap dung Pinh 1y 2.2. ta d& dang suy ra diéu can ching minh.

Tu DPinh 1y 2.3 suy ra rang v6i moi tip con S batky cua V ludn ton tai khong
gian con W bé nhét ctia V chtaS. W 1a giao cta tit ca cac khong gian con ciia V
chira S.
Pinh nghia 2.4: Khong gian W bé nhdt chira S dwoc goi la khéng gian sinh boi hé
S, ky hiéuW =spanS, va S duoc goi la hé sinh cuaW .

Khi S hitu han thi W duoc goi la khong gian véc to hitu han sinh.
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Pinh Iy 2.4: W =spanS bang tdp hop tit ca cdc t6 hop tuyén tinh ciaS .

Chirng minh: Goi W' 13 tap tit ca cac to hop tuyén tinh ctaS. Ta ching minh
W' 14 khong gian con bé nhat chta S , nghia AW '=W |

1) Truong hop S hitu han: S ={v;,...,v,} thiW'={av, +...+ @V, | ag,.... o, € R}
(i) Véimoiv, € S, tacov, =1lv, eW', vayS cW"'.
(1) Vo1 moiueW' veW'iu=oqv; +...+aV,, V=BV, +...+ BV, eW'; Vb1
moiy,0 eR:
yuU+ov=y(agvy +...+ o V,) + 0 (BVy +...+ B.V,)
= (yoy + OBV +...+ (Yo, + P )V, W .
Vay W' la khong gian con cua V chta$S .

Ta ciing ching minh dugc W' 13 khong gian véc to con nho nhat chira = |
That vay, gia st W" 1a khong gian véc to con ciia V chira S, khi do:
V6i moiueW', u=aqqVy +...+,V,. Vi W" chtta S nén v;,...,v, eW", do
dou=aqvy +...+ Vv, eW". Vay W' cW".
Twr chung minh trén suy ra W'=W =spanS.
2) Truong hop S vo han tap W' ¢6 dang
W'={051vi1 totoy |,y eR;Vil,...,Vin eS;n=1, 2,...}.

Tuong ty nhu trén ta c¢6 thé ching minh W' 14 khong gian véc to con nho
nhét chira S .

Gidao trinh nay chi xét cac khong gian véc to hitu han sinh.
Gia str S ={Vy,...,V, } 1a hé sinh cua V khi do:

ueV =span{vy,..,Vp} SU=aVy +...+ a4V &, 0, R (2.3)
Vi du 2.11: a) Trong khong gian véc to con W, = {u = (X, y,O)\x, ye ]R} & Vidu 2.6.
Xét hai véc to e =(1,0,0), e, =(0,1,0) . Khi do:

ueW, <u=(xY,0)=x(0,0)+y(0,1,0) = xe, + ye,.

Vay W, =span{e;,e,}.
b) Khong gian véc to con W, = {u =(X,Y,2) eRs‘ZX—3y+4Z = O} 0 Vidu2.7co

tinh chat u=(x,y,2) eW, < 2x-3y+4z=0< x=3/2y—-2z. Vay

u=(x,y,z2)eW, <u =(%y—22, Y, z) :(gy, y,0j+(—22,0, Z) :%(3,2,0)+ z(-2,0,1)
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Taciingco u=(x,y,2) eW, <u :(gy—ZZ, y,zj = y(%,l,oj—z(z,o,—l).

Do do6 W, =span{v',v',}; v} :(g,l,oj,v'z =(2,0,-1).

Nhu vy mot khong gian véc to ¢6 thé duoc sinh bdi nhidu hé sinh khac nhau.
2.2.3. Tong ciia mot ho khong gian véc to con
Gia su W;,W, la hai khong gian con cta V , Ky hiéu:
W+ W, = {u=uy +U, eV |u Wy, U, €W, } .
Taco: Va, B eR;Vu,veW, +W, U =U; +Uy, V=V +Vo;Up,Vy €W, Uy, v, €W,
ou+ BV =a(Uy +Uy) + BV +V,) = (auy + Bvy) + (auy + pV,) eW) +Ws .
Do d6 W, +W, ciing khong gian véc to con cia V Vva goi 1a téng cia hai
khong gian con W, W, .
Tuong tu téng cia cdc khéng gian con W,,....W, ky hiéu W, +...+W, xac dinh
nhu sau:
W+ W, ={ Uy +..+ Uy €V |t eW,i=1,...,n},
ueW, +...+W, <u=u+..+u,; u; eW;i=1..,n. (2.4)
Tuy nhién, n6i chung cach viét trén khong duy nhat.
Ta c6 thé chimg minh dugc
W, +...+W,, =span (W, U...UW,)). (2.5)

Mot cach tong quat ta dinh nghia tong cia mot ho cac khong gian véc to con
nhu sau.

Dinh nghia 2.5: Neu (W,)._

sinh boi UWi duge goi la tong ciia cdc khéng gian Wi, ky hiéu ZWi :
iel il

ay i =Sspan ). Iheodmnh ly 2.4 ta co
Va W, W;). Theo dinh 1y 2.4 )

icl iel

la ho cdc khong gian con cua V. Khdng gian con

W, :{ui1+...+uik‘uij W, i e I,j:l,...,k;k=1,2,...}. (2.6)

icl

Pinh nghia 2.6: Néu moi U eW, +...+ W, duoc viét mot cach duy nhat dwdi dang
U=uU +..+U,; 4 eW,;i=1..n th tong cdc khéng gian con nay dwoc goi la tong
truc tiép. Lic d6 ta ky hiéu W, ®---®W, .

Pinh Iy 2.5: Gia su W;,W, la hai khong gian con cua N, khi do tong hai khéong
gian con nay la tong tryc ticp Wy ®W, khi va chi khi Wy AW, = {0}.

Chirng minh:
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duy nhét suy ra v=0. Vay W; "W, ={0}, do d6 W, "W, = {0}.

(<): Giasa u=u, +u, =V, +v, eW; +W, thi
U —Vy =V, —Uy €W, W, = {0} = U —V; =V, —Uy =0= Uy =V, Uy = V5.
Vay tong ctia hai khong gian con 13 tong truc tiép W, @W,.

Vi du 2.12: X¢ét hai khong gian véc to con W),W, ¢ Vidu 2.6, 2.7 ¢6:

W, +W, =R® ; W, AW, :{%(3,2,0)| y ER}i {(0,0,0)}.

Vay tong cua hai khéng gian véc to con ndy khong phai 13 téng truc tiép.
Ta ciing ¢ thé nhan thiy rang cach viét (2.4) khéng duy nhat. That vay:

u=(x,y,z)=(x,y—4z/3,0)+(0,4z/3,z) eW, + W,

=(0,y—(2x+4z)/3,0)+(x,(2x+4z)/3,2) eW, + W, .
Vi du 2.13: X6t W, & Vidy2.6va W, ={u=(0,y,y)|y eR} cR®
W, +W, =R® ; W, "W, ={(0,0,0)}.

Vay tong cua hai khéng gian véc to con ndy 1a tong truc tiép: R? =W, ®W,.
2.3. POC LAP TUYEN TINH, PHU THUQC TUYEN TiNH

Hé hai véc to {u,v} cung phuong khi c6 thé bicu dién duéi dang u =kv hodc
v=ku, diéu nay twong duong véi: ton tai «, khong dong thoi bang 0 sao cho
au+ pv=0.

Hé ba véc to {u,v,w} dong phang khi c6 thé biéu dién mot véc to thanh t6
hop tuyén tinh ctia hai véc to con lai, didu ndy twong dwong véi: ton tai «, B,y
khong dong thoi bang 0 sao cho au+ Av+yw=0.

Mo rong hai khéi niém nay ta cé khai niém phu thude tuyén tinh dinh nghia
nhu sau.

Dinh nghia 2.7: Cho hé n véc to S = {ul,...,un} ciia V (cdc véc to nay cé thé tring

nhau).

He S = {ul,...,un} phu thuoc tuyén tinh khi va chi khi ta cé thé tim dwoc
ay,....a, € R khéng dong thoi bang 0 sao cho aquy +...+a,u, =0.

H¢ khong phu thuoc tuyén tinh dwoc goi la doc lap tuyén tinh.

Vay hé S = {ul,..., un}déc lap tuyén tinh néu:

Vag,..o, R oguy +..+aU, =0= o =...= ¢, =0. (2.7)
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Vi du 2.14: H¢ {e;,e,,6;} trong d6 e, = (1,0,0), e, =(0,1,0), &5 =(0,0,1) eR’1a doc
1ap, vi néu aye) + ae, + a8y = (o, a3) = (0,0,0) thi o =, =3 =0.
Vi du 2.15: ¢ H¢ chita véc to 0 1a hé phu thudc tuyén tinh.

e Hg¢ hai véc to hé phu thudc tuyén tinh khi va chi khi cung phuong, hé¢ ba
véc to phu thudc tuyén tinh khi va chi khi dong phang.

e Xét cac véc to U, =(4,-2,8), u, =(-6,3,-12), u3 =(3,-2,5) . H¢ hai véc to
{uy,u,} phu thudc tuyén tinh (u, =-3/2u; ), nhung {u;,u;} doc 1ap tuyén tinh.
Pinh Iy 2.6: 1) Néu {v;,...,\v,,} ddc ldp tuyén tinh va U=V, +...+aV, thi cach
viét nay la duy nhat.

2) Hé véc to chira hé con phu thudc tuyén tinh la hé phu thuoc tuyén tinh. Vi
vay, moi hé con cua hé doc ldp tuyén tinh la hé doc ldp tuyén tinh.

3) Mot hé véc to la phu thudc tuyén tinh khi va chi khi c¢6 mét véc to la t6 hop
tuyén tinh ciia cdc véc to con lai.

4) Gia su hé {Vl,...,vn} doc lap tuyén tinh. Khi do hé {Vl,...,vn,u} phu thuoc
tuyén tinh khi va chi khi U la t6 hop tuyén tinh cia cdc véc to Vi,..,V, . Ngoai ra
cdach viét U= BNy +...+ BV, la duy nhdt.

Chirng minh: 1) Gia st U=V, +...+V,Va U= BV, +...+ SV, thi
O=u—-u=(g-pMV+.+(,- BNV, =—-p=..=a,— ,=0.
Do d6 oy = f3,,....a, = f3,. Vay cach viét trén 1a duy nhét.
2) Gia st h¢ S={uy,...,uy,} chia h¢ con {uy,..,u,} phu thudc, khi d6 ton tai
ay,....a, €R khong dong thoi bang 0 sao cho ayuy +...+a,U, =0. Vay c6 thé chon
Qyeris Ay, Oy grer Ay ER, trong d6 g =...=0ty, =0 VA a,...,,, khong dong thoi
bang 0 thoa man oyl +...+ o U, + o U g+ oy, =0.
3) Gia stthé S ={u,...,u,} phu thudc tuyén tinh, khi d6 ton tai a,...,c, €R khdng
dong thoi bang 0 sao cho gy +...+ U, =0.
Gia st g #0 thi uy =—(a, / )u, —...—(a, YU,
4): (<=): suy tu 3).
(=): Gia su {vl,...,vn,u} phu thudc, khi do tdn tai cac sd B, B, va R khong

dong thoi bang 0 sao cho  B'Vy +...+ 3,'V, +au=0. Vi hé {v;,...v,} doc lap nén

a#0,dodo u= —ﬁvl —...—&vn . Cach viét duy nhét suy tir tinh chat 1).
a a
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2.4. HANG CUA MOT HE HUU HAN CAC VEC TO
2.4.1. Hé con ddc 1ap tuyén tinh toi dai

Pinh nghia 2.8: Cho hé S cadc véc to cua khong gian véc to NV . Hé con S' cua hé

S duoc goi la doc lap tuyén tinh t6i dai cua S néu théa mén hai diéu kién sau:
i) S'la hé doc ldp tuyén tinh.
i) Néu thém bat ky véc to nao cia SVa0 S' thi ta c6 hé phu thudc tuyén
tinh.
NGi riéng {v,,...,v,} 1a h¢ doc lap tuyén tinh t6i dai cua V néuhé {v,..,v,}
doc 1ap va khi thém bat ky véc to khic ciia V ta ¢ hé méi 1a hé phu thude.
Pinh 1y 2.7: 1) Néu S' la hé con doc Idp tuyén tinh téi dai ciia hé S thi moi véc to
ciia S 1a t6 hop tuyén tinh cdc véc to cia S' va cdch biéu dién thanh té hop tuyén
tinh la duy nhdt (diéu ndy suy tir tinh chit 2.6).
2) Gia su {Vl,...,vn} la hé con ddc ldp tuyén tinh cia mot hé hitu han S . Khi
dé ta cé thé bo sung them dé dwoc mot hé con doc lap tuyén tinh t6i dai cia S
chita {Vy,...V, }.
That vay, néu {Vl, ...,Vn} khong t61 dai thi ton tai mot véc to ciia S, ta ky hiéu

Vv sao cho hé {vl,...,vn,vn +1} doc lap tuyén tinh. Lap luan tuong tu va vi hé¢ S

n+l>
hitu han nén qua trinh bd sung thém nay s& dimg lai, cudi cing ta duoc hé
(V1 oo Vi Vi1 e Vg - dc 18p tuyén tinh t6i dai ctia S .
Vi du 2.16: Tim hé con ddc 14p tuyén tinh t6i dai hé véc to S ={Uy, U, Uz, U, }:
U =(BL4), U, =(2,-35), Uy =(5,-2,9), U, = (L41).
# Hai véc to {uy,u, } doc 1ap vi khong ti 1é.
# C0 thé kiém tra dugc: Us = Uy +Uy; Uy =U; —Us.

3X+2y=5

x=1
That vay: uz = Xu; + yu, < x—3y:—2<:>{ 1
ax+5y=9 I~
3X+2y=1
x=1
Ug = XUy + YUy << X=3y =4 <:>{ _ g
ax+5y=-1 7

Vay {uy,u,} 12 hé con doc 13p tuyén tinh t6i dai cua S .

Tuong tu ¢ thé kiém tra duge {Uy,Us}, {ug,uy}, {UsUs}, {u,,u,}cling 1

cac hé con ddc lap tuyén tinh t6i dai cua S .
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Qua vi du ta nhan théy mot hé véc to ¢ thé c¢6 nhiéu hé con doc lap tuyén
tinh tdi dai. Tuy nhién s6 cac véc to cua cac hé con doc lap myén tinh toi dai déu
bang nhau. Ta s& chimg minh diéu nay trong muc tiép sau.

2.4.2. Hang cia mot hé hiru han cac véc to
Pinh 1y 2.8 (Pinh 1y thé Steinitz (Xtéi-nit)): Néu hé S déc Idp tuyén tinh cé n véc
to' va méi véc to cia S 1a t6 hop tuyén tinh cdc véc to cia hé R ¢6 k véc to thi
n<Kk.
Chirng minh: Gia st S = {Vl,...,vn}, R= {ul,...,uk}. Ta s& chimg minh rang c6 thé
thay dan cic véc to cia hé R bang cac véc to cia hé S dé co cac hé R, R,,... ma
mdi véc to ciia h¢ S van con 1a t6 hop tuyén tinh cia R, R, ,....

That vay, ta ¢c6 vy =quy +...+ g Uy, V; #0 (Vi S doc lap) nén «,...,a, €R

khong dong thoi bang 0, ta gid sit ay # 0(co thé danh lai s6 thi tu cia R), suy ra

1 a o e 1A
2 2 %]
: 1 a, o
YV, €SV = Biug + Loy ...+ S = Bi| —Vp ——=Uy —...—— Uy |+ SoUy +...+ BUg
2 %] 2
o o
:vizﬁvl+ ,Bz—ﬂl 2 Uy +..t ﬁk—ﬂl K u, .
% %] %]

Vay moi véc to ctia S van con 13 t6 hop tuyén tinh cac véc to cta R,.
Tuwong tu ta cO Vo=V +Loly+...+ B, Vi {v,v,}doc lap do do

Lo B €R khong ddng thoi bang 0, ta gia st 3, #0.

Khido u, =iv2 —ﬂvl—&% —...—&uk.

P " B P P

Xét hé R, ={V;,V,,Us,...,U }, chimg minh tuong tu trén ta cling c6: moi véc
to ctia S van cOn biéu dién thanh t6 hop tuyén tinh cac véc to clia R,.

Néu n >k, tiép tuc qua trinh nay cudi cing ta dugc moi véc to ciia S 13 to
hop tuyén tinh céc véc to clia hé R, ={V;,V,,...,V }, 1a hé con cua S . Diéu ndy mau
thudn v6i gia thiét hé S doc lap tuyén tinh. Vay n<k.

Dinh 1y 2.9: Moi hé con doc ldp luyén tinh t6i dai ciia hé hitu han S cdc véc to cia

V' déu c6 s6 phan tir bang nhau.

Chirng minh: Gia su {Vi yoens Vi }Vél {V- ey Vi }lé hai h¢ con doc lap tuyén tinh toi
1 k h In

dai cia hé S 1an luot c¢6 k phén trvan phﬁn ttr. TUr tinh t6i dai cuia mdi hé, suy ra

rang moi véc to ctia hé nay 1a t6 hop tuyén tinh cac véc to caa hé kia. Ap dinh Iy

thé 2.8taco n<k va k<n,viy n=Kk.
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Pinh nghia 2.9: S6 cdc véc to cia mot hé con doc lap tuyéh tinh t6i dai cia hé S
dwoc goi la hang (rank) cia S, ky hiéu r(S).

Qui wée hé {0} chi c6 véc to khdng cé hang la 0.
HE véc to S ={Uy,U,,Ug, Uy} :
=314, u,=(2,-35),u;=(5,-2,9), u, =14,-1).
Céc hé con doc lap tuyén tinh t6i dai {uy,u,},{u;,Us}, {u,u,}, {u,,us},
{uy,uy}, {Us,u,} déucé 2 phén tir. Vay r(S)=2.

2.5. CO SO, SO CHIEU CUA KHONG GIAN VEC TO
Pinh nghia 2.10: Méi hé sinh déc lap tuyén tinh cua N dwoc goi la mot co so cua
V.

Dinh ly 2.10: Gia su {el,...,en} la mét hé cdc véc to ciia V. Cde ménh dé sau la
twong duwong:

(i) Hé {e,...e,} lamdtcosocuaV .

(i) He {el,...,en} la hé déc Idp tuyén tinh téi dai ciia V .

(i) Moi véc to u eV ton tai mot cach viét duy nhdt:

U=X€ +..+ X8y, Xy X, €R. (2.8)
Chitng minh: (i)=(ii): Hién nhién tir dinh nghia ctia co s¢ va tinh chat 2.7.

(ii)=(iii): Suy tir tinh chat 2.6 va tinh chét 2.7.

(iii)=(i): Ro rang {e,,...,e,} 1a hé sinh.

Gia st X€ +...+%,8, =0, ta cling c6 0=0g +...+0g,. Do cich viét duy nhat
suyra X =..=X,=0.Vay {e,..,e,} 1a mt hé sinh doc lap, do d6 1a mét co sg.
Pinh nghia 2.11: (X;,...,X,) trong (2.8) duoc goi la toa do cia véc to u trong co so
{eyutn}.

Ta ky hiéu toa do ctia véc to U trong co s #B ={e,....e,} 1a (u)

Vay néu U thoa mén (2.8) thi

(u)%) = (Xgyeer X ) - (2.9)

e, =11, e', =(4,3) la hai co sé cua khong gian véc to R?.

Véimoi u=(x,y) eR%: u=(xy)=(x0)+(0,y)=x{0)+y(0,1) = xe, + ye,.
Giast u=(x,y)=x"e1+y'e’, =x'01D)+y'(43)=(x+4y', x+3y).
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Do d6 {X+4y :X<:> {X :4y_3X.Vay:
X+3y'=y y'=x-y
u =(X,¥); (u =(4y-3X,X—V). 2.10
()g%,(y)()e%,,(y y) (2.10)

Chang han u = (3,1), (u) o (-5,2); v=(-12), (v) o (11,-3).

Cosé # ={e,e,} dugc goila co s& chinh tic cua R?.

Dinh Iy 2.11: Gia su V la khong gian véc to hitu han sinh va {Vl,...,vk} la hé doc
ldp tuyén tinh cdc véc to cia N . Khi d6 c6 thé bo sung thém dé c6 dwoc hé

(Voo Vi Vi e Vs [ mot cor s6 ciiaV

Chitng minh: Gid st V ¢6 mot h¢ sinh c6 n véc to. Néu S ={v,,...,v, } khong phai
1a co so thi S khong phai 1a hé sinh, theo tinh chat 2.6-3) ton tai véc to, ta ky hiéu
V.1, Sao cho hé {Vl,...,vk,vk +1} doc lap tuyén tinh. Tiép tuc quéa trinh nay cubi
cung ta ¢ hé {Vy,.... Vi, Vi1, Vi | d0c 1p tuyén tinh va 1a h¢ sinh,k +m<n
(theo B dé 2.8). Vay {Vpseees Vi Vit Viyn 12 mOt co 86 can tim.

Hé qua 2.12: Moi khong gian hitu han sinh déu ton tai co s6.

Pinh Iy 2.13: 6 phan tir ciia moi co sé ciia déu bang nhau.

Chirng minh: Ap dung Dinh 1y 2.8 ta suy ra hai co s bat ky caa V déu c6 s6 phan
tor bang nhau.

Pinh nghia 2.12: Sé véc to ciia mot co sé cia N duoc goi la s6 chiéu cua V , ky
hiéu dimV . Quy wéc dim{0} =0.

Vi du 2.18: Trong khong gian R" taxéthé B ={e,,...,e,} trong do:

&, =(10,..,0), & =(0,1...,0) ... &, = (0,0,....1) 2.11)
1a mot cosocia R" goi 12 co so chinh tic. Vay dimR" =n.
Vi du 2.19: Hé¢ & = {1,t,...,tn} 14 mot co sé ctia P, goi la co s& chinh tic. Vay
dimP, =n+1.
Dinh Iy 2.14: Gid si: dimV =n va S ={vy,....V,} la hé m véc to ciia V' . Khi do:

(i) Néu hé S déc ldp tuyén tinh thi m<n.

(i) Néuhé S la hé sinh ciia thi m>n.,

(i) Néu m=n thi hé S doc ldp tuyén tinh khi va chi khi S 1a hé sinh.
Chitng minh: Goi % 1a mot co so ciia V . Ap dung Dinh 1y thé Steinitz cho hai hé
2 va S suy ra cac diéu can ching minh.
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Nhén xét 2.1: Khong gian 1a mot vi du vé khong gian véc to khong hiru
han sinh. That vay, hé c6 v6 han véc to va doc 1ap tuyén tinh nén khdng

gian véc to P khong thé 13 hitu han sinh.
Pinh Iy 2.15: Gia su: Wy, W, la hai khong gian con cua V' , khi do
dimW, +dimw, =dim(W, +W,) + dim(W, "W). (2.12)
bac biét:
dim(W, ®W,) =dimW, +dimWw, . (2.13)
Chirng minh: Gia sit {e,,...e} 1a mdt co s¢ cua W, "W, (néu W, "W, =@ thi
| =0). Theo dinh 1y 2.11 ta c6 thé bo sung thém dé { el,...,el,ul,...,um} la mét co so
cua Wy va {e,...e, V...V, } 1a mot co s¢ cua W, . Vi moi veW, +W, thi:
V=X +X")e +...+ (X +X'))e + YUy .o+ YUy + 29V +.o+ 2V,
Vay {€,....6,Up,.., Uy, Vi, Vi } 12 hé sinh ciia Wy +W, .

Mat khéc, gid sit %€ +...+ X€ + YUy +...4+ YUy, + Vg +...+ 2,V =0 (%)

thi x& +...+ %€ + YU +...+ YUy = =2V —... — Z,V, €W, NW,.
=2V —..— LV =g +..+ g eW, MW, = 2 +.. 4+ 7 v +te +..+ g =0
Vi{e, ...V, V) doclap =z =..=z, =t =...=t, =0.

Thayvao (*) =X =..=x =Yy, =...= Y, =0.

Vay {€),....,8,Uy,...,Up, Vi, Vi } 18 mot coso ciia Wy +W, .
Do do: dimW, +dimW, =2l + m+k =dim(W, +W,) + dim(W, "W,).
Pinh Iy 2.16: Gia sir S la hé hitu han cac véc to cia NV, Sy la mét hé con ciua S .
Dat W =spansS . Khi do:
(i) Sy la mét hé con ddc lap tuyén tinh toi dai ciia S khi va chi khi Sy la mét
co so cia W , do d@é r(S)=dimw .
(i) Khi thire hién mot s6 hitu han cdc phép bién doi so cdp sau lén hé S :
e Nhdn mét s6 khac 0 véi mot véc to ciia hé S ;
e Cong vao mot véc to cua hé S mot 16 hop tuyén tinh cac véc to khac
ctia S ;thi hé S bién thanh hé S'.
Dat W'=spanS' thi W =W", do d6 r(S)=r(S) =dimW .
Chiing minh: (i) Gia sir Sy 1a hé con doc lap tuyén tinh t6i dai cia S thi S, ciing

sinhra W, do d6 S, 1a mot co sé cia W . Nguogc lai néu Sy 1a mot co s cua W thi
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Sy 1a hé con doc lap tuyén tinh tdi dai cia W, do d6 cling 1a hé con doc lap tuyén
tinh toi dai cia S .
r(S) = sb véc to ciia Sy =dimW .
(i) Co thé kiém ching raing S'cW do d6 W'cW. Tuong tu ciing co
WcW',
Vay W =W '=r(S) =r(S").

Nhén xét 2.2: Dé tim hang ciia hé véc to {Vp, Vo,V | ta co thé str dung 2 cach

sau.
Céach 1: Ap dung dinh 1y 2.16 bang cach thyc hién cac phép bién d6i so cap 1én hé
véc to di cho dé dua vé hé véc to ma ta d& dang nhan dugc hang cua no.

Khi thuc hanh ta c6 thé viét toa dd cac véc to thanh mot bang, moi véc to
nam trén mot cot, sau do bién ddi 1én cac cot cla bang ) (déi vi tri 2 ¢Ot, nhan mot
s6 khéac 0 vao 1 cét, cong vao 1 cOt mot to hop tuyén tinh cac cot khac) dé dua bang
sO twong tmg vé bang sé ma cac phan tir & bén trén duong chéo bang 0 c6 dang
hinh bac thang. Khi d6 cac cot khac 0 tao thanh hé véc to doc lap tuyén tinh toi dai
can tim.

*0 00
* % 0 O
* % * O
* % * *

trong d6 cac phan tir * 1a tly ¥ c6 thé bang 0, nhung cac phan tir khic 0 ¢ vi tri trén
cung cua cac cdt tao thanh hinh bac thang.
Céch 2: Ap dung tinh chat 2.6 theo ting budc nhu sau:

1. Loaicac vécto v; =0,

2. Giasu Vi, # 0, loai cac véc to v; ti 1¢ voi Vi,

3. Sit dung Pinh 1y 2.6, y 4: Gid st h¢ {v; ...V, | doc lap, khi d6 h¢
{Vi»-Vi,» Vj | doc lap Khi va chi khi v; khong biéu dién thanh t5 hop tuyén tinh

cua {vil,...,vik }; Béng cach nay ta bo sung vao hé 2 véc to doc lap dé co hé 3 véc to
doc lap va tiép tuc nhu thé. Hé khong bod sung thém duoc s€ 1a hé doc lap myén tinh
tdi dai.

Vi du 2.20: Tim hang cta hé véc to sau:

v=1111),v,=(1-11-1),v;=(1313),v,=(1202),v:=(1212).
Giai: Cachl:
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1 1 111 1 0 0 0 O
1 -1 3 2 2 1 -2 2 1 0
%

1 1 101 1 0 0 -11
1 -1 3 2 2 1 2 2 1 0

(Cot1 —> cotl,cot2-cotl > cot2,cot3-cotl > cot 3, cotd-cotl > cot4,
cot 5 - cotd — cot S)

10 000 10000
1 2000 11000
— -
10 001 10100
1 2000 11000
(Cot 3 +cot 2 — cot 3, cot 4 +(1/2) cdt 2 - cot 5 — cot 4).

(-1/2¢6t 2 — cot 2, cot 5 — cot 3).
Vay hé véc to c¢6 hang 1a 3.
Cach 2: v;, v, khong ti 1¢ nén doc 1ap. Néu vy = xv; + yv, thi
X+y=1
X—-y=3
X+y=1
X-y=3

= X=2,y=-1.

Vay V3 =2v;—V, . Nghiala {v;,V,,v3} phu thudc.

X+y=1
A N X—= y = 2 A A [N A A A
Néu v, =xv;+ YV, thi 0’ h¢ vo nghiém. Vay {v;,v,,v,} doc lap.
X+Yy=
X—-y=2
X+y+z=1
A L X—y+2z=2
Neu Vg = XV; + YV, + 2V, thi = x=3/2,y=-1/2,2=0.
X+y=1
X—y+22=2

Nghia 1a vg =3/2v;—1/2v,. Do d6 {v;,V,,V,,Vs} phu thudc.

Vay {v;,V,,V,} 1a mot hé con doc lap tuyén tinh t6i dai coa {V1, V5, V3,V V5 )

BAI TAP CHUONG 2

2.1.Tap R3 véi céc phép toan dugc dinh nghia trong cac trudong hop sau cé phai la
khong gian véc to khong? Chi rd tién dé ma phép toan khong thoa man.

N Xy,2)+(x,y,2)=(X+x,y+y',z+2"
a(x,y,z)=(ax,y,7) ; a R '
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o {(x,y,z)+(x',y',z'):(x+x',y+ y',z+12")

a(X,Y,2) = (2ax,2ay,2az); a e R

Xy, 2)+(x,y,z2)=(X+x+Ly+y+1lz+z2'+1)
a(x,y,z) =(0,0,0); a R '
2.2. Xét c4c ham s0 x4c dinh trong doan [a,b] =R véi cdc phép cong hai ham sb

va phép nhan ham sb véi sd thuc. Tap cac ham sé sau c6 phai 1a khong gian véc to
khong?

a) Tap cac ham lién tuc trong doan [a,b].
b) T4p cac ham so kha vi trong khoang (a,b).
c) T4p cac ham s bi chin trong doan [a,b].
d) Tap cac ham sb trong doan [a,b] théa man f(b)=0.
e) Tap cac ham s trong doan [a,b] thoa man f(b)=1.
f) T4p cac ham s6 khong Am trong doan [a,b].
2.3. Tap hop cac véc to c6 dang sau co phai la khong gian con cua R* khong?
a) Cac véc to c6 dang (X,0,0).
b) Cac véc to c6 dang (x,1,1).
¢) Cac véc to co dang (X, Y,2) thod mdn x+y+2z=0.
d) Cac véc to co dang (X,Y,2) thoa man x+y+z=1.
e) Cac véc to co dang (X,Y,2), 2x—y+z=0, x+y—-4z=0.
2.4. Tim X,y,z néu (2,—-3,4)=x(111)+y(11,0)+2(10,0).
2.5. Hay biéu dién véc to U thanh t6 hop tuyén tinh ctia vy, V,, Vs
a) u=(7,-2,15); v; =(2,3,5), v, =(3,7,8), v3 =(1,-6,2).
b) U=(L4,-7,7); v, = (4,1,3,-2),V, = (1L.2,-3,2) ,V; = (16,9,1,-3).
2.6. Hay xac dinh 4 sao cho U 13 t6 hop tuyén tinh ctia v;,V,, Vs
au=(7,-2,1); vy=(235), v,=(3,7,8), v;=(1,-6,1).
b) u=(L35): v =(3,25), V, =(2,47), Vs =(56,1).
2.7. Viét da thirc p = —3+4x+ x? thanh t6 hop tuyén tinh cua cac da thic
P =5-2x+x%, p, =—3x+2x%, p3 =3+Xx.
2.8. Chung minh {Vl,vz ,V3} la mdt co sé cua RS, tim toa d§ cua U trong co s&
nay.
a) U=(6,914); v, =111, v, =(1L,12), v;=(12,3).
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b) u=(6,2,-7); v,=(2,1,-3), v, =(3,2,-5), v =(1,-11).

2.9. M6i hé véc to sau c6 sinh ra R khong?
a) u=(111), v=(2,2,0), w=(3,0,0).
b) u=(2,-1,3), v=(4,1,2), w=(8,-18).
c)u=(314), v=(2,-35), w=(5-2,9), s=(14,-1).
2.10. Cac hé véc to dudi day doc 1ap hay phu thudc tuyén tinh.
a) u=(4,-2,6), v=(6,-3,9) trong R3.
b) u=(2,-31), v=(3,-15), w=(1,—4,3) trong R*.
c) u=(54,3), v=(332), w=(8,13) trong R®.
d) u=(4,-5,2,6), v=(2,-2,1,3), w=(6,-3,3,9), s =(4,-1,5,6) trong R*.
2.11. Tim chiéu va mdt co so clia cac khong gian con cia R* x4c dinh nhu sau:
a) Cac véc to co dang (a,b,c,0).
b) Céc véc to co6 dang (a,b,c,d)véi d =a+b vac=a-Db.
¢) Cac véc to co dang (a,b,c,d) véi a=b=c=d.
2.12. Tim chiéu va mot co sé ctia khong gian con sinh boi hé cac véc to sau:
a) v, =(2,4,1), v, =(3,6,-2), v =(-1,2,-1/2).
b) vy =(0,0,-1), v, =(2,1,1,0), v =(1111), v, =(12,3,4), vs =(0,1,2,3).
c)v,=11110), v, =(11-1,-1,-1), vy =(2,2,0,0-1), v, =(1,1,5,5,2),
vs =(1,-1,-10,0).
2.13. Chimg minh rdng tip cac ham kha vi trén [a,b] va thoda man f'+4f =0 tao
thanh khong gian con cua C[%;b]. Tim mot co sé va sb chiéu cua khong gian con
nay.
2.14. Cho 3 véc to v;,V,,V, ctia khong gian véc to V . Chung minh:
a) Néu {v;,v, }doc lap thi {v, +v,,v; —v,} ciing doc lap.
b) Néu {V;,V,,v5} doc 1ap thi {V; +V,,V, +V3,V3+V; } cling doc 1ap.
2.15. Chirng minh néu hai hé véc to {Vl,...,vn} va {ul,..., um} cua khong gian véc to
V ma mdi véc to cia hé nay déu co thé biéu dién thanh t6 hop tuyén tinh cia hé kia
thi hai hé d6 c6 cung hang.
2.16. Gia sir U,V va W la ba khong gian véc to con ctia cung mot khéng gian véc
to. Chimg minh ring (U NV)+U nW)cU NV +W).
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2.17. Trong khéng gian R* xét cac vée to: u =(1,2,-13), u,=(2,4,1,-2),
u; =(3,6,3,-7);vav, =(1,2,-411),v, =(2,4,-514) . bat U , V la hai khong gian
véc to con cia R* 1an luot sinh bai hé véc to {Uy,Up,Us} V& {v;,v,}. Chimg minh
rang U =V .

2.18. Chirng minh rang céc tip con sau

V ={(x,y,z)eR3\x+ y+z=0}, W ={(x,y,z)eR3\x—y—z=0}

la cac khong gian con cua R®. Tim mot co sé cuaVnW,V,W.
2.19. Chirng minh rang céc tip con sau
V= {(x, y,z) eR%|x :0}, W = {(x, y,z) eR%|y :O}

la cac khong gian con cua R3. Xé4c dinh V AW,V +W . Tong nay c6 phai 1a tong
tryc tiép khong?
2.20. Trong khong gian R xét:

V =span{(1,0,0,2);(0,2,1,-1);(-1,6,3,7)},

W =span{(3,2,0,1);(1,2,1,1)}.

Tim s6 chiéu ciia V,W,V AW,V +W .

2.21. Tim diéu kién cta X,y,z d& u=(x,y,z) eR® thudc khong gian véc to con
sinh bdi: u; =(2,1,0) , u, =(1,-12), u; =(0,3,-4).
2.22. Ching minh rang W = {(x, y,O)‘x, y GR} la khong gian véc to con sinh bdi
hai véc to U,V trong do :

a) u=(,2,0), v=(0,1,0).

b) u=(2,-10), v=(1,3,0).
2.23. W, W, la hai khéng gian véc to con cua R? xac dinh nhu sau:

Wy ={(x,y,2)|x y,.zeRix=y =2}; W, ={(0,y,2)| y,zeR}.
Chutmg minh ring R® =W, ®W, .

2.24. Cho hai véc to u = (1L—3,2) , U, =(2,-1,1) cia R®.
a) Viét (1,7,—4) thanh t6 hop tuyén tinh ctia hai véc to uy, U,.
b) Viét (2,—5,4) thanh t6 hop tuyén tinh ctia hai véc to Uy, U,.
¢) Tim cac gia tri cua k dé (L k,5) viét duoc thanh t6 hop tuyén tinh cta hai véc to

Uy, Uy.
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d) Tim diéu kién X,y,z dé (x,y,z) viét dugc thanh t6 hop tuyén tinh cta hai véc to
U, U,.
2.25. Tim W, nW,, trong do : W, :{(X, y,O)\ X,y ER}. W, la khong gian véc to
con cia R® sinh béi hai véc to @,2,3) va (1,-11).
2.26. W;,W, W, 1a ba khong gian véc to con cua R® x4c dinh nhu sau:
W ={(%Y,2)|% Y, ZeR;x+y+2=0};W, ={(X,Y,2)| XV, eR; x = z};
W, ={(0,0,2)| zeR}.
Chutmg minh ring: a) R® =W, +W,; b) R® =W, +W;; ¢) R® =W, +Wj.
Trong céc tong trén trudng hop nao 1a tong truc tiép.

2.27. Gia sit W 13 khong gian véc to con ctia khong gian véc to n chiéu V . Ching
minh rang dimW <n. dimW =n khi va chi khi W =V .

2.28. Cho W;,W, la hai khong gian véc to con ctia R* xac dinh nhu sau:
W ={(x, Y.z y,z,teR;y+z+t=0};
W, ={(x,y,z.t)|x,y,2,t eR;x+y =0,z =2t}

Tim mot co s& va chiéu cua cac khong gian véc to con Wy, W, va W, AW, .
2.29. Gia st W;,W, 1a hai khong gian véc to con 2 chidu cua R°. Chting minh rang
W, "W, = {0}
2.30. Gia st W;,W, 1a hai khong gian véc to con cua R® thoa mian diéu kién
dimW, =1, dimW, =2 va W, ¢ W, . Chitng minh ring R> =W, ®W, .
2.31. Gia su W;,W, Ia hai khéng gian con cua khong gian véc to V sao cho
W, UW, =V . Chtmmg minh W; =V hoac W, =V .
2.32. Gia su W;,W, 14 hai khong gian con cua khong gian véc to V . Chirng minh
rang hai tinh chat bat ky trong ba tinh chat sau kéo theo tinh chat tht ba:

1) W, "W, ={0},

2) W, +W, =V,

3) dimW, +dimW, =dimV .

2.33. Chirng minh rang moi khong gian con W cta V' déu cé bu tuyén tinh, nghia
1a ton tai khong gian con Z sao cho V =W @Z . Hoi Z c¢6 duy nhat khong?
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2.34. Cho hé véc to {v,,...,v,} ctia khong gian véc to V. Chimg minh ring hé
n
{Vl,...,vn} doc lap tuyén tinh khi va chi khi ZRVi 1a tong tryuc tiép va v; #0 voi
i=1
moi i =1,...,n.
2.35. Gia sit V =W, ®...®W, . Chirg minh rang:
a) Néu .7 1a mot hé¢ doc lap tuyén tinh cia W; v6i moi i=1,..,n thi
S, U...0F) 1a hé doc lap tuyén tinh ctia V .
b) Néu .% 1a mot hé sinh ctia W, v&i moi i =1,...,n thi .% U...U.%, 1a h¢ sinh
cua V.
¢) Néu S 1la mot co so cua W; voi moi i=1,...,n thi FU...u.% 1a mot co
socua V.
2.36. Gia sir Ky,...,k, 1a n s thuc cho trudc, trong R" xét tap:
W = {v = (%o %) €R" [ kyXg +.. KX, = O} :

a) Chung minh W 13 khong gian con caa R".
b) Chimg minh rang dimW =n—1 néu ky,...,k, khong dong thoi bang 0.

2.37. Cho hé véc to M :{vl,...,vp,ul,...,uq} cta khong gian véc to V. Gid st hé

M, = {vl,...,vp} cohangla m vahé M, = {ul,...,uq} c6 hang n. Chirng minh hang
cia M <m+n.
2.38. Gia sir V 1a khong gian véc to va . la hé sinh hitu han cua | |.

a) Ching minh rang, ton tai co s # cia V saocho 8 C.7.

b) Cho hé doc 1ap tuyén tinh % ctua V théa man % C.% . Chimg minh rang
tdn tai co s6 B cuaVsaocho U CBC Y .

¢) Cho hé doc 1ap tuyén tinh % cua V , chimg minh riang ton tai co s& 4 cua
V saocho wC By V% .
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CHUONG3
MA TRAN VA PINH THUC

Ly thuyét ma tran c6 mit khip noi, trong toan hoc ciing nhu trong cac nganh
khoa hoc khéc. Vi vdy ching ta d& 1am tudng rang 1y thuyét ma tran ra doi da lau
lam nhung thuc té 1y thuyét ndy méi ra doi tir dau thé ky 19, mic du nhiéu loai
bang s6 ¢ tinh chat dic biét da duogc biét dén tir hang tram nam nay. Cac ma tran
vudng xudt hién dau tién & dau thé ky 19 trong cac cong trinh vé dang toan phwong
hay vé cac toan tir tuyén tinh. Phép nhan hai ma trdn vudng cip 3 dugc Gauss
(Gau-x0) dua ra vao nam 1801. Tén goi ma tran dugc nha toan hoc Anh Sylvester
(Synvét) dua ra nam 1850. Cayley (Ké-li) 1a nguoi dau tién mo ta mot cach tong
quat cac phép tinh vdi cac ma tran bat ky va ma tran nghich dao (1858). Peano 1a
ngudi dau tién dua ra cach biéu dién mot anh xa tuyén tinh qua ma tran. Gauss 13
nguoi dau tién sir dung ma tran dé nghién ctru cac dang toan phuong.

Ky hiéu ma tradn c6 dong, rat c6 ich va thuan tién trong khi thuc hién céc
phép bién ddi tuyén tinh (chuong 5) va cho phép ta phat trién mot phuong phap
hoan chinh dé giai cac hé phuong trinh vi phan tuyén tinh. Sy quan tdm ctia cac nha
vat Iy d6i voi Iy thuyét ma tran, dic biét tang 1én sau khi Heisenberg, Born, Jordan
vao nam 1925 di dung nd trong cac bai toan cta co hoc lugng tir. Su phat trién cta
may tinh hién dai thuc hién dé dang nhitng phép tinh ma trin co ban cang thuc day
thém su ing dung rong rai ma tran vao nhitng linh vyc khéc.

C6 nguoi vi ma tran nhu 13 s6 hoc ciia toan cao cap. Cach vi von nay hoan
toan hop 1y vi ma tran dugc st dung rong réi trong cac chuyén nganh khac nhau
ctia toan hoc. V&i tu cach 13 sy biéu dién ctia cac phép bién dbi tuyén tinh, ma tran
dugc str dung trong céac bai toan cuc tri cia ham nhiéu bién, dao ham ham hop, ma
tran Jacobi trong phép doi bién s, giai cac hé phuong trinh vi phan tuyén tinh. Cac
ma tran duong ding dé biéu dién céc dic trung cia véc to ngau nhién, biéu dién
xac sudt chuyén cua chudi Markov trong 1y thuyét xac suit. Ma tran con dugc s
dung dé giai cac bai todn quy hoach tuyén tinh, phan loai cac dudng, mat bac 2...

Chuong trinh phan mém MATLAB (Matrix laboratory) hd trg cho viéc tinh
toan, do hoa va mo phong cling dugc thyc hi¢n trong mdi trudng ma tran.

Ném vitng khai niém ma tran gitp hoc vién hoc tdt cac chuong tiép.

Trong chuong nay ta chi xét khai niém ma tran cung véi cac phép toan cong
ma tran, nhan mot sé véi ma tran, nhan hai ma tran, ma tran chuyén vl va ma tran
nghich dao.

Tap hop cac ma tran cing c& véi phép cong ma tran va phép nhan mot sb
v6i ma trin 14 mot khong gian véc to. Tap hop cac ma trdn vudng cung cip véi
phép cong ma tran va phép nhan ma tran v6i ma tran 1a mot vanh c¢6 don vi, khong
giao hoan va khéng nguyén.
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Str dung khai niém khong gian véc to ta c6 cac khai ni€ém: Ma trdn cua mot
hé véc to trong mdt co sé nao do; Ma tran chuyén co s&; Cong thirc doi toa do viét
dudi dang ma tran. Hang cia ma tran la hang ctua hé véc to cot.

Ma tran tryc giao va bai toan chéo hoa truc giao cua mdt ma tran dugc xét
trong chuong 6 bang céach str dung tich v hudng.

Ma tran va dinh thirc ngay nay ludn di lién véi nhau va ai ciing nghi 13 khai
niém dinh thirc phai ra do1 sau khai niém ma tran, nhung sy thuc ngugc lai. Pinh
thirc hinh thanh 13 nhdm dé giai cac hé phwong trinh tuyén tinh ma viéc 1am nay da
c6 mot lich str 1au doi trude do.

Khai niém dinh thtrc 1an dau tién duoc Leibniz (Lépnit) dua ra vao nim
1693 khi ban dén viéc giai hé phuong trinh tuyén tinh. Dinh thirc duoc tiép tuc phat
trién va nghién chu qua cac cong trinh cua Cramer (Corame) (Thuy si),
Vandermonde (Vandécmong) (Ha Lan), Laplace (Phap), Jacobi (ia-c6-bi) (Puc)...
Nguoi du tién nghién ctru khai niém dinh thirc mot cach hé thong 1a Cauchy (Co-
si) (Phap).

Ngoai tng dung dé giai hé phuong trinh tuyén tinh, dinh thirc con duoc st
dung dé nghién ctru nhimg van dé ciia ma tran nhu: ma tran nghich dao, hang cua
ma tran, tim gid tri riéng... Khdo sat tinh chat doc 1ap cua mot h¢ véc to. Pinh thirc
Jacobi duoc st dung trong phép doi bién sd cua tich phan nhiéu 16p. Pinh thirc
Wronsky (vrong-xki) ding dé kiém tra tinh chat doc lap tuyén tinh ciia cac nghiém
ctia phuong trinh vi phan tuyén tinh thuan nhat.

Pé dinh nghia dinh thuc ta st dung khai niém phép thé d6 13 mot song anh
tir mot tdp co N phan tir vao chinh nd, anh cta phép thé 1a hoan vi. Khai niém phép
thé, hoan vi ta di gip trong muc giai tich té hop cta chuong 1.

Trong chuong nay ta xét dén hai ing dung cta dinh thirc 6 13 tim ma trin
nghich dao va tim hang ciia ma tran bang cach tinh cac dinh thic con. Trong
chuong 4 ta s& Gng dung dinh thirc dé giai hé phuong trinh tuyén tinh. Trong
chuong 5 ta s& img dung dinh thirc dé tim gia tri riéng ctia ma tran hoic ty dong ciu
tuyén tinh.

3.1. KHAI NIEM MA TRAN
Pinh nghia 3.1: Mét bang s6 ¢c6 m hang n cét c6 dang

) an
a a a
A=| 2 T2 an (3.1)
L a-ml am2 amn

dwoc goi la mot ma trgn co mxn.

a; la phan tir & hang thit i va cjt .
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Khi a; €Z,V1, thi A dugc goi 1a ma tran nguyén, a; €C,Vi, thi A duoc
goi 14 ma tran phirc. Néu khong chi 13 a; thita quy udc A 1a ma trén thyc.

Ma tran A ¢& mxn cé thé duoc viét tat dang

A:[aij}i:l;m hay A=|a |

j=1,n

(3.2)

mxn .
Khi m=n tandi A la ma trin vudng cap n.
Tap hop tat ci cac ma tran ¢& mx ndugc ky hidu A ..

Tap hop tit ca cic ma tran vudng cap nduoc ky hidu 4.

0O -1 =«
Vidu 3.1:

3 2 B

Hai ma tran A= [aij ]m o B= [b- ]m' nIbﬁng nhau khi ciing ¢& va c6 cac phan

} la ma tran c& 2x3.

1

tir twong tng déu bang nhau:

m=m
|:aij:|mxn:|:bij:|m'><n' Ry n=n' . (33)
3x 3y X+4 X+y+6
Vidu 3.2: =
3z 3w z+w-1 2w+3
3X=x+4 2X=4 X=2
3y=X+Yy+6 . 2y =X+6 y=4
3z=z+w-1 2z=w-1 z=1"
3w=2w+3 w=3 w=3

3.2. CAC PHEP TOAN MA TRAN
3.2.1. Phép cfng ma trin

Cho hai ma tran cung co A= [aij ]mxn , B= [bij]

mxn '
Tong cua hai ma trgn A, B 1a ma tran cung c& dugc ky hi¢u va dinh nghia boi

A+B:|:Cij:|m><n’ Cij :a‘ij +bij vol 1'1’101 i:l,m X j:]_’n_ (34)

2 -3 0 0 8 5 2 55
Vi du 3.3: + = .
9 4 -1| |-3 1 7 6 5 6
3.2.2. Phép nhan mdt sé véi ma trian
Chomatran A= [aij ] ¢ mxn, va sb thuc k . Ta dinh nghia va ky hiéu:

mxn
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kAz[kaij]mxn. (3.5)
Vi du 3.4: 1{]/2 -1 O}:FM 12 O}
— 2/ 3 -810| |32 —4 5

) N . . . Xy X 6 4 X+Yy
Vidu 3.5: Tim X,y,Z va W théa man: 3 = + )
- 7 W -1 2w Z+W 3

z+w-1 2w+3

. 3x 3y X+4 X+y+6
Gidi: Theo (3.4) va (3.5) ta dugc = :
3z 3w

Theo Vidu3.2taco x=2,y=4,z2=1, w=3.

Tinh chit 3.1: Cac tinh chat sau day dung ddi vdi cac ma tran cung cd:

1) A+(B+C)=(A+B)+C;

2) Ma tran c6 cac phan tir déu bang 0 goi 1a ma tran khong va ky hiéu 0.
Khido: A+0=0+A=A;

3) A+(-A)=0 , trong d6—-A= [—aij :|m><n ;

4) A+B=B+A.

Vay (A,,,+) 1d mot nhom Abel.

Ta ciing kiém chimg dugc cac tinh chat sau ding véi moi sb thuc k,h voi
moi ma trdn A= [aij ]mxn , B= [b” ]mxn cd mxn:

5) k(A+B)=kA+kB;

6) (k+h)A=kA+hA ;

7) k(hA) = (kh)A;

8) 1A=A.

Véi 8 tinh chat nay tap A, 12 khong gian véc to.

Ky hiéu Ej; la ma tran ¢c& mxn co cac phan tir déu bang 0 ngoai trir phan tir &
hang i cot j bang 1. Hé cac ma tran {Eij ‘ i=1m;j :ﬁ} 1a mot co so cua A,

Vay dim.4 . =m-n.

Vi _du 3.6: Ma tran ¢c& 2x3 bat ky c6 thé biéu dién duy nhét thanh t6 hop tuyén
tinh:
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Ay 9 a13:a100+a010+a001
8, a8y as| 0 0 0| o o0 o0l ®lo o o0
0 00 0 00 0 00
Ty g o|"*20 1 0" ™0 0 1|

1 0o0]f010] [oooO]. . .
Vay : 1a mot co s6 cua A 5.
0 0 0|0 O O 0 01

3.2.3. Phép nhin ma trian

o

Pinh nghia 3.2: Tich hai ma tran A= [aij]m pvé B= [b” Jp nld ma trgn c6 Mxn

dugc ky hi¢u va dinh nghia boi AB =| ¢; ]m , trong dé

p _ _
k=1
Vay phan tir & hang thir i cot thu j cia AB bang tong cia tich cac phan tir cia
hang thir i cia A v6i cac phan tir tuong tng ctia cot thir j ctia B.

J
| 1 1] -
2N ............................................ E b2 Ji
' Ciji = | By __ B g | ]
i 1 L 1L Ebm; ]
I_____________I __]:i 3 _——
] Y | 9 15
Vidu3.7 '-S0 o=
2 sf T

2X+4z 2y+4w
Ta thiy rang tich ctia hai ma trdin A va B dinh nghia duoc khi s6 cot caa A

bang sb hang cua B. Vi vy co6 thé dinh nghia AB nhung khéng dinh nghia duoc
BA néu s cot ciia B khong bang s6 hang cta A.
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Khi A, B 13 hai ma trdn vudng cung cip thi ta c6 dong thoi AB va BA. Mic
dau vy chua chic co dang thitc AB =BA, néi cach khac tich ma tran khong co

tinh giao hoan. Ch?mg han, xét

100 .. 0 120 ..0
2 30 ..0 300 ..0
A=[0 00 .. 0|, B=/000 ..0
(0 00 0 0] 000 0 O]
-1 2 0 ... 0] (3 6 0 ... 0]
11 4 0 .. 0 300 ..0
AB=|0 0 0 .. 0| = BA=|0 00 .. 0f
(0 0 0 0 0] (0 00 0 0]

Tinh chét 3.2: Gia st A B,C 1a cac ma tran voi $b cot $b hang thich hop dé cac

phép toan sau xac dinh dugc thi ta c6 cac dang thuc:

1) A(BC) = (AB)C tinh két hop.

2) A(B+C)=AB+AC tinh phin phéi bén trdi phép nhin ma trdn véi phép
cong.

3) (B+C)A=BA+CA tinh phin phéi bén phdi phép nhdn ma trdn véi phép
cong.

4) Véimoi k eRR, k(AB) = (kA)B = A(kB).

5) Voi moi s6 tu nhién duong N ta xét ma tran l,, vudng cap N cb cac phan

tir trén dudng chéo bang 1 va cac phan tir & vi tri khac déu bang 0.

Khi @6 voi moi ma trdn A ¢& mxn taco

|, A=A=Al. (3.7)

Ma tran | dwoc goi la ma tran don vi cap n.

: . A A a, a, a
Ching han xét matran Acy 2 x 3; A=| 1t 12 13
Ay Qyp
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100
A|3={311 8y a13} 010 ={5‘11 87 a13:|:A
Ay Ay A3 00 1 Ay Ay A3

|2A:[1 0}{5111 8y a13j|:|:a11 8 alS} A
0 1]lay ap x| [3n 3 a
Tir cac tinh chét trén ta thiy tap hop cac ma trn vudng cip N>2 cing véi

phép cong va nhan ma trdn (-4{,+,.) 1a mdt vanh khong giao hoan, c6 don vi va
khong nguyén vi c6 ude cua 0. Chang han

(1 20 ... 0] 2 60 ..0
2 40 .0 1 3 0 ..0
A={0 0 0 .. 0|, B=|{0 0 0 .. 0]
000 0 0] (0 0 0 0 0]

A B =0 nhung AB=0.
3.2.4. Da thirc ma trian
Gia st p(t) =ay +at+---+a,t" 1a mot da thire bac k .

V61 moi ma tran A vudng cép n. Ta dinh nghia da thitc cua ma tran A nhu
Sau:

P(A) =ayl +aA+---+a, A~ (3.8)

Quiuée A°=1, Al=A,

s [T 22 1 0] L 2] [t 2T [-6 30
o 2ot S 2 2 )

3.2.5. Ma tran chuyén vi

1 2
Vi du 3.8: Cho A:L 3} va da thirc p(t) =54t +t3. Ta co:

Pinh nghia 3.3: Cho ma tran A co mxn, néu ta doi cdc hang cua ma trgn A

thanh cdc cot (va do do cac cot thanh cac hang) thi ta dwoc ma trdn moi co nxm,

. ; 2L, WA LA At
goi la ma trdn chuyén vi cua ma trdn trén A, ky hiéu A .

Atz[cij]nxm:cij:aji Vi=ln;j=1m. (3.9)
-4 1
, . [-4 25
Vidu3.9: A= 2 0|; A= .
1 0 9
5 9
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Tinh chit 3.3:

1) (A+B)'=A"'+B'.

2) (kA)' =kA'.

3) (AB) =B'A".
DPinh nghia 3.4:

1) Ma tran A dwoc goi la ma trén déi ximg néu A= Al (A 1a ma trdn vudng
c6 cac phan ttr d6i xtng nhau qua dudng chéo thir nhat).

2) Ma trén A duoc goi la phan ddi ximg néu A=—A'(Ala ma trin vudng c6
cac phan tir d6i xtmg va trai ddu qua dudng chéo thir nhét, cic phan tir trén dudng
chéo thir nhat bang 0).

3.3. MA TRAN CUA MOT HE VEC TO
3.3.1. Pinh nghia ma tran cia mot hé véc to
Gid sir V 1a khdng gian n chiéu véi mot co s B ={e,,...e,}.

{Vi,-s Vi } 1a mot hé gdm m véc to clia V

Gia su v = E a;; e,,j—lm khi d6 ma tran A= [ 'J:|n _¢6 cac cot 1a cac toa
X
i=L

do cia cac véc to { V...,V | trong co s¢ & duoc goi la ma trén cua hé véc to

V;,...,V_t trong cosé A .
{1 m} g

A=| ,J] LV _Za”e L j=1m. (3.10)

Nguoc lai, véi ma train A ¢& nxm cho truéce s& xac dinh duy nhat hé m véc
to ma toa do ctia no trong co sé A 1a cac cdt cua A.

Vay khi ¢6 dinh co s # ={e,,...,} cua khong gian véc to V thi ¢ twong

ung 1 - 1 gifra cdc ma tran c& Nxm voi cac h¢ m véc tocua V.

N6i riéng, néu u = X +...+X,&, theo (2.9) ta ky hi€u toa do cua U trong co
s& A la

u) =X, X,). 3.11
(u) = (e s) (311)
Ma trin cua U trong co s& 4 la
X
B
X
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Vi du 3.10: Ma tran cua hé véc to v; =(4,1,3,-2), v, =(1,2,-3,2), v3=(X,Y,2,t)

trong co s& chinh tic cua R* 12

4 1 x

1 2 vy

3 3 z|
2 2t

3.3.2. Ma tran chuyén co s¢
Gia st B ={e,...e,}, #B ={e’,...e,} 1ahai cossciaV.Ma trdn cia h¢

véc to AB' trong co so B dugc goi 1a ma tran chuyén tir co s B sang co sé B
Nghia 13 néu

n —_—
E'J :ztuel ,J:l,n thi
i=1

T=[t

il (3.13)

3

1a ma trin chuyén tr co s& & sang A".
: y

n n
Khi d6 véi véc tobatky ueV ; u=> xe => x;e’. Taco:
i=1

i=1
[% ]n><1 = [tij }nxn |:le ]M- (3.14)
Nghia la
[u],, =[t 1. [u],,- (3.15)

(3.14), (3.15) duwoc goi la cong thire doi toa ds.

Néu A, A' 1an luot 1a ma tran cla {Vl,...,vm} trong cosé 4, A’ thi

A=t ]j A (3.16)

Vi du 3.11: Xét hai co so cia khong gian véc to c B={e,e,}, B'={e'e},
voi e, =(1,0),e,=(0,2) vae';, =11, e, =(4,3).

Theo cong thirc (2.10): Yu =(X,Y) eR?:u= Xe, +ye, =(4y —3x)e';+ (Xx—y)e',;
u =(X,¥); (u =(4y-3xX,X—V).
(u) , =G0 (u) =y y)

A A \ 7 7 LI B 1 4 ,
Ma tran chuyén tir co s & sang AB' la T = L 3l do do6
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e

u=(x, y),(u)%l =(4y-3x,x-y)=(g) =(-31); (ez)%)' =(4,-1).

B

Ma tran chuyén tir co s¢ %' sang % 1a T' :{ )

4y-3x| |-3 4| X
x—y | |1 1]y
3.4. HANG CUA MA TRAN

3.4.1. Pinh nghia va tim hang ciia ma trin bang phép bién doi twong dwong

4
},dod()
1

Pinh nghia 3.5: Cho ma trgn A= [aij }m . Ta goi hang cia hé n véc to cot cua A

(trong khong gian R™) la hang ciia ma trdn A, ky hiéu r(A).

Phwong phap tim hang ciia ma tran bang phép bién doi twong dwong
Hang r(S) cioa mot hé véc to S cua khong gian V 13 s6 véc to ciia mot hé
con doc 1ap tuyén tinh t6i dai cia S hay 1a chiéu ctia spanS (xem Binh 1y 2.16
chuong 2). Vi vy khi ta thyc hién lién tiép cac phép bién d6i sau, goi 13 cac phép
bién d6i twong dwong, thi spanS khdng d6i do d6 hang cua hé khong thay doi:
1) Béi ché cho nhau hai véc to ciia hé.
2) Nhdn vao mot véc to cia hé mot 6 khac 0.
3) Cong vao mot véc to cua hé mot 16 hop tuyén tinh cac veéc to khac cua hé.
Vi vay dé tim hang cia mot ma tran ta thyc hién cac bién ddi trong duong 1én
cac cOt (sau nay ta s& chimg minh duoc rang ta cling ¢ thé bién doi theo cac hang)
dé dua ma tran vé dang tam giac hodc hinh bac thang cé cac phan tir trén bac thang
bang 0 (xem Nhan xét 2.2, cach 1). Khi d6 sé cac véc to cot khac 0 13 hang clia ma
tran.

Vidu3.12:

1 3 4 2|3+cp—>c|1 0 0 O

A=12 1 1 4 \|4q+c3—>c3|2 7 -7 0

-1 -2 1 2]-2¢y+c4—>¢cy|-1 -5 5 0
—
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Cl —)Cl

1 0 00
c c
27% 12 7 0 0
C2+C3—)C3 1 -5 0 0
Vay r(A)=2.
Vi du 3.13:
C —)Cl
—Cl—)C4— - 1
-1 2 1 -1 1 02_>C51 -1 1 -1 2 6, +0, 6,
B a -1 1 -1 1|l -1 -1 a -1 ~CpHCy Ty
1 a O l 1 C4_> C2 O 1 1 1 a C1+C4—) C4
1 2 2 -1 1(%28]2 -1 1 1 2 |2cpcoc
L 4 L | S
1 00 0 0] 1A 1 0 0 0 0
Co —)03
1 0 -2 a+1 -3 cg — Gy 1 -2 0 0 0
0 1 1 1 a |-(@+3)cr+(a+l)cg+2cy »c4|0 1 1 0 0
2 1 -1 3 -2 B2 -33+265-06 1o 1 1 2-2a 2-2a
Va ‘(B) 4 néu a=l
a = :
Y 3 néu a=1
3.4.2. C4C ma tran twong g v6i cac phép bién doi so cip
Xét cac ma tran vudng cip n sau:
...... ".,.l ha k O Iij
R(k.A)=[a;]=| 7. e =1 iz jzk, (3.17)
- A 1=j=KkK
- 1_
cot k
_1‘ ] 1 k=Il=#1i;]
.0 1 hang i 0 k=Ivabingihoac |
P ) =lau]=| ™. ag =11 k=il=] (3.18)
............. 1.0, |hang 1 k=Jl=i
i ~1 0 trong céc truong hop khac
Coti Cotj
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1.
1, 1 k=l
Q(, j,4) = [akl]: ay =<4 k=il=] .(3.19)
I 1;---rhang i 0 trong cdc trudng hop khac
"
L Cot | |

Tinh chit 3.4: Ta d& dang kiém tra dugc:

a) Néu nhan R(k,A) vao bén phai ctia ma tran A thi ma tran tich AR(K,A)
co duoc bing cach nhan thém A vao c¢6t k ciia ma tran A.
a b cifl 00 a Ab ¢
a' b'" c'||0 42 O0|=|a" Ab' ¢
all bll Cll 0 0 1 all lbll CII

b) Néu nhan P(i, j) vao bén phai cia ma tran A thi ma tran tich AP(i, j) c6

duoc bang cach doi chd hai cot i va j cua A cho nhau.

b c¢cl||]0O 1 O b C
"'b'" c'||2 0 O|=|b" a' c']|.
a.Il bll c:Il O O 1 bll a.Il Cll

¢) Néu nhan Q(i, j,A) vao bén phai cia ma trin A thi ma trdn tich

AQ(i, j,A) c6 dugc bang cach nhan A vao cot i va cong vao cot j cia ma trdn A.

a b cil1 0O a+iAc b ¢
b' ¢'||0 1 0|=|a+Ac" b' c'
all bll CIl ﬂ/ 0 1 all+ ACII bll ClI

d) Néu nhan P,Q,R vao bén trai ciia ma trdn A thi ta c¢6 cac két qua tuong

tur nhu trén, trong d6 c4c tac dong 1én hang doi thanh tac dong 1én cot va nguoc lai.

Chang han
1 0 Offa b c a b c
0 4 0Ofla" b" c'|=|4a" Ab" Ac'|.
0 0 1|la" b" c" a" b" c"
1 0 Ofla b c a b c
0 10 {a' b' c¢'|= a' b' c'
0 4 1jla" b" c" Aa'+a" Ab'+b" Ac'+c"
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3.5. KHAI NIEM PINH THUC
3.5.1. Hoan vi va phép thé

Pinh nghia 3.6:
1) Méi song dnh o :{12,..,n} > {1,2,...,n} duoc goi la mét phép thé bdc n.

Ta thuong ky hiéu mot phép thé bing mot ma trin c6 hang thir nhat 1a cac sd
1,2,...,n sip theo thir ty ting dan va hang th hai 1a anh tuong tng:

1 2 .. n
o= :
o o2 .. o)
2) Anh ciia mét phép thé dwoc goi la hodn vi. Vi phép thé  ta c¢6 hoan vi
tuong rng
[0'(1) o2 .. O'(n)] :
3) Ddu ciia phép thé:

Mbi cap i< j ma o(i) > o(j) duoc goi 1a mot nghich thé cua phép thé o .
Gia str k 1a sb cac nghich thé cua o, ta dinh nghia va ky hiéu ddu cta phép thé o
la

sgno = (—1)* (3.20)

Nhu vay phép thé 14y dau + hodc — néu sd cc nghich thé twong tng 1 chin
hoac 1é.

Ta dé dang kiém chiing dugc rang tip cac phép thé bac n véi luat hop thanh
1a phép hop cia hai 4nh xa tao thanh mot nhom khong giao hoan, goi 1a nhém doi
xung bdc n, ky hiéu S, .

Trong chuong 1 ta di biét tap S, co ding n! phan tir. Chang han S, c62
phan tr, S3 ¢ 6 phan tir ...

. 1 2 3 .
Vi du 3.14: Hoén vi [1 3 2] ung voi phép thé o = L 3 2} c6 mot nghich thé

la cdp (2, 3). Vay sgno = (1)t =—1..

Trong truong hop tong quat ta c6 thé tim s6 cac nghich thé k cua phép thé o
bﬁng cach thuc hién cac budc sau:

Trong hoan vi [c(1) o(2) ... o(n)]cé i 1a gia tri sao cho o(iy) =1.

¢ Goi k; 1a s6 cac sb trong [c) o(2) .. o(n)] ding trude o(iy) =1; (k

1a s6 cac nghich thé ung vai 1).
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¢ Xoa s6 of(iy) =1, ton tai i, sao cho o(i,) =2, goi k, 1a s6 cac s6 con lai
trong [0'(1) o2 .. O'(n)] ding trude o(i,) =2; (K, 1a sé cac nghich thé ung
Vo1 2).

¢ Xoa sd o(i,) =2 va tiép tuc dém nhur thé ...

Cudi cung s cac nghich thé cua o 1a:

K=Kk +k,+...+ Kk, 5.

Vidu3.15:1)Hoanvi [3 4 2 1]c6 k=3, k,=2, k3=0.

Vay k =k, +k, +ks =3+2+0=5 dod6 sgno=(-1)° =-1 .

2)Hoanvi[4 2 5 1 3]cok =3,k,=1,x6al,2=k;=2k,=0.

Vay k =k +k, +kqg+k, =6 do d6 sgno =(-1)° =1.

Tinh chét 3.5:

1) Cap (i,j),i# ] 1a mot nghich thé cia phép thé o (nghia 1a i< j va

o(i) > o(j)) khi va chi khi ddu cia ZH =) pane 1 vay
i— ]

sgno =[] dﬁ’u(MJ . (3.21)
I<i=j<n
2) Phép thé chuyén vi o =[i; jo] 1& phép thé chi bién doi hai phan tr iy, j,

cho nhau va gilr nguyén cac phan tur con lai:

12 .. g o Jop o N
o= 0 Jo . (3.22)
12 .. Jo o Ig .. n
Dé dang tinh duge: k =...= ki1 =0, ki, = Jo—lo,
Viy sgno =(-1)* =-1. D& dang tinh dugc: Kk =...= ki1 =0, ki, = Jo—lo,

Vay sgno = (-1)* =-1.
3) Véimoi o, €S, :

sgn(o o i) =sgnosgn u. (3.23)

That vay, khi (i, j) chay khap tap {1,2,...n}x{12,..,n}\{(L1),...(n,n)} thi
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(u(i), 1(j)) ciing chay khap tap nay. Do do:

1T ai a(i)—a(j)]: dA,u(a(u(i»—a(u(j»J
o= I o L i

[T G(ﬂ(i))—a(u(j))}

g ()~ p()
o (o) o)) 240 40)
359”“9““‘3;1;”“( )~ pu() Lil;-[sndau( i ] J

] dgu(d(u(i))—d(ﬂ(J))J:Sgn(aoﬂ)_

I<i#j<n - J
4) V6i moi phép thé chuyén vi [iy jo] (xem 3.3) va phép thé o :

sgnoo[iy jo]=—sgno.

3.5.2. Dinh nghia dinh thurc
Truéc hét ta lién hé dén khai niém dinh thtc cap 2 di biét khi giai hé
ax + by =c

phuong trinh tuyén tinh {
a'x+b'y=c'

a ] ]
= =ac'-ca'.

b c b a
=ab'-ba', D, = =cb'-bc', D, =
1 bl‘ X ‘Cl bn‘ y au C

Céc dinh thtc nay dugc xac dinh 14 tich 2 phan tir cia dudng chéo thir nhat
trir tich 2 phan tir ctia duong chéo thi hai.

. ’ 5 A a a A A \
Nhu vay dinh thire cua ma tran A= { 1 12} vuong cap 2 la
A Ay
A S
Ay Ay

. ; 1 2 1 2
Mat khac nhom doi xtrng S, c6 2 phan tir 1a oy = L } va o, ={ }
c6 dau sgno; =1, sgno, =—1 . Vay (3.24) co thé viét lai

a1 9p

|A| = = 818y — 81,8y

dy; dy

=89N0y &5, (1)A2g,(2) T59NOL A5, (1) A2, (2) = Z SQNG™ &5 (1)825(2) -

oS,

Bang cach md rong cong thirc ndy ta ¢6 thé dinh nghia dinh thirc ciia ma tran
vudng cap N bat ky nhu sau:
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Dinh nghia 3.7: Dinh thirc cua ma tran vuong A= [aij ]n ] dwoc ky hiéu la
det A hay ‘A‘ va dinh nghia boi biéu thirc:

det A= > SgNo - Ay (gy---Bno(n) - (3.25)

oeS,
Nhu vay dinh thirc ciia ma tran vuéng A= [aij} 1a tong cia n! sb hang,
nxn

mdi sb hang 1a tich gdm n phan tir trén n hang ma & trén n cot khac nhau cia ma
tran A va nhan vé6i ddu cua phép thé tuong tng.

Vi du 3.16: Nhom dbi xtmg |~ | ¢6 6 phén tir 1a (xem vi du 1.23 chuong 1)
1 2 3 1 2 3 1 2 3
01 = , 0'2 = ) 0'3 = y
1 2 3 2 31 31 2
1 2 3 1 2 3 1 2 3
0-4 = y 0-5 = y 0-6 = .
1 3 2 3 21 2 1 3
c6 dau sgn o, =Sgno, =sgno; =1, sgno, =sgn o =sgnog =—1. Vay

Ay p A3
Ay Ay (= Z SON G 8151)%265(2)835(3)

o€S,

A3; d3 dg3
= 8118833 + 83831 + 81381383, (3.26)
— 8918383y — 8181833 — A1385,d3

Nhian xét 3.1: Dinh thirc ciia ma trin vudng cip 3 c6 6 s hang, cong thirc (3.26),
trong do:

e C6 ba s6 hang mang dau +:
Q1897833 + 893831 t 8138133

1a tich cac phan tu trén dudong chéo chinh hodc trén dinh ctia tam gidc c6 canh song
song vo1 duong chéo chinh

&, @, a
u Sz s
?21/7’ A 783 -
S -I<
gy >dys “ags
e Co ba s6 hang mang diu —:
—8y18p383; — 81p8p1833 — 81385783

1a tich cac phan tir trén dudng chéo thir hai hodc trén dinh cua tam giac c6 canh
song song voi duong chéo thur hai
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Q1 G i3
N AN LT

. 89N o3 -
A\ A ¢

CHATV R
2 5 X
Vidu3.1l7: 3 y 4/{=12y+3x+20z2—-xyz-8-90=3x+12y+20z —xyz —98.
z 1 6

Vi du 3.18: Tinh dinh thic cia ma tran vuong A= [aij ]n ] c¢6 phan tir bén dudi

duong chéo thir nhat bang 0, nghia la a; =0 néu i> j:

Q1 dp Q3 ... 9
dyy dyz ... Ay

Az, |-

O

ﬂ ¢ sgnoy, =(—1)0 =1.

ann

o 1 2
Xét phép theé o = 1 2

V6imoi o €S, néu o # o, thiton tai k sao cho o (k) #k = ton tai k' sao
ChO O-(kl) < kI = akvo_(k-) = O = alo_(l)...ano_(n) = 0 Véy

det(A) = D SINC By 1y- By =SIN O - Byy...Bpy = Byg..-Byy (3.27)

oeS,

Tuong tu

an1 an2 a-n3 ann

Vi du 3.19: Tinh dinh thtc cia ma trén vudng A= [aij]n i c6 phan tir bén trén

duong chéo thir hai bing 0, nghia 1a a; =0 néu i+ j<n+1:

det(A) =
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2

. 1
Xét phép theé o, = {n "

.. N
L J thod man oy(k)+k=n+1, Vk=1..,n.

Ta dé dang tinh duge k, =n-1 k, =n—-2,...,.k, ;=1

n(n-1)
= k=1+..4(n-1)=n(n-1)/2 = sgno; =(-1) 2

Mit khac véi moi o€S,, néu oc#o; thi ton tai kK sao cho o(k)+k<n+1

= aka(k) = 0 = ala(l)...ano_(n) == O .

Vay  det(A)= D" SIN 0 -y 1)--Bng(n) = S9N 01 - g B kB

oeS,
n(n-1)
det(A)=(-1) 2 ay..8 -y - (3.29)
Tuong tu
A1 S - Ypay Gy
Ay 8p»n . Bpg n(n-1)

any Q

e Theo Vi du 3.18 ta thdy ma tran vudng c cac phan tir bén dudi dudng chéo
chinh hodc bén trén duong chéo chinh bang 0 thi dinh thirc cia nd bang tich cac
phan tir ctia duong chéo chinh va khong phy thudc cac phan tir con lai.

Nhéan xét 3.2:

e Theo Vi du 3.19 ta thdy ma tran vudng cip N ¢ cic phan tir bén dudi chéo

thr hai hodc bén trén duong chéo thr hai bang 0 thi dinh thirc ctia né bang tich cac
n(n-1)

phan tir ctia duong chéo thtr hai cing véi dau (-1) 2 va khéng phu thudc céac

phan tir con lai.

2 a b c
0 -7 d e
Vi du 3.20: =2-(-7)-(-1)-3=42.
0 0 -1 f
0 0 0 3
a b x 32
Vidu3.21: [c y 0/=(-1) 2 xyz=—xyz.
z 00

Vi du 3.22: Gia st A 1a ma tran vudng cap n c6 tinh chat trén mdi hang mdi cot co
dung mot phan tir bang 1 con cac phan tir con lai déu bang 0. Tinh dinh thirc coa A.
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Gidi: Trén hang tht i c6 phan tir duy nhat trén cot Ji bang 1 con cc phan tir con
lai déu bang 0. Vi mdi cot c6 ding mot phan tir bang 1 nén cc phan tir J; tng voi

cac hang khac nhau la khac nhau, néi céch khéc [j; j, ... j,] 1& mot hoan vi cua

1 2
n} thi det(A) =sgna .

1 ..,nt.Kyhiéu o, =
{ Ky A Ll o s

Pinh nghia 3.8: Pinh thirc cua ma tran A= [aij} cua hé véc to {Vl,...,vn} ung

nxn
Vi co s6 B trong khong gian véc to n chiéu NI dwoc goi la dinh thire ciia hé véc

to {Vy,....V, } trong co' sé B va ky hiéu Dy {v,...,V,}. Vay

Dy (V...V} =det A. (3.31)

Vi du 3.23: H¢ véc to v, =(2,4,1), v, =(3,6,-2), V3=(-15,2) c6 ma tran trong

2 3 -1
co so chinh tic % cua R®1a A=[4 6 5 |.Vay D {V1,V,,V5} =det A=49.
1 -2 2

3.5.3. Céc tinh chit co ban ciia dinh thic
Tinh chét 3.6:

1) Néu d6i chd hai hang ctia ma tran thi dinh thuc doi dau:

aij néu | # k,m
A:[aii]nxn’ A':[a'ij]nxn, a'j=1<ay néui=m thi detA'=—detA.
néu i =k

amj

Thét Véy: det IA\I = Z Sgn o allo.(l) alko.(k) ...almo.(m) ...a'no.(n)

oeS,

== Z SgnO'ald(l)amG(k)aka(m)ano_(n)

oeS,

= Z Sgn(7-alo.-(l)...ako_-(k)...amo_-(m)...and-(n)

oeS,

=— Z Sgn o alo.v(l)...amav(k)...ako.-(m)...ano_-(n) = _det A
o'eS,
trongdd o'=oco[k m].
a b C a.Il bll Cll
Vidu 3.24: |a' =—|a' b' c'| (d6i hang 1 va hang 3 cho nhau thi dinh
all n a b C
thirc ddi dau).

2) Pinh thirc ¢6 tinh chat tuyén tinh d6i voi mdi hang:

b
b
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Cho hai ma trdn A= [aij] ,B= [bij ]nxn vama trdn C = [Cij ]nxn c6 hang thu

nxn
k 13 t6 hop tuyén tinh cta hang tht K caa A va B, cac hang khac hang tht k cua
ba ma tran nay bang nhau.

Nghia la .
Cj =+ by ; véimoi j=1..,n

thi  detC =adet A+ SdetB.

€S,

oeS,

= Z SgnO' alo.(l)...ako.(k)...ano.(n) +ﬁ Z Sgndbla(l)bka(k)bna(n)

oeS, oes,
=oadet A+ fdetB.
a b C a b c a b c
Vi du 3.25: a' b' c' =¢la' b' c'|+pla" b' c'|.

ay +pa, aby+pb, ac +pc, a b ¢ a b, ¢

3) Tur 1) va 2) suy ra rang trong mot dinh thirc c¢6 hai hang ty 1¢ thi dinh thirc
bang 0.

b ¢ d
2 0 -5 3
Vi du 3.26: =0 (vi hang thtr 2 va hang thir 3 ti 18).
-4 0 10 -6
X y z t

4) Néu ta cong vao mot hang mot to hop tuyén tinh cic hang khac thi dinh
thirc khong thay doi.
a b C a b c
Vi du 3.27: a' b' c' =la' b' c'l.
a'+taoa+pa’ b"+ab+pb' c"+ac+pe’ |@" b" o c"

5) Dinh thirc ctia ma tran chuyén Vi bﬁng dinh thirc cua ma tran do:
Giast A=[a;] , A'=[ay] ,ajy=aj,ij=L.,nthi detA' =detA.

det At == Z Sgn G * allo_(l) ...a'ko_(k) ...alno_(n) = Z Sgn 0 ° ad(l)lnluao.(k)k .--ao.(n)n

oeS, oeS,

_ _ -1 _
=> SIN O+ 8 1y By 10y Bty = > sgno 1Ay B g B iy = GELA

oeS, oeS,

Vi sgno =sgno .
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a b c¢| |a a" a"
Vidu3.28: |a" b' c'|=|b b" b"
all bll CII C Cl C"

6) Tir 5) suy ra rang céac tinh chat ctia dinh thirc diing voi hang thi ciing dung
v6i cot va nguoc lai. Véi tinh chit nay tat ca cac két qua cua dinh thie dang ddi véi
hang c6 thé chuyén thanh tinh chit dung ddi v6i cot. Ching han, tinh chét 4)
chuyén thanh tinh chat déi véi cot nhu sau: néu ta cong vao mot cot mat to hop
tuyén tinh céc cot khac thi dinh thic khong thay doi.

a1l 1 .. 1] |ja+n-1 1
1 a1l .. 1] |a+n-1 a
Vidu3.29: D,={1 1 a .. 1l|=|a+n-1 1 a
111 .. al ([a+n-1 1 1 .. a
(cong cac cot vao cot 1)
0 0 0
a-1 0 . 0
=(@a+n-1)j1 1 a .. 1j=(@a+n-H|2 0 a-1 .. O
111 ... a 1 0 0 .. a-1

= D, =(a+n-@a-n"*.
7) Pinh thirc cia moi hé n véc to phu thudc tuyén tinh cia khong gian véc
to n chiéu déu bang 0.
Néu hé {V,..,V, } phu thudce tuyén tinh thi c6 mot véc to 1a to hop tuyén tinh
clia cac véc to con lai, chang han v, = gV +...+ @, V4 -
D (Vs Vig, Vi } = Dig {Vas oo Vi gy Vg oo+ gV a | -
Téch ¢6t cudi thanh téng cua n—1 dinh thuc ta duoc
D (Vo Vi1,V f =0 D AV Vg Vi oo+ 2 1 Dgp Vg,V V1 } = 0.
ay .. &,
8) det(A)mod p)= > soncd, .- Apem =| : - |- (3.32)

oeS = =
n anl

QD
=]
S

Vidu3.30: A=[a;| v6i & lacicsdnguyénle.

det(A) = Z Sgna'alo.(l)...ano.(n) .

oeS,
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chan (tong s6

Céc s0 hang SgN 0 -8y 1)-Bygqny 1€ VA [ ] chdndodo|
1an chén cua cac s6 1& 1a mot sd chin).
Mait khac str dung cong thirc (3.32) ta cling co:
1 .1
det(A)(mod2)=|: . :|=0(mod2) = detA chin.
1 .1

3.6. CAC CACH TiNH PINH THUC
3.6.1. Khai trién theo hang, theo cft
Néu ta nhom theo cot thir j cong thirc (3.25) thi ta duogc:

det A=ay; L Z SQN G - 835(2)835.(3)-+-Ang (n) } +
oeS,,0(1)=j

+8.2] { Z Sgn O - 310(1)8.30(3) ...ano_(n) J +...
oeS,,,0(2)=]

+an{ Y. sgno 'ala(l)aZO'(Z)'"anla(n1)}'
oeS,,o(n)=j

Vi vay dinh thirc cia ma tran A duoc viét lai duéi dang

goi 12 cong thirc khai trién ciia A theo cdt thit j.

AJ- duoc goi la phén bu dai s6 cua aj -
Pinh ly 3.1: Ky hiéu Mij la dinh thirc cua ma tran cdp n—1 co dwoc bcfng cach
xod hang i ¢t j cua ma trdn A thi

Ay = (D", (3.34)

Chiing minh: Trudc hét ta chimg minh A, = M, ;. Ta co:

A1= D, SINC By(x)luomy = D, SINC Bypi2)-Bngin) = My

oeS,,0(1)=1 o'eS,

Truong hop A; bt ky, ta thyc hién i—1 lan doi chd cac hang va j—1 lan doi
chd céac cot dé dua vé hang 1 cot 1.
Dodo Ay =DMy = (1) my.
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Cong thuc khai trién theo hang i duoc suy tir tinh chét 3.7: 6)
det A=a; Ay +...+ &, A, (3.35)

Nhian xét 3.3: Cong thtc (3.33) khai trién theo cot thir j va cong thirc (3.35) khai
trién theo hang i cho phép tinh dinh thirc cdp n theo téng cac dinh thirc cap n—1
dang &;A;, trong d6 viéc chon hang thir i va cft thu j la tuy y. Néu ¢ hang thw i
hoac cot j ma ; =0 thi a;A; =0. Vi vay dé tinh dinh thic ta thirc hién cac budc
Sau.
4 Chon hang i (hodc cdt j) c6 nhiéu phan tir bang 0 hodc dé& triét tiéu.
+ Néu chon hang i thi ta tiép tuc thuc hién cac phép bién ddi theo cot (cong
vao mot c¢ot mot to hop tuyén tinh cac cot khac) dé triét tiéu cac phén tr trén
hang i sao cho chi con médt phan tir khac 0, gia sir phan tir d6 & hang i cot j.
Khi do

Dé tinh phan bu dai s6 A; = (-1)'"M;, tachdy
e Mj la dinh thac cua ma tran cdp n—1 c6 dugc bang cach xo4 hang i

cOt jculamatran A,

e Diu (1)} ¢6 thé tinh dwa vao vi tri ca (i, j) nhu sau:

+ Chon cOt thir j dé khai trién cling dugc thuc hién tuong tu.

1 2 3 4
: 1 0 1 2
Vi du 3.31: Tinh dinh thae D = . Ta chon hang thur 2.
3 -1 -1 0
1 2 0 -5

Nhan —1 vao cdt 1 cong vao ¢t 3, nhan —2 vao ¢t 1 cong vao cot 4 ta dugc:
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—Cl+03—)03
1 2 3 4 1 2 2 2
—2C1 +C4 —> Cq =~
D—l 0O 1 2 B 10 0 O
3 -1 -1 0 - 3 -1 -4 -6
1 2 0 -5 1 2 -1 -7
Khai trién theo hang thir 2 ta duoc
+ J— + “ee
< 2 2 2
n—v 4+ — ...
D=(-1)*".1.-1 -4 -§|.
Tiép tuc triét tiéu hang thu nhat cua dinh thirc trén ta c6
2 00 3 -5 1 -5
D=—|-1 -3 —5=-2 = |=(-2)(-3)[ |=6(-9+5)=-24.
1 ‘_3 _9‘()( )‘1_9‘ (-9+5)

3.6.2. Pinh Iy khai trién Laplace (theo k hang Kk cot)

Ngoai phuong phap khai trién theo mot hang hodic mot cot ta cd thé khai trién
ddng thoi theo K hang hodc k ¢t ndo do.

T matdn A=[a; | tadéy k hang: i <..<i va k cot: jy <...<ji.

Giao cua k hang K cot ndy 12 mot ma tran cdp K . Dinh thirc cia ma trin nay

Néu tir ma tran A ta xo4 di K hang i,...,i, va k cot j;,..., j thi ta c6 ma tran

""" % va

""ik

con cap N—K. Pinh thic cua ma tran nay dugc ky hiéu 1a Mijll

e (gt it e (3.36)

e B el
duogc goi 1a phan bu dai s6 ciia Mk,
1

Ly @ Qg By @

Ay Gyy Ay Ay dyg
Vidu 3.32: Xét A=|.80r By Brqe8uy f@.

Sl fi/ o 1s] o4

1 Gy Q3 Ay Yy
1851 85 853 854 s
Chon hang 1, hang 3 va c6t 2 cot 5 ta co:

103



CHUONG 3: MA TRAN VA PINH THUC

M2 — Ay Qs
13 = )
A3 Az
dy; Ayz Ay dy; Ayz Ay
25 _ 1+3+2+5 _
A3 =(-1) g Q3 Ag|=—|As dy3 Ay

451 853 g d5) 853 g
Dinh ly 3.2 (Laplace):
1) Cong thtrc khai trién theo k hang i, <...<i:

detA= > MEdkphe (3.37)

K j<.<je=n
Pinh thitc ciia A bang tong tat ca cac dinh thirc con cdp kK nam trén k hang
i, <...<i, nhan v&i phan bu dai s6 twong tng ciia no.
2) Cong thirc khai trién theo K cot j; <...< ji:

detA= Y MJphedc (3.38)

1< <..<i <n
Pinh thirc cia A bang tong tit ca cac dinh thic con cip k nam trén k cot
Ji <...< Jx nhan véi phan bu dai so twong ung cta no.

Pic biét khi k=1 ta co6 cong thirc khai trién theo hang (3.33) va theo cot
(3.35).

Chirng minh: Truong hop i, =1,...,i, =K:

..... K _
Ml k= Z SQN O - &45(1) - Ao (k)

oeSy
LK X eqnm~ta oA _ ale, k
M1k = Z SIN O By 16 (k) Bno(n) = AL k
o'eS,_

Ung véi mbi phép thé o cua tap {1...k} va o' cua {k+1,...,n} thi phép thé
4 c6 hoan vi tuong rng [G(l),..., o(k),o(k +1),...,0(n)] c6 s cac nghich thé bang
sO cac nghich thé cia o cong véi sd cac nghich thé cia o'. Do d6
sgnu=sgno-sgno'. Vi vay mdi tich

SN O - (1) Ao (k) “SIN T~ A y15(k41) -+ Bnor'(n)

12 mot hang tr trong tong cua det A. N6i cach khac M1 KM 1 k chi bao goém cac

hang tir ctia det A' n6 la mot b phan trong biéu thic tong cua det A. Trudng hop
tong quat M, Jl """ , ta bién doi hang va cot cia detA dé dua M, Jl """ J" vé dinh thuc

con bac K goc trén bén trai. Ta thyc hién i, —1 lan ddi chd hang thir iy dé dua vé
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hang tha 1, ..., i, —1 lan d6i chd hang tha i, dé dwa vé hang thir k . Tuong ty doi
chd j,—1..., j, —1 lan dé dua cic cot jy,..., j, vé cac cot 1...,k. Vi vy dinh thirc
d6i dau

(_1)(i1—1)+...+(ik—l)+( WD+ +(5D) (_1)i1+"-+ik+j1+"-+jk .
Khi d6i vi trf nhu vy dinh thirc bu cia M, ‘1 |ka van 1a M

Do d6 Jl 3 e A A T Vi "%, nhu vdy cac hang tor cia

|1,..., k

M JueJc ‘1 ijk cling chi la cac hang tir cia det A.

Céc hang tir cia M b A‘l """ K va M,/ Jl AJ v=J% khac nhau timg doi
mét néu { jy, ..., jk};t{j'l,...,j'k}.

Do d6 tong Z .1 """ Jk Ah """ I co ck AK!(n—k)!'=n! hang tir phan biét

1< j << j<n

cua det A nhung det A ciing chi c6 n! hang tr. Vay mdi hang tir cia det A déu la
hang tir ndo d6 ciia mot trong nhiing M/ Jl Ah """ K yoi 1< jy <...< j, <n. Vay
ta c6 dang thuc (3.37).

Cong thuc khai trién theo cot (3.38) dwgc ching minh truc tiép hoan toan
tuong ty cach trén hodc co thé suy ra tr két qua trén va &p dung tinh chat
det A=det A"

Vi du 3.33:
&y y 0 0
' a, .. a.lla o a
akl akk 0 0 .11 . %k k+.1k+1 ' k.+1n
D, = =l: . : w0 (3.39)
A o Ak Akt o Ban
. . . . . . akl T akk a.nk+1 e ann
anl ank akk+1 ann
Gidi:

Tur diéu kién 1< j; <...< j, <n = j, >k.
# Néu j, >k thi M; Jl """ 2% =0 vi dinh thire nay c6 it nhat mot cot bing 0.

% Néu j, =k thi jm=m,Vm:1,...,k,dod()
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o &1 Ak
N
Rl Ay
ak+1k+1 ak+1n
VA Abwo (gt .
Ank+1 Ann
CH Ay || By41k+1 8y 11n
Vay D, =|: : : :
A1 A || Ank41 ann
a b 0 0 O
c d 0 0 O 2
Vidu3s4: Dy=le f 2 2 2[= b‘—l
g h -1 -4 -6 ¢ d 2
i o2 -1 -7
Vi du 3.29).
Ta cling co:
0O a b 0 O
2 e f 2 2
Di=|-1 g h —4 _6:(_1)1+4+2+3a b‘
0O cd 0 O
2 i j -1 7

2

-1

2

2
4
-1

2
—6| = 24(ad —bc) ; (Xem
—7

2
—6| = 24(ad —bc).
—7

Vi du 3.35: Vi hai ma tran vudng cung cap A, B bat ky ludn co

det AB =det Adet B

That vay, gia su

C=AB=|c;]

A= I:aij ]nxn  B= [bij :|nxn :

n
Gj = Zaikbkj
k=1

Xét dinh thic cép 2n: Dy, =

‘e
e
0
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Khai trién Laplace theo n hang d4u ta c6 D,, =det AdetB (xem Vi du 3.39).
Mt khic, nhan by, véi cot 1, by, voi et 2,..., by véi cotn cia D,, xong cong tat

ca vao cOt n+1 thi dinh thuc D,,, tr¢ thanh:

& o Gy 0 0

ay - a4y Ccy 0 O

_l"‘a,l O L bm

O .\3’1 O bn.2 bnn

Ti€p tuc bién doi tuong ty nhu trén cudi cung duoc:

Q1 - Yy G .o Gy

_10 n
=1
O 10 O 0

Khai trién Laplace theo n hang cudi ta dugc:

-1 Ol = o
142+..+n+n+l+.42n : .. :

2n(2n+1)+n
=(-1) 2 -detC =detC =det(AB).

3.7. UNG DUNG PINH THU'C PE TIM MA TRAN NGHICH PAO
3.7.1. Pinh nghia ma tran nghich dio

Ta da biét vanh (-4, +,.) cic ma tran vudng cap n la khong nguyén, vi vay
v6i ma tran vudng khac khong cho trudc chua chic da co6 ma tran nghich dao d6i
v6i1 phép nhan ma tran.
Dinh nghia 3.9: Ma trign vuéng A duwoc goi la kha nghich néu ton tai ma trgn
vudng ciing cdp B sao cho AB=BA=1.

Phép nhan ma tran c6 tinh két hop nén ma tran B & dinh nghia trén néu ton
tai thi duy nhét, ta goi ma tran nay la ma trdn nghich dao cua A, ky hiéu Al
3.7.2. Piéu kién can va da dé ton tai ma tran nghich dao

Pinh 1y 3.3: (diéu kién can) Néu A kha nghich thi det A#0 (ta néi ma tran A
khong suy bién).
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Chirng minh: AA™ =1 = det Adet A =det AA ™ =det | =1.
1
det A

Dinh nghia 3.10: Ma trgn B = [AJ—] _» trong do A; la phan bi dai s6 cia phan

nx

Do d6 det A= #0.

tw & cua ma tran A= [aij} , dwoc goi la ma tran phu hop cua A.
nxn

Pinh Iy 3.4: (diéu kién du) Néu det A= 0 thi A kha nghich va
Al 1 Bt

= 3.41
det A ( )

véi B 1a ma tran phy hop cua A.
Chirng minh: Khai trién dinh thirc cia ma tran A theo hang tht Kk ta dugc:

A A + -+ A Ay =det A,
Vi vy tong ayAgq +...+a, A, 12 khai trién theo hang tht K cia dinh thitc cia ma
tran c6 dugc bang cach thay hang th kK ciia A boi hang thir i cia A, do d6 bang 0
(vi hang thr kK va hang thir i bang nhau). Vay
det A néu i=KkK

Ay A+ A A = © = AB'=(detA)l. (3.42)
0 néu i =Kk
Tuong tu, khai trién theo cot ta co:
detA néu i=k
0 néu i =Kk

Tir cong thire (3.42)-(3.43) suy ra két qua (3.41).
Hé qué 3.1: Néu BA=1 hogc AB =1 thitontai A*va A1=B.
Chirng minh: BA=1 = detA=0 = 3A™" va
B=B(AA ) =(BA) A=A

a b .
Hé quéd 3.2: Ma trén Az{ d} vudng cp 2 véi dinh thie [A|=ad —bc =0 c6
C

d -] d -b
ma tran nghich ddo 1a Al= ! = ! :
ad—bc|-b a ad—bc|-c a

. S 7| . o o1 19 T
Vidu 3.36: A= c6 ma tran nghich ddo la A" =— :
3 9 24| -3 5

Vidu 3.37: Matran A= cO detA=-1.

RN
o u N
o W w
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) 2 3 2 5
— —l 1+1 :40 ’ — —l 1+2 :_13’ — —l 143 :_5,
Aﬂ()”‘ Ao = (D] =18, A= ()"
3 1 3 1 2
— 12+1 —_16 ’ — _1 2+2 :5’ — _1 2+3 :2’
Azl()OB‘ Ao = (P =5 A= ()|
2 3 1 3 2
A = (™| ‘ 9, A= (-] ‘ A= (D% 5‘=1,
1 40 -13 40 -16 -9 -40 16 9
Vay A—1=—l -16 —|-13 3 |=| 13 -5 -3].
1 5 -2 -1
2 5 3
Vidu3.38: Matran A=7 3 2| cO detA=-56.
4 1 3
3 2 7 2 7 3
— _1 1+1 :7 ’ — _1 1+2 :_13 ’ — _1 1+3 :_5’
Au()”‘ Ao = (D), =13, Ag= (D,
5 1 2 2 5
— _1 2+1 :_14’ — _1 2+2 — 12+3 :18,
e M e U G i L e T
5 1 2 5
— _1 3+1 — 13+2 ’ — _1 3+3 :_29 ’
A=) =T, Ay =(0P2) =3. A=
7 -13 -5 t 7 14 7
Vay A—1=i6 14 2 18 =—5—16 -13 2 3
7 3 =29 -5 18 -29

3.7.3. Tim ma tran nghich ddo theo phwong phap Gauss-Jordan
Muc 3.4.2 chi ra rang: viéc thuc hién lién tiép cac phép bién doi twong duong
1én cac hang cia ma tran A dé dua A vé ma tran don vi twong Ung véi viéc nhan
bén trai cia A cac ma tran E,,...,E, dang R(k,4), P(,]), Q(,J,4) (xem cong
thire 3.17, 3.18, 3.19) sao cho E;...E,A=1.Theo H¢ qua 3.1taco6 A =E,...E,.
Ciing vé6i 1ap luan nhu trén ta c6: Ej...E, = E;...E, | 1ad ma tran c6 dugc bang
cach thuc hién boi cung cac phép bién doi twong duong twong tng nhu di thuc
hién d6i voi ma tran A 18n cac hang ctia ma tran don vi | . Vi vay dé tim ma tran
Al ta thuc hién cac budc sau:
1) Viét ma trdn don vi | bén phai ma tran A: A‘ I
2) Thuyc hién cac phép bién d6i twong duwong dong thoi 1én cac hang cua All
dé dua ma tran A & vé trai vé ma tran don vi | .
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3) Khi vé tri tré thanh ma tran don vi thi vé phai 13 ma tran Al

Al > ... — 1A, (3.44)

1 2 31 0O by 1 2 3|1 0O
-2l hy = hy

30 1 0 —h1+h$—>h3 0 1 32 10

0 80 0 1 0 -2 5|1-1 0 1

won 12 3[1 00 pop 12 31 0 0
-y =1

hhzh—>h2h0 1 -3-2 1 0 —hgj)h3 01 -3-2 1 0
2

27870 0 15 2 1 00 1|5 —2 -1

g e oml 2 014 6 3 apemoom 10 040 16 9

3“3@"2@“20 1 013 -5 -3 h%:)h% 0 1 013 -5 -3
0015 -2 -1 0015 -2 -1
—40 16 9

vay At=|13 -5 -3
5 -2 -1

Nhén xét 3.4: Tim A theo phwong phap Gauss-Jordan s& d& dang khi cac phin
tircoa A 1a cac sb nguyén (thuong gap khi det A= £1).

3.8. SU DUNG PINH THUC TIM HANG CUA MA TRAN

Xét dinh thirc cia hé n véc to trong khong gian véc to n chiéu ta co cac két
qua sau:

Dinh thirc ctia mdt h¢ phu thudc tuyén tinh béng 0 (xem Tinh chét 3.2-7). Do
d6 néu dinh thie Dy {vy, ...,V } # 0 thi hé {v;,...,v,} doc 1ap tuyén tinh.

Nguge lai, néu hé {v,,...,v,} doc lap tuyén tinh thi Dy {v,...,v,}=0. That
vay, gia st hé {vy,...,V,} co6 ma trin trong co s & ={e,,...e,} la A:[aij], nghia

n
lav;=> a;e . Taco det A=Dy{v,,....V,}.
i1
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Mat khac vi hé {Vl, ...,Vn} doc lap tuyén tinh nén no cling la mdt co sd cua V .

n
Véytaco e; = Zbijvi .Dat B= [bij], ta c6 thé kiém tra dwoc AB=1=detA=0.
i=1

Dinh ly 3.5: H¢ {Vl,...,vn} doc lap tuyén tinh khi va chi khi D% {Vl,...,vn} #0.

Nhan xét 3.5: Ta da chirng minh dugc néu T = [tij] . 1a ma tran chuyén tir co so

A sang A" thi ma tran chuyén tir co sé 4" sang B 1a T .

T=[5]", = [t ];’):T‘l (3.45)
Vi du 3.40: (Xem Vi dy 2.16 Chuong 2) Hai hé véc to A = {el,ez} P = {e'l,e'z} ,
voi e, =(10),e,=(0,) va e, =(1), e, =(4,3) la hai co so cua . Theo cong
thirc (2.10): Vu = (x,y) eR?: u= Xe, +ye, = (4y —3x)e';+(x—y)e',;

u =(X,Y); (u =(4y-3x,x—VY).
(u) , =G () =G4y y)
: . b 1 1 4
Ma tran chuyén tirco s 8 sang B la T :L 3}.

Tur cong thirc u=(x,y),(u) =@y-3xx-y)=(e) =(-31);(e) =(4-1).
v v v

Do d6 ma tran chuyén tir co s¢ &8 sang B 1A T'= {_13 41} :

D2 dang nhan thdy T'=T ",

Dinh ly 3.6: Gia su Az[aij ]mxn la mét ma trgn c¢& mxn. Néu ton tai dinh thirc

con cdp P cia A khac 0 va moi dinh thirc con cdp p+1 bao quanh né déu bang 0

thi r(A)=p.

Chirng minh: Khong mat tinh tong quat ta c6 thé gia thiét dinh thirc con cap p goc

trai MyP #0. Khidé p véc to cot dau doc lap tuyén tinh, vi néu c6 mét véc to la

t6 hop tuyén tinh cia p—1 véc to con lai thi mau thuin voi gia thiét Mll""’p #0

(Pinh 1y 3.5), do @6 r(A)= p. Ta can chitng minh bat dang thirc nguoc lai.

Véimoi k=1,...,.m; s=p+1,..,n; Xétma tran cdp p+1:

111



CHUONG 3: MA TRAN VA PINH THUC

CIPHR: T TN
8y . .. By A
B A
Ap1 Qpp  Aps
(Bq e B B |

Khi k < p:Matran B c6 hai hang bang nhau, do d6 detB =0.

Khi k> p: detB=0, vi detB Ia dinh thirc cdp p+1 bao M;"P.

Mit khac khai trién theo hang cubi ta dugc dang sau:

= & =g+t A8y , voimoi k=12,..,m.
Vi vay véc to cot v 1a t6 hop tuyén tinh ctia p véc to cot dau. Vay r(A)<p.
Hé qua 3.3: A la mét ma tran ¢c& mxn thi r(A)=r(A") <min(m,n).

Nhén xét 3.6: Dé tim hang ma tran A ta tim dinh thic con cép 2 khac 0. Bao dinh
thirc ndy boi cac dinh thirc con cip 3. Néu tit ca cac dinh thirc cAp 3 bao quanh déu
bang 0 thi r(A) =2. Néu co dinh thirc con cap 3 khéc 0 thi ta tiép tuc bao dinh thic

cip 3 nay bai cac dinh thuc cap 4...

2 1 -2 3
Vidu3.41: Matran A=|-2 9 —4 7 |co:
-4 3 1 -1

o=20 |2 9 4=l-2 9 7|=0.

2 1 2 |2 1 3
4 3 1| |-4 3 -1

Vay r(A)=2.
(2 1 0 4]
-4 -2 1 -7
Vidu 3.42: Matran B =
1 -1 4
1 -4 3 -4
2 1 1 0
=0 nhung =1.
-4 -2 -2 1
2 1 O
Bao dinh thirc ndy boi dinh thirc cap 3: |-4 -2 1|=1.
3 1 -1
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Dinh thirc cip 4 chinh 1a dinh thic |B|=0.

Vay r(B) =3.
fa 1 1 1]
1 a l1
Vi du 3.43: Tim hang cia ma trdn A=
1 1 al
111 a
Tacé |A=(a+3)(a-1°
Vay: eKhi a=-3,a=1thi r(A)=4;
e Khi a=1thi r(A)=1;
1 -3 1
eKhi a=-3,(1 1 -3#0= r(A)=3.
1 1 1

Trong thyuc hanh ta c6 thé két hop phuong phap nay véi phuong phap bién doi
so cdp 1én cac hang cac cot ma tran thi qué trinh tim hang ma tran s& nhanh hon.

BAI TAP CHUONG 3

1 3 0 1 2 -3
3.1 Cho A=|-1 2|,B=|3 2|,C=|1 2 |. Tinh:
3 4 -2 3 4 -1
a) (A+B)+C . b) A+(B+C).
c) A, B!, C!. d) A'B. e) BC'.

2 5 1 1 -2 -3 0 1 -2
3.2. Cho A= , B= , C= .
3 0 4 0 -1 5 1 -1 -1

Tinh 3A+4B-2C.

3.3. Trong khong gian véc to 4, cac ma tran vudng cap 2. Ba ma trn sau cé doc

11 10 11
lap khong: A= , B= , C= :
11 0 1 00

3.4. Trong khong gian véc to 44, cic ma tran vudng cap 2. Tim toa d¢ cia ma

2 3 11/ /0 -1} |1 -1/ 11 O
tran A= trong co s& , , , .
{4 —7} L l} L 0 } {O 0 } {O O}

3.5. Cho cac ma tran
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2 -3 0 1 2
1 -1 2 4 0 -3
A= , B= ,C=|5 -1 4 2|,D=|-1|.
0 3 4 -1 -2 3
-1 0 0 3 3

a) Tinh A+B, A+C, 3A-4B.
b) Tinh AB, AC, AD, BC, BD, CD.

¢) Tinh A', A'Cc, D'A', B'A, D'D, DD'.

5
3.6. Tinh: a) {2 3}{_7 3} b) {2 3}{2 O}F 3} c) {17 _6]
5 715 =2 5 710 3|5 -2 35 —12
3.7. Cho A= .
4

-3
a) Cho f(x)=2x>—4x+5,tinh f(A).

1—
b) Dat g(x):‘ 4X ,tinh g(A).

—3—x‘

2 0 . 7 0 i
3.8. Cho A= va B = . Tinh ;
0 3 0 11

a) A+B, b) AB, c) A?,
d A", e) p(A), trong d6 p(t) 1a mot da thire.
3.9. Chtng minh néu AB = BA thi véi moi s6 ty nhién n> 0:

. n
(A+B)"=A"+ nA”‘lB+wA”‘ZBZ +..+B"=> CKA"*BX.

k=0

5 Tn 1999
3.10. Tinh: a) E _2} ) {2 - ,c){0 1} ,

—4 3 2|'"7|-10
. n r n n
cosa —sin A1
g|C05% Sl 1A O g |
sina cosa O " A 0 4
[0 0 1 O]
1
3.11. Cho J = 000 .
1 00O
010 0]
a) Tinh J2.

b) Xét ma tran A=l + £J, chiing minh A" c6 dang A" =, 1 + 5,J.
Tinhe,,, S, theo «, S,n.
3.12. *) Tinh A vsi:
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(1 2 1 2 1 2
a)A=|-1 1 0/, b) A=|0 1 0],
2 0 1 0 0 2
[0 2 11
c) A= , d) A= .
-3 5 -1 3

0 néui=j

3.13. Cho A= [aij] 12 ma trin vudng cip n> 2; a; :{

1 néui#j

a) Tim «, 3 sao cho P = A+ Bl thoamin P%?=1.

b) Viét cy thé P trong cac truong hop n=3 n=4.
3.14. Cho ma trén Az[aﬂ vuong cap n. Ta goi trA=ay +ay, +...+a,, (tong
cac phan tir trén dudng chéo chinh) 14 vét cia A. Chimg minh:

a) tr(A+B)=trA+trB;

b) tr AB =tr BA (mac du AB = BA);

¢)Néu B=P71AP thi trA=trB;

d) Khéng ton tai ma trdn A, B sao cho AB—BA=1.

a b
3.15. Cho ma tran A= { } :
c d

a) Chimg minh A thoa mén phuong trinh x*> —(a+d)x+ad —bc =0.

b) Ching minh A* =0 v6i sb nguyén duong k > 2 khi va chi khi A% =0.

o d

316, cho D=| > © N e T Y d,z .
0 3 b, b, -+ b, S

_Cn dn_

Tinh DA va BD.
3.17. Hai ma tran A B dugc goi la giao hoan néu AB = BA. Ching minh rang A
giao hoan véi moi ma tran vudng cing cap khi va chi khi A 13 ma tran v6 hudng
(nghiala A=KI).

. X vyl . 11 1
3.18. Tim tat ca cac ma tran ) giao hoan voi 0 1l
Z

3.19. Chirng minh rang tap hop tit ca cic ma tran dbi xting vudng cip n (A = A)
1a khong gian véc to con ctia khong gian véc to -4, cic ma tran vudng cap n. Tim

mot co s¢ cua khong gian véc to con nay.
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a b
3.20. Tim cac ma tran A= L d} trong cac truong hop sau:

a) A>=0. b) A>=]I.
c) c=0va A" =1 véin nao do.

3.21. Ma tran vudng A dugc goi 1a luy dang néu A2 = A, Chtng minh ring tong
ctia hai ma tran luy dang A, B 14 luy dang khi va chi khi AB+BA=0.

3.22. Cho A, B 13 hai ma tran ¢& mxn. Chimg minh rang r(A+B)<r(A)+r(B).
3.23. Tim cac vi du vé hai ma trin A, B vudng cip 2 théa mén ting diéu kién sau:
a) r(A+B)<min{r(A), r(B)}.
b) r(A+B)=r(A)=r(B).
c) r(A+B)>max{r(A), r(B)}.

o B~ DN
N O -

1
3.24. Tinh tich ma trin AB bang cach dung phép nhan ma tran khéi A=| 3
0

1 2 31 .
. E F R S
B={4 5 6 1|cb6dang ma tran khoi A= , B= , trong do
0 G 0T
0 0 01 -
1 2 1 1 2 3 1
E= , F = ,G:[Z],Rz , S = ,T:[l].
3 4 0 4 5 6 1

2 4 51 3 4 1 3 5 2

a) Xac dinh oo, oo, ot

_ . 1 2 3 4 5| | 1 2 3 45
3.25. Cho hai phép thé o = va y= .

b) Xac dinh ddu: sgno, sgn u, sgn(o o 1), sgn(ue o), sgno .
3.26. Tinh cac dinh thirc sau:

1 1 1 2 1 1
a) -1 0 1, bylo 5 -2,
1 -10 1 -3 4
2 1 4 7 6 5
0|6 -3 -2, i 2 1.
4 1 2 3 21

3.27. Tinh cac dinh thirc sau:
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0111 2 -5 1 2
1 011 -3 7 -1 4
a) , b) ,
1 1 0 1 5 -9 2 7
1 110 4 -6 1 2
7 6 3 7 6 -5 8 4
3 57 2 9 7 5 2
C) 1 d) .
5 4 3 5 7 5 3 7
5 6 5 4 -4 8 -8 -3
_ a-b a
3.28. Tinh dinh thirc .
a a+b
3.29. Tinh cac dinh thirc
t-2 - t-5 7
a) : b)
-4 t- -1 t+3
o k
3.30. Tim cac gia tri cia k sao cho ZK‘ZO'
3.31. Tinh dinh thirc ctia cac ma tran sau:
_ _ (3 2 5 4]
1/2 -1 -1/3 c o g c
a) A=|3/4 1/2 -1 |, b) B=
-2 4 7 =3
1 —4 1
- - ' 2 -3 -5 8]
t+3 -1 1 |
c)C=| 5 t-3 1
| 6 -6 t+4
3.32. Tinh dinh thirc ctia cac ma tran sau:
t-2 3 -3
a) A= t+1 b)B— -3 t+5 =3 |,
i 6 t-4
[t+3 -
c)C-=
i -6 t+2
1 x x> x°
3.33. Giai phuong trinh: 1248 =0.
1 3 9 27
1 4 16 64
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2 9 9

3.34. Biét 299, 966, 161 chia hét 23. Chimg minh |9 6 6| chia hét 23.

1 6 1

3.35. Khong can tinh dinh thirc, chimg minh cac dang thic sau:

a b

a)la, b,

a +Dbx
b) |a, +b,x

ag +byx

1 a b
ol b ¢

1 a° a

yX+by+c
a,x+b,y+c,

c
a

1 ¢ ab

3

ag by agX+byy+cs

a —byx

G

ag—byx ¢c4

1 a a°
=1 b b?|,

1 ¢ ¢

a b ¢
== 3.2 b2 CZ y
a by ¢
a b ¢
a by ¢
1 a a° 1 a a°

dl b b)=(@a+b+c)l b b?,

e)l b?> b*|=(ab+bc+ca)l b b?|.

1 ¢ ¢

3.36. Cho dinh thirc Vandermonde D, =

Chung minh: D, = H (x; —X

Kj<i<n

3.37. Tinh D, =

3

Q
X
X

X
ay

3.38.*%) Ching minh a)

118

X
X

1 ¢ ¢ 1 ¢ ¢
1 a a’
1 ¢ c?
1 1 1
Xl XZ Xn
oyt oL x0Tt

n

D=11
k=2

i=1

[ﬁ(xk —Xﬂ}ﬁ( [ s-%)

i=1 \ k=i+1

= (@® +b? +c? +d?)?,
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a -b -a b
b a -b -a
b) = 4(a® +b?)(c* +d?).

c -d c¢c —d
d ¢ d ¢

l+a, a, .. a,

. _ 8 1+a, ... a,

3.39.*) Chung minh =l+a +a,+...+4a,.
2N a, .. l+a,

3.40.*) Cho dinh thirc D, =det| a; | véi a; bang 1 hoge —1, véimoi i, j=1,...,N.

a) Ching minh D, 1a mot s6 chén;
b) Tim gi4 tri 16n nhét caa cac dinh thirc Ds;

¢) Ching minh D, <(n—-1)(n—1)! vdi moi n=>3.

3.41.*) Tinh dinh thirc ciia cac ma tran vudng cap n trong cac trudng hop sau:

1
c) a: =li— ||, da=——.
) & =[i- ]| ) % = D)
1 n-1 n
n 1 .. n-2 n-1
3.42. Tinh D,=n-1 n n-3 n-2.

2 3 .. n 1

3.43. Chtmng minh \a,, (x)\ Z a'; () A (x) .
i,j=1

3.44. Tim A dé hé véc to sau phu thudc tuyén tinh:

u= l,_—l,_—l,v=—11 1 W=—1—1/1
2 2 2 2 2 2

3.45. Tim hang cua c4ac ma tran sau:

4 3 -5

2 -1 3 -2 4 8 6 -7

a) A=l4 2 5 1 7| b)B=(8 3 -8
2 -1 1 8 2 4 3 1
8 6 -1

A MDD DN BADN
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3 m 1 2] -1 2 1 -1 1]
1 4 7 2 m -1 1 -1 -1
c) C= : d) D= :
1 10 17 4 1 m 0 1
14 1 3 3] 112 2 -1 1
3.46. Cac ma tran sau c6 kha nghich khong, néu kha nghich hiy tim ma tran nghich
ddo:
2 1 -1 1 4 2
a) A=|0 1 3|, by B=|-1 0 1],
2 1 1 2 2 3
1 -1 2 11 2
c)C=|-1 2 1], db=|2 3 2|,
2 -3 2 1 3 -1
1 1 1 1]
1 1 -1 -1
e) E= :
1 -1 1 -1
1 -1 -1 1]
t-1 3 -3
3.47.Cho A=| -3 t+5 -3 |,
-6 6 t-4

a) Tim céc gid tri cua t dé A kha nghich.
b) Khit=3tim A
t+1 7 3
348.Cho A=| -1 t-1 -2 |,
t-5 2t-5 t—6
a) Tim cac gia tri cia t dé A kha nghich.
b) Khit=2tim A™.

3.49. Gia st A la ma tran chéo va B 1a ma tran tam giac c6 dang:

_al o .- O_ _bl CPERTE C.I.nw
A 0 a, - 0 B- 0 b2 o Cyp |
_0 o - an_ _0 o --- an

a) Chimg to rang ma tran phy hop ciia A c6 dang chéo va ma tran phy hop
cua B c6 dang tam giac.

b) Ching té rﬁng B kha nghich khi va chi khi by #0,Vi=1,...,n; do d6 A
kha nghich khi va chi khi moi & #0,Vvi=1,...,n.
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¢) Chung t6 rang néu A, B kha nghich thi ma trn nghich dao twong tmg c6
dang:

al‘l 0 - 0 bl‘l dy, - dy,
A_l _ 0 az_l M 0 B_l _ O bz_l d2n
0 0 a, " | 0 0 b, |

0

| :l kha nghich, v6i Ae A, . Tim ma trin

I
3.50. Chiing t6 ma tran vuong { P hp -
A g

nghich dao.

3.51.*) Chiing t6 rang néu P AP = Q*BQ thi ton tai cdc ma trdin R va S sao cho
A=RS, B=SR.

3.52. Chiing to rang moi ma tran vudéng phan ddi ximg (A' =—A) cap 1¢ 1a suy
bién. Ma tran vudng phan doi xting cap chin c6 suy bién khong? Ching minh rang
ma tran nghich dao ctia ma tran phan d6i xtng ciing 13 ma tran phan d6i xtng.

3.53.*) Tim ma tran nghich dao cia cic ma trin vudng cip N sau:

101 1 .. 1] 0 1 ]
101 .1 1

a) A=|1 1 0 .. 1], b) B=|1 1 ,
11 1 0] 11 1 0]
1 0 0] (1 a a’ a" |
0 1 0 01 a .. a™t

c) C={0 0 2 1 0], d) D:O 0 1 .. a™?|
0 00 .. 4] 00 0 .. 1|

3.54.*) Chimg minh néu A* =0 thi | + A, | — A kha nghich.

3.55.*) Chitng minh néu A" =0, B™ =0 va AB =BA thi | + A+ B kha nghich.

3.56.*) Chung minh rang néu (I + A)¥ =0 thi det A=0.

3.57.*) Chung minh néu | + AB kha nghich thi | + BA ciing kha nghich.

3.58.*) Tim tt ca cic ma tran vudng cdp n dang tam gidc A= [aij ] a; 20 co
At =[b; ], b 0.

3.59.*%) Gia st ma tran A vudng cdp N thoa min (XA)? =0 véi moi ma tran X
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vudng cap n. Chimg minh A=0,
3.60.*) Chitng minh ding thirc Wagner dung véi moi ma tran A, B,C vudng cép 2:
(AB—BA)>C —C(AB—-BA)? =0.
3.61.*) Cho hai ma tran A, B vudng cip n thoa mén tinh chdt AB—BA=B.
a) Chirng minh  AB¥ = BX(A+kI) v&i moi K .
b) Tur d6 suy ra detB=0.

. A B
3.62. Cho ma tran khoéi M = {0 C} , trong d6 A, C la hai ma tran vudng. Ching

minh rang |M|:|A||C|.
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CHUONG 4
HE PHUONG TRINH TUYEN TiNH

Hé phuong trinh tuyén tinh 13 bai toan thudng gip phai khi nghién ctru cac
h¢ tuyén tinh. D6i v6i h¢ phi tuyén ngudi ta xap xi boi hé tuyén tinh. Vi vay hé
phuong trinh tuyén tinh c6 rt nhiéu Gng dung trong thuc té.

Nho su hd trg cua cong nghé¢ thong tin, cic bai toan hé phuong trinh tuyén
tinh ngay cang dugc tmg dung rong rii hon. C6 thé chi ra ddy mot vai bai toan dang
nay:

- Su phan phéi dong dién trong nhitng so dd ¢6 nhiéu ghép ndi.

- Giai gan dng nhitng bai toan cua 1y thuyét thé vi.

- Giai gan dung mot vai bai toan trong cac van dé birc xa dién tir.

- Su phan phéi van toc cac dong nudce trong cac hé thuy luc hoc phc tap.

- Ung dung phan tich thdng ké vao tdm 1y hoc, x3 hoi hoc va kinh té hoc.

- Chudi Markov, phan bd dimg cta chudi Markov tng dung trong bai toan
chuyén mach ciia tong dai ...

Hé phuong trinh tuyén tinh di dugc biét dén rat sém. O Trung Qudc ngudi
ta tim thidy mot cudn sach c6 khoang tir nam 500 trudc cong nguyén, trong dé co
nhitng chi dan vé viéc ding mot ban tinh dé giai cac hé phuong trinh tuyén tinh qua
cac vi du cu thé. Phuong phép giai ndy chinh 1a thuat toan khir Gauss. O chau Au
thuat toan nay da dugc mo ta trong cong trinh cia Buteo (Phap) nam 1550, trudce
Gauss hon hai thé ky. Mot phuong phap khac dé giai hé phuong trinh tuyén tinh la
st dung dinh thuc cua Cramer.

Thoat tién ta c6 thé thdy rang hinh nhu van dé giai hé phuong trinh tuyén
tinh da cii roi va co thé giai quyét bang nhitng phuong tién tinh todn so cip quen
biét. Tuy nhién dé giai cac bai toan néu ra & trén ta thudng phai khao sat khoang tir
150 dén 200 phuong trinh ddng thoi. Tinh trang ay trong thuc hanh da giy ra nhiéu
kh6 khan 16n dén n6i hau nhu khong thé giai quyét noi néu chi dung phwong phap
so cap. V6i sy hd trg clia may tinh va cac thudt toan méi da khién cho hé phuong
trinh tuyén tinh duoc Gng dung hiéu qua dé giai quyét cac bai toan thuc té. Mua heé
nim 1949, Gido su Wassily Leontief trudng Dai hoc HarVard di giri ¢én Trung
tAm tinh todn cia truong Pai hoc Mark II dé nghi giai hé phuong trinh tuyén tinh
gdém 500 phuong trinh véi 500 an biéu dién cac chi tiéu kinh té cia My. Mark 1T 1a
mdt trong nhiing trung tim may tinh dién tir 16n nhat thoi biy gid ciing khong giai
quyét duoc. Leontief budc phai rut gon bai toan vé hé 45 phuong trinh véi 45 an.
Véi két qua nay Leontief nhan duoc giai Nobel kinh té nam 1973, 6ng ta dugc xem
1a ngudi mé canh cira vao ky nguyén méi ciia cac mé hinh toan hoc vé kinh té.
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Mot hé phuong trinh tuyén tinh c6 thé viét dudi dang ma tran, dudi dang
mot vée to 1a mot to hop tuyén tinh ciia mot hé cac véce to khac hodc biéu thirc toa
d6 ctia mot anh xa tuyén tinh (Chuong 5).

Néu ta ky hiéu cac hé sb cua hé m phuong trinh ¢6 n 4n thanh mot ma tran
¢d mxn, cac an thanh ma trin cot Nx1, cac hé s6 vé sau thanh ma trn cot mx1
thi h¢ phuong trinh da cho c6 thé biéu dién dusi dang ma tran. Véi cach biéu dién
nay ta thdy néu ma tran cic hé sb kha nghich thi hé phuong trinh c¢6 duy nhét
nghiém (hé Cramer).

Néu ta xét n+1 véc to c6 m thanh phan trong d6 n véc to dau 1a cac hé sd
g véi cac an con véc to ther n+1 14 hé sé cua vé sau cta hé phuong trinh. Khi d6
hé phuong trinh duoc biéu dién dudi dang véc to, vé sau 1a mot td hop myén tinh
clia N VEC to cac hé s6. Vi cach biéu dién nay thi hé phuong trinh c6 nghiém khi
va chi khi véc to vé sau thudc vao khong gian con sinh bai n VEc to cia cac hé sd.

Diéu nay cho thiy ta c6 thé giai quyét mot bai toan hé phuong trinh tuyén
tinh bang ma tran, bang biéu dién thanh t6 hop tuyén tinh. Diéu kién ton tai nghiém
lién quan dén hang cua hé¢ véc to hodc tap anh cua anh xa tuyén tinh ... va nguoc
lai. Vi vay khi hoc chuong ndy doi hoi hoc vién thdy dugc mbi lién hé giita cac
khai niém trén dé giai quyét bai toan mot cach linh hoat. Hoc vién can nim viing va
van dung thanh thao hai phwong phép: phuong phap Cramer va phép khir Gauss dé
giai hé phuong trinh tuyén tinh.

Phuong phap Cramer st dung dinh thirc dé giai hé phuong trinh, khi Cramer
dua ra quy tic ndy thi né tré thanh "mot" trong cac cong trinh vé toan tng dung
trong mot thoi gian dai. Tuy nhién phuong phap khur cua Gauss doi khi to ra don
gian va hiéu qua hon. Giai bai toan theo phuong phap khir cua Gauss 1a st dung
cac phép bién ddi trong duong 18n cac phuong trinh ctia hé dé dua hé phuong trinh
can giai vé hé tuong dwong don gian hon ma ta dé dang tim duoc nghiém. Thuc
chét ctiia phuong phap nay 1a sir dung cac phép bién d6i twong duong 1én cac hang
clia ma tran hé sb ciia hé phuong trinh.

Hé phuong trinh tuyén tinh thudn nhit lién quan dén nhan cta 4nh xa tuyén
tinh duoc khao sat trong chwong 5, Tap hop nghiém cta hé phuong trinh thuin nhét

1a khong gian véc to con cia R" (Pinh 1y 4.5).

4.1. KHAI NIEM HE PHUONG TRINH TUYEN TIiNH
Trong khong gian véi hé truc toa do Oxyz, tap hop céac diém c6 toa do
(X,Y,2) thoa man phuong trinh Ax+ By +Cz = D 1a mot mit phang.

Ax+By+Cz=D,

Do do6 tap hop nghiém cua hé phuong trinh la giao
dp hop nghic ¢ P g {A2x+Bzy+C22:D2 g

cua hai mat phang, vi vay hé phuong trinh c6 thé vo nghiém hodc vo s6 nghiém.
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Ax+By+Ciz=D,
Tuong tu tap hop nghiém cua hé phuong trinh { A)x+B,y+C,z=D, la giao cua

ba mit phing, vi viy hé phuong trinh c¢6 thé vo nghiém hodc duy nhat nghiém hoic

v6 s6 nghiém.
Khai niém hé phuong trinh tuyén tinh tong quat va phuwong phap giai duoc
x¢€t trong cac muc sau.
4.1.1. Dang tong quat ciia hé phwong trinh tuyén tinh
Hé m phirong trinh tuyén tinh n én cé dang tong qudt:
X+ Xy +o+ Xy =0y
Aoy Xy + 80Xy +..o+ 8y X, =Dy 4.1)

Ay Xy + 8o Xo + .+ 8y X, =0y,

n
=1
trong d6 Xy Xg,.ey X 12 N dn,

a; 1a h¢ s6 clia an thir j trong phuong trinh i,
by 1a vé phai ctia phwong trinh thir i; i=1,...,m; j=1,.,n,
Khi cac vé phai b, =0 thi hé phuong trinh duoc goi 1a thudn nhdt.

Nghiém ciia hé phuong trinh 1a bd gdm n s6 (X, X,,...,X, ) sao cho khi thay
vao (4.1) ta c6 cac dang thirc dung. Giai mot hé phwong trinh 1a di tim tap hop
nghiém cua h¢.

Hai hé phuong trinh ctng an 13 twong duong néu tip hop nghiém cia ching
bang nhau. Vi viy dé giai mot hé phuong trinh ta c6 thé giai hé phwong trinh tuong
duong cua no.

4.1.2. Dang ma tran ciia h¢ phwong trinh tuyén tinh

Vi h¢ (4.1) ta xét cadc ma tran:

a1 Yo . Gy by X
a a e a b X
A= 2 2T g 2 X = (4.2)
_aml am2 amn_ _bm_ _Xn_

A, B, X lan luot duoc goi 12 ma tran hé sb, ma tran vé sau va ma tran an.
Khi d6 hé phuong trinh (4.1) duoc viét lai du6i dang ma trdn:

AX =B. (4.3)

124



CHUONG 4: HE PHUONG TRINH TUYEN TINH

Truong hop A kha nghich thi h¢ phuong trinh ¢6 nghi¢m X = AB.

4.1.3. Dang véc to clia h¢ phwong trinh tuyén tinh

Néu ta ky hiéu véc to cot thir i ciia ma tran A 13 v, = (ay;,...,a,;) eR™ va véc
to vé sau b = (by,...,b,,) eR™, thi hé (4.1) duoc viét dudi dang véc to:

X)Wy + XV +...+ XV, =D (4.4)

Vi cach viét ndy ta thiy rang hé phuong trinh (4.1) c6 nghiém khi va chi khi
bespan{v,...V,}.
Vi du 4.1: Xét hé phuong trinh viét dudi dang tong quat:

4% +3X, — Xg+2X, =6 .

Hé phuong trinh viét duéi dang ma tran nhu sau:

T

22—11)(1 4 2 2 ~1 1 4

43—12X2=6hoacx14+x23+x3—1+x42:6

8 5 -3 4| |12 8 5 -3 4| |12
| X4 |

Xét cac véc to:
v; =(2,4,8), v, =(2,3,5),v3 =(-1,-1,-3), v, =(1,2,4); b=(4,6,12).
Khi d6 hé phuong trinh trén c6 thé viét dudi dang véc to:
% (2,4,8)+X,(2,3,5) + X3(—1,-1,-3) + x,(1,2,4) = (4,6,12) .

4.2. PINH LY TON TAI NGHIEM
Dinh 1y 4.1: (Kronecker-Capelli) Hé phuong trinh (4.1) ¢6 nghiém khi va chi khi
r(A) =r(A) trong ds A la ma trdn ¢é dwoe bang cdch bo sung thém vao ma trdn

hé s6 A mét cot cudi la vé phdi ciia hé phirong trinh.

T - R T by
r(A)=r(A); A=| : . p (4.5)

any - 8pn Dy
Chitng minh: Hé (4.1) c6 nghiém khi va chi khi ton tai X3, Xo,.., X, €R" 520 cho
XVy + XV +...+ XV, =b. Nghia 1a bespan{y,,..,v,} (b biéu dién dwoc thanh to

hop tuyén tinh ctia {V,...,V, }). Vay r(v,...,V,) =r(v,...,v,,b). Do d6 r(A) =r(A).
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2 2 -1 1
Vi du 4.2: H¢ phuong trinh trong vi du 4.1 c6 ma tran h¢ s6 A={4 3 -1 2|,
8 5 -3 4

2 2 -1 1 4
ma tran bd sung cOt cubi A=|4 3 -1 2 6
8 5 -3 4 12

Hang r(A) =r(A) =3, do d6 hé phuong trinh c6 nghiém.

4.3. PHUONG PHAP CRAMER

4.3.1. H¢ Cramer va cach giai

Pinh nghia 4.2: Hé phirong trinh tuyén tinh véi s6 phwong trinh sé an bang nhau

va dinh thirc cia ma trgn hé sé khéc 0 duoc goi la hé Cramer.

Dinh 1y 4.2: Moi h¢ Cramer déu ton tai duy nhat nghiém.

n
j=1

D=det A= Dy {Vi,....Vig, Vi, Viggseon Vi | o
D; =Dy {Vi,o Vi, D, Viggso Vi |- (4.6)

D; la dinh thirc cia hé cac véc to cot la cac cot hé sé cua hé phuong trinh nhung

véc to cot thir i duoc thay boi vée to cot vé sau.
Chirng minh: det A=0 = h¢ {v;,...,V,} 1a mot co s¢ ciia R". Do d6 b duge bicu
dién duy nhét thanh t6 hop tuyén tinh cua {v,,...,v,}. Nghia 1a ton tai duy nhat

Xl’XZ""’Xn Sao ChO X1V1+X2V2 ++XnVn :b.

Goi A =1{e,,....e,} 1aco s¢ chinh tic cua R". Khi do:
n

Di = Dyg {VyseosVicg, 0 Vigs oo Vo = Dig Vi Vi D XYy Vi, Vi
k=1

D. .
=%Dp (Ve Vi g,V Vi,V f = XD = X, :EI’ i=1,..,n.

2x + 3y - z =1
Vidu 4.3: H¢ phuong trinh <3x + 5y + 2z = 8.
X — 2y - 3z = -1
2 3 -1 1 3 -1
D=3 5 2|=22,D,=/8 5 2|=66,
1 -2 -3 -1 -2 -3
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2 1 -1 2 3 1
D,=3 8 2|=-22,D,=3 5 8|=44.
1 -1 -3 1 -2 -1

Do d6 hé c6 nghiém x=3, y=-12=2.

4.3.2. Giai hé phwong trinh tuyén tinh trwong hop tong quat

Gia sir h¢ phuong trinh ¢6 nghiém va r(vy,...,v,) =r(vy,...,v,,0) =r(v,..,vp);
p<n (trong trudng hop khac cach giai hoan toan twong ty). Véi gia thiét nay p
véc to hang phia trén ctia A tao thanh hé ddc lap tuyén tinh tdi dai cia hé cac véc
to hang ciia A. Vi vay hé (4.1) twong duong véi p phuong trinh dau

Ap X +apyXp +.+8py Xy =Dy
a.ll e a.lp
Giasw | : . : |#0 (truong hop khac cach giai hoan toan twong tu).
Ap1 Qpp
Hé phuong trinh trén duogc viét lai:
8.11X1 + 8.12X2 +...+ alep = b.l - alp+1Xp+l . alan
A1 Xy AgXy +eF Ay Xy =0y — 8y Xy — = Bpp Xy

ApyXq +apyXp +FApy Xy =0p =850 Xp 0~ —@py X,

day la hé Cramer c¢6 v¢ sau phu thudc vao cac an Xg,,..., X,

Vay hé c6 vo s6 nghiém phu thudc céc an x , X5 cac an X

tay y.

ETRE p+1s++ Xn Nh@n gia tri

AX + X+ X3+ X%, =1

Vi du 4.4: Giai va bién luan theo tham s 4 hé .

X+ Xy + X3+ A%, =1
Twr vi du 3.29 chuong 3 ta c6 D =det A= (1 +3)(1-1)°.

¢ Khi A#-3,1=1: H¢ di cho 14 hé¢ Cramer nén c6 nghiém duy nhat. Ngoai
ra khi thay d6i vai trd cua cac an trong hé thi hé khong thay d6i, do d6 hé co
nghiém X, = X, = X3 = X,. Thay vao phuong trinh ta dugc:
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1
X =Xg =Xg=Xqg =——.
1= % == =77
Ta ciing c6 thé tim nghiém theo cong thic (4.6), v6i
A1 11
1 211 D 1
D,=D,=D;=D,; D, = (A1)’ =X=Xg =X ==,
1= = e a4 (1-1) 177278 M T T,
1 1 11

¢ Khi 1=1: r(A) =r(A) =1, hé phuong trinh da cho twong duong voi mot
phuong trinh X, + X, + X3 +X, =1.

Hé phuong trinh ¢6 v s6 nghiém x =1—X, — Xg — X4 VO1 X5, X3, X, tuy y.

¢ Khi 1=-3: detA=0 = r(A) <4 (theo Vi du 3.43 cé r(A)=3) nhung ma

tran b6 sung A c6 dinh thic con cap 4

1 1 1 1
-3 1 1 1 ~
=64#0=r(A) =4= h¢ vo nghiém.
1 -3 1 1
1 1 -3 1

4.4. PHUONG PHAP MA TRAN NGHICH PAO

n
Dinh ly 4.3: H¢ Cramer Zaijxj =b,, 1=1,...,n ¢ nghiém dudi dang ma tran

=1

A Yo ... Gy by Xq
a a .. a b X

A=| "% T2 g 12 x 2172 detA#=0= X =AIB. (4.7)
_anl an2 ann_ _bn_ _Xn_

X +2X, +3%3 =a
Vi du 4.5: Xét hé phuong trinh { 2% +5X, +3X; =D.

Xy +8X3=C
1 2 3
Ma trén hé s6 A=[2 5 3| cd detA=-1, do d6 hé d3 cho 13 hé Cramer co
1 0 8
nghiém theo cong thirc (4.7).
—-40 16 9
T Vidu3.37¢c6 A= 13 -5 -3|.
5 -2 -1
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X -40 16 9 ||la| |—-40a+16b+9c X, =—40a+16b+9c
Vay | %, |=| 13 -5 -3||b|=| 13a-5b-3c |={X, =13a-5b—-3c
X3 5 -2 -ljc 5a-2b-c Xg=5a-2b-c

Nhian xét 4.1: Tir cong thirc doi toa do (3.15), cong thire (3.45) vé ma tran chuyén
co s& va tir vi du 4.5 ta thay:

Zau j=hb,vi=1,..,n
Néu va A=ay ] thi A" =[g;]. (4.8)

ZCIJ j =X, Vi=1..,n

by X X by
No6i cachkhacnéu | © [=A|l : |val ¢ [=B| : |thi B= A",
bn Xn Xn bn

45. GIAl HE PHUONG TRINH TUYEN TINH BANG PHUONG
PHAP KHU GAUSS

Ta c6 thé kiém tra duoc rang: khi thuc hién cac bién do6i twong duong sau
I&n cac phuong trinh cua hé thi s& dugc hé mdi twong duong:

e Doi chd hai phuong trinh;
e Nhan, chia mét s6 khac 0 vao ca 2 vé cia mot phuong trinh;
e Cong vao mot phuong trinh mot to hop tuyén tinh cac phuong trinh khéc.

Giai hé phuong trinh tuyén tinh bang phuong phap khir Gauss 1a thuc hién cac
phép bién d6i twong duong (c6 thé ddi chi sd cac an) dé dua hé phuong trinh (4.1)

Za”xJ =b;i=1..m.

vé hé twong dwong
n
za” X i :bl’ |:1,...,m.
j=1
Céc an X", X'y 18 cac an X{,--s Xy NhuUnNg co thé thay doi thir tu chi s6 va ma

tran bo sung cua hé méi cé dang

alll.. b'1 T
"'a' b'
O pp . p 1 (4.9)
b p+1
O O v,

trong do a’;..a'y, #0.
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¢ Néu mot trong cac b',;,...,b", khac 0 thi ton tai phuong trinh ma vé tréi

bang 0, vé phai khac 0 nén hé v6 nghiém.

¢ Néu by, =...=b', =0 thi h¢ da cho twong dwong véi hé p phuong trinh
a'y X' +a'y X+ . F+a'y x|, =by
a'yy X'y + e Faly, X'y =Db', (4.10)
A Xl X b,

Ta c6 thé tim céc nghiém Xx',..., x'p phu thudc x'p+1,..., X'y
Chu ¥ rang khi ta bién doi twong duong 18n cac phwong trinh thi thyc chét 13
bién d6i cac hé s6 trong cac phuong trinh. Vi vy trong thuc hanh ta chi can bién
d6i ma tran bo sung (4.5) ctia hé dé dua vé ma tran c6 dang (4.9) va giai hé phuong
trinh (4.10) tir d6 suy ra nghiém ctia hé phuong trinh ban dau.
X +2Xy +3%3 =2
Vi du 4.6: Xét hé phuong trinh {2x +5x, +3%; =b, (xem vi du 4.5).

X +8x%3=C
1 2 3 a
Ma trdn bd sunghé sé A=|2 5 3 b
1 08 ¢

Thuce hién cac bién ddi twong duong ta duoc
1 2 3 a 1 0 8 c 1 0 8 c
2 53 b|<|0 1 -3 b-2a|<|0 1 -3 b-2a
1 08 c 0 2 5 a-c 0 0 1 5a-2b-c

1 0 0 -40a+16b+9c
<0 1 0 13a-5b-3c
0 01 5a—-2b-c

Vay ta da tim dugc hé phuong trinh twong duong va ciing 1a nghiém cua hé:
X, =—40a+16b+9c
X, =13a—-5b—-3c
X; =5a—-2b—-c

Vi du 4.7: Giai hé phuong trinh .

X; +8Xy, = 7X3 =12
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T

1 8
-8 8
-9 9
-5 7

N BN
© O O F w w u

o O +—»

1

~7 12]

~7 12]
-1 1
-5 5
1

1
2
0
0

8

5
-7
-2
18

01
0 0

00 0

7 12]
-8 8
77
3 -1

~7 12]
-1 1

1 1
0

Vay hé da cho c6 nghiém duy nhat x, =3, X, =2, X3 =1.

Vi du 4.8: Giai va bién luan theo tham s6 m hé phuong trinh

H¢ da cho twong duong véi hé:

1 -6
3 2
2 3

4 1

3
5

¢ Khi m=0: h¢ vo nghiém,;

¢ Khi m=#0: hé c¢6 vo s6 nghiém

-9

5
6
4

3% 42Xy +5%X3 +4X, =3
2% +3X, +6X3+8%, =5
X —6Xy —9%; —20x, =-11'
AX, + Xy +4Xg +MX, =2

~20
4
8
m

20
15

o O O
O P, N W

o O O k-
o O +— O

~11]
36
27

32 64
24 48
-8 m-16
4

16

O o Ul oW
|

L, O oul]w© ISIER

]

3 o g
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X —Xg+ X4 — X5 =-3
2%y + 2%y + X3 — 9%, =2
Vi du 4.9: Giai hé phuong trinh <3x, — X, + X3 — 8%, —4X; =—2 .
6% + Xy + X3 —16X, —5X5 =3

1 0 -1 1 -1 -3 1 0 -1 1 -1 -3]
2 2 1 9 0 2 0O 2 3 -11 2 8
A=|3 -1 1 -8 -4 -2|<|0 -1 4 -11 -1 7
6 1 1 -16 -5 -3 o 1 7 -22 1 15
11 0 1 2 -2/ |01 1 0 3 1
10 -1 1 -1 -3] [10 -1 1 -1 -3]
011 0 3 1 01 1 0 3 1
<~/0 01 11 4 6|<|00 1 -11 4 6
0O 0 5 -11 2 8 0 0 0 44 22 -22
00 6 22 2 14| |00 0 44 22 -22|
100 0 0 -2] [1 00 O 0 -2]
011 0 3 1 010 -3 0 2
<0 01 30 <0 01 =30 2|
000 2 1 1 000 2 1 -1
0000 0O0] [000O0 0 O]
H¢ da cho twong duong véi hé:
2%y + %5 =-1 Xs =—=1-2X%,; X, tuyy

4.6. HE PHUONG TRINH TUYEN TiNH THUAN NHAT
a21X1+8.22X2 +...+a2an :0 . (4.11)

A X + X+ + 38X, =0

Hé phuong trinh tuyén tinh thuan nhat (4.11) c6 it nhat nghiém tdm thuong
% =...= X, =0. Diéu kién ton tai nghiém (4.5) luén thoa man r(A)=r(A)<n.

Nhan xét 4.2: V& sau ctia hé phuong trinh thuan nhat luén bang 0 do d6 khong thay
d6i khi ta giai hé theo phuong phap khir Gauss. Vi vdy dé giai hé phuong trinh
thun nhét ta chi can bién doi ma tran hé s cta hé.
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2X; —3Xy —3X3 — 2%, =0
Vi du 4.10: Giai hé phuong trinh thudn nhat 4% —7X, —5x; —6x, =0.

2 -3 -3 2 2 -3 -3 2 1 -2 -1 2 1 -2 -1 -2
A=4 -7 5 6|4 -7 5 6|2 -3 -3 2|0 1 -1 2
3 -5 4 4 1 -2 -1 2 4 -7 -5 -6 0 -1 1 -2
1 -2 -1 -2 1 0 -3
<0 1 -1 2|01 -1 2 :>{
0O 0 0 O 00 0 O

X, = 3%, — 2X o
LT T g x, tly Y.

Dinh ly 4.5:
a) Hé (4.11) chi c6 nghiém tam thwong khi va chi khi r(A)=n.

b) Néu r(A)=p<n thi tip hop nghiém cua hé (4.11) la khdng gian con
N—p chiéu cia R".
Chitng minh: Ta chimg minh b). Thyc hién cac bién d6i twong duong 1én ma tran
bd sung (4.5) ctia hé dé dua vé hé twong duong v6i ma tran bd sung c6 dang

1 %= % = Q]
¥ % 0

0 1 =0 (4.12)
0 0 0
_O 0 0_

Suy ra nghiém cO dang < ...cccooiiiiiiiiie e ,

trong d6 (x',...,x",) 1a mot hoan vi cia (Xy,...,X,).
Dé don gian trong cich trinh bay ta gia sir X' = X,..., X', =X, (truong hop

khac dugc ching minh tuong tu), khi d6 tap hop nghiém:

{(CHXIM+...+cm_|oxn,...,cplxp+1+...+cpn_pxn,xp+1,...,xn)‘xpﬂ,...,xn = R}

={(Cll,...,Cpl,l,o,...,O)Xp+l+...+(Cln_p,...,Cpn_p,0,0,...,1)Xn Xp+1,...,Xn ER}
la khéng gian con N—p chiéu cia R".
Vi du 4.11: Tap W, :{u =(X,Y,2) ERB‘ZX—3y+4Z =0} la khong gian con cua

R®c6 chidu dimW, =3-1=2. Ta c6 thé tim mdt co s& cua W, nhu sau.
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u=(x,y,2)

u=(x,y,2)

u=(xY,2)eW, =
(x.y.2) €W, {2x—3y+4z=0 ngy—ZZ

U =(gy—22,y,z) =%(3,2,0)+z(—2,0,1).

Vay hai véc to (3,2,0),(-2,0,1) 18 mot co s caa W, .

Vidu 4.12: bat v, V, lan luot 14 tap hop nghiém cta hé phuong trinh (1) va hé
phuong trinh (I1):

(1) $3% +5%, +6X3—4x, =0 , (1) 4% —7x,—5%;3—6x%, =0

Hiy tim mot co s& ciia cac khong gian con Vy, V,, V; NV,. Suy ra sb chiéu
cua V; +V,.
Gidi: Giai hé phuong trinh (1) :
4 5 -2 3 1 0 -8 7 1 0 8 7 1 0 -8 7

35 6 4|35 6 4«05 30 -25/«~/01 6 -5
5 7 2 0 1 2 4 3 0 2 12 -10 00 0 O

X =8Xg — 7%,
- {xz = —6Xy +5X,

V= (X, X5, X3, Xg) €V} <=V =(8X3 —7X,4,—6X5 +5X,, X3, X,4) = X3(8,-6,1,0) + x,(—7,5,0,1)

V; ={%3(8,-6,1,0) + X, (~7,5,0,1)| X3, X, €R}.
Tuong tu, tir vi du 4.10 ta c6

Vy ={X3(31,1,0) +X,(-2,-2,0,2)| 3, X, € R}.
V; NV, la khong gian nghiém cta hé 6 phuong trinh
4%, +5X, —2X3 +3%, =0
3% +5X, +6X3—4%, =0
5%+ 7Xy +2Xg =0
2% —3Xy — 3% —2X, =0
4%, —TXy —5X3 —6X, =0

3% —5X, —4X%3 —4%, =0

Giai h¢ phuong trinh nay ta dugc nghiém: X; =—X, = X3 =X,; X, tUy V.
=V, NV, ={%,(L-111)[x, €R}.
=dimV; +V, =3.

Vi du 4.13: Cho hé phuong trinh thuan nhat ¢c6 n phuong trinh n+1 an :
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n+1
D ayx;=0;i=1..,n. (4.13)
j=1

bat D; la dinh thirc cua ma tran vuong cip N c6 dugc bang cach xda cot thir

j voi j=1,...,n+1 ciia ma tran hé s6 A:[aij]i:fn .
j=Ln+1

Néu ton tai D; #0 thi r(A)=n, do d6 khong gian nghiém cta (4.13) c6
chiéu bang 1 va c6 dang

{t(Dl,—Dz,....,(—l)”le,..., (-1)" Dy )t ER} | (4.14)

Gidi: Xét dinh thire cap n+1:

i yj o Ynu
all oo alj cee a11n+l
D= :
all oo aIJ oo a|’n+l
Ay .- By e Annyg

Khai trién theo hang thir nhét ta dugc:

Yo (=17 Dy + Y, (-1)° Dy + -+ Yj (-ni* Dj+---+ Yni1(=1)"Dpyy = D.
Voimdi i=1..,n:thay y, =ay, Yo =@, .. » Yne1 =8y thi dinh thie D twong
mg bang 0 (vi hang tht 1 va hang thir i +1 bang nhau). Diéu nay chimng t6
ay;(-1)°Dy +ay,(-1)°Dy +-+-+ aj(-1) I Dj+-+ 8 41(=1)"Dyyy =0
8y, (-1)° Dy + 2y, (-1)°Dy +-- + a,;(-1) j+1Dj o0+ 8 0,1(~1)"Dyyy =0
8y (-1)° Dy +ay,(-1)°D, +---+ ay (-1) j+1Dj oty g (-1)" Dy =0

Vay (Dl,—DZ,....,(—l)j+1Dj v (F1)"D,,,;) 12 mot nghiém cua hé phuong trinh (4.13).

Mgt khac ton tai D; #0 do d6 nghiém (Dy,—D,,....,(-1)*D;,...,(-1)"D,,y)
khac nghiém tdm thudng. Vay tap nghiém c6 dang
{t(Dl,—DZ,....,(—l)”le e (D)"Dy )

teR}.

Pinh IV 4.6: Gia st (%;,...,X,) la mot nghiém ciia phwong trinh khéng thuan nhat
(4.1). Khi @6 (X,...X,) la nghiém cia phwong trinh thudn nhat twong ing (4.11)
khi va chi khi (X +%q,..., X, +X.) la nghiém cua phwong trinh (4.1).
Cho W < R", (X,...,X,) eR" ; ky hiéu (Xem cong thuc 1.44)
(Koo X)) AW = {5 + X0, Ky X)) (Ko X)) €W (4.15)
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Véi ky hiéu nay két qua ciia Pinh 1y 4.6 ¢6 thé biéu dién nhu sau:
Gia str (X,...,X;,) la mot nghiém cua (4.1); khi do6
W 1a tap nghiém cua (4.11) khi va chi khi (x,...,X,;)+W 1a tap nghiém cua (4.1).
Vi du 4.14: Giai va bién luan theo tham s6 a,b hé phuong trinh
X, +aX, +a’Xy =1
{xl +bx, +b2x =1
Gidi: H¢ c6 mot nghiém riéng X =1, X, =0,%X; =0. Theo Dinh ly 4.6 ta can tim

nghiém téng quat ctia hé phuong trinh thuin nhit trong tng.

o 1 a a’
Ma tran h¢ sO0 A= :
1 b b
» Trudong hop a=b: r(A) =1, hé phuong trinh trong duwong v4i mot phuong
trinh do d6 c6 v6 s6 nghiém X =1-ax, —aXs; X,, Xz Uy Y.
* Trudng hop a=b: r(A)=2. Theo vi du 4.13 khong gian nghiém cua hé
phuong trinh thuan nhat twong tng c6 chiéu bang 1 va co dang
{t(Dy,—D,, Dy )|t eR}.

aaZ 2

b b’
Vay khong gian nghiém cua hé phuong trinh thuan nhat tuong tng:

{x(b—a)(ab,—(a+b),1)‘x GR} hodc {t(ab,—(a+b),1)\t eR}.

1
D, = :(a+b)(b—a),D3=‘1 ~b-a.

1
=ab(b-a), DZ‘ ‘
1 b

b2

Do d6 h¢ da cho c6 nghi¢m < X, =—(a+b)t.
X3 =1; teR
BAI TAP CHUONG 4
4.1. Giai h¢ phuong trinh sau:
2% +2Xy — Xg+ X, =4 2% + X, +13%3 +5X, =4
a , ,
) 8% + 5%, —3X3 +4x, =12 ) 2% + Xo+ 3Xg+2%X, =-3
3% +3Xy —2X3 +2X, =6 X+ Xo+ 3X3+4X, =-3
2X— y—-6z+ 3t+ 1=0
2X— y+3z=9
7X—-4y+22-15t+32=0
C) <3x-5y+ z=-4, d) :
X—-2y—-4z+ 9t— 5=0
4x—-Ty+ =5

X— y+2z— 6t+ 8=0
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4.2. Giai h¢ phuong trinh sau:

2% + TXy +3%X3+ X, =5 4% —3Xy +2X3— X, =8
2 X; + 3Xy +9X%X3 —2X, =3 b) 3 —2Xy+ X3—3X, =7
X + 5%, —9X%3+8x, =1 " 2% — X, ~5x%, =6
5% +18X, +4X5 +5%, =12 5% —6X, +3%X3+2%X, =4

4% + 3%, —9%3 =9
cyq B TR d) {6% — 4%, + 4% +3X, =3.
2% +3X, =5X3 =7

3% —2X, +5X3 +4X, =2

X; +8Xy —7X3 =12

4.3. Giai va bién luan cac h¢ phuong trinh sau:

A+m)X, + X, + %3 =1
a) , b)) ix+A+mM)X, +X3=m ,
X —6X, —9x%3 —20x, =-11 )
4+ Xp +4%g+ MX, =2 X+ X + (L m)Xg =m
x+ y+ z=1 x+ay+a‘z=a’
c){ ax+ by+ cz=d , d) < x+by+b?z=b>.
a’x+b%y+c’z=d? x+cy+ciz=c?

4.4, Ching minh hé phuong trinh sau luén c6 nghiém véi moi a = 0,b,c,d

ax+(1-b)y+ cz+(l-d)t=a
(b-1)x+ ay+(d-1)z+ ct=>Db

—cx+(1-d)y+ az+(b-Dt=c
(d-Dx— cy+(1-b)z+ at=d

X; +2X, +3Xg +...+nX, =1

Xy +2%Xa +3Xy + ...+ NX; =2
4.5.*) Giai va bién luan hé phuong trinh { =~ ° !

Xg + 2% +3X +...+NX, 4 =N

4.6. Xac dinh cac gia tri ctia tham s m sao cho cac hé phuong trinh sau:

X + y - z =1 2X + my — z
a) 12x + 3y + mz = 3, b) < x - 3z
X + my + 3z = 2 X + 2y + mz
X + Yy + mz = 2
X + 2y + mz
C) <3x + 4y + 2z = m, d)
2X + my + 8z
2x + 3y - z =1
1) V6 nghiém.
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ii) C6 nhiéu hon 1 nghiém.

iii) C6 duy nhét nghiém.
4.7. Tim diéu kién cua a, b, ¢ dé hé phuong trinh sau c6 nghiém:

X + 2y — 32 = a 2X + 3y — 7z = a

a)<{2x + 6y — 11z = b, by« x - 2y + 4z = b,
X — 2y + 7z = ¢ 3X + Yy + 2z = ¢
X + 2y - 3z = a X — 2y + 47 = a

C){3x — y + 2z = b, d <2x + 3y - z = b.
X — 5y 4+ 8 = ¢ 3X + y + 2z = ¢

4.8. *) Chirng minh rang hé phuong trinh sau lubn ton tai duy nhat nghiém
2Xy =8p1 X ...+ Ay X
V2% =2 2nn trong d6 a; €Z.

4.9. Véc to v =(3,9,—4,—2)co thudc khong gian sinh boi cac véc to sau khong?
U =(1-2,0,3), u, =(2,3,0,~1) va uy =(2,-1,2,1).

4.10. Giai phuong trinh AX =B v&i an 1a ma tran X, trong dé:

1 11 1 1 1 -1
-2 3 1 1 -2 2 0

4.11. Giast U, W la khong gian véc to con cta R*:

Y :{(Xl’X21X37X4) €R4‘Xz +Xg+ X, =0},

W ={(x1,x2,x3,x4) €R4‘X1+X2 =0,%; = 2x4} .

Hay tim mot co s¢ cua cac khong gian con U, W, U "W . Suy ra s6 chiéu
cua U +W.
4.12. Pat V;, V, lan luot 1a hai khong gian nghiém cua hé phwong trinh (I) va hé

phuong trinh (II):
4%, +5Xy —2X3 +3X, =0 2% —3X, —3X3 — 2%, =0
(1) 3% +5%, +6X3—4x, =0, (1) <4x —7X, —5%; —6x, =0.
Xy + 7%y +2X%3 =0 3% —5Xy —4X3 —4x, =0

Hay tim mét co s¢ cua cac khong gian con V;, V,, V; "V,. Suy ra so chiéu cua

V) +V,.

138



CHUONG 4: HE PHUONG TRINH TUYEN TINH

4.13. Tim hé phuong trinh thuan nhét c6 khong gian nghiém W 13 khéng gian véc
to con ciia R* sinh bdi hé véc to: {(1,—-2,0,3), (L—1-14), (10,-2,5)}.

4.14. Tim hé phuong trinh thuin nhat c6 khong gian nghiém W 13 khéng gian véc
to con ctia R® sinh béi hé véc to: {1,-2,0,3,-1), (2,-3,2,5,-3), (1,L-2,1,2,-2)} .

) -1 0
4.15. Tim ma trdn X vudng cdp 2 thoa min phuong trinh X 2 —2X :{ 6 3}.

4.16. *) (D& Olympic SV toan qudc nim 2003) Cho hé phuong trinh tuyén tinh ¢
10 phuong trinh va 11 4n sd. Biét rang:
1) Bo s (1993,1994, ..., 2003) 13 mot nghiém cua hé phuong trinh d3 cho.

2) Khi x04 cot thir j trong ma tran hé sb ctia hé phwong trinh di cho thi ta
dugc mot ma tran vudng c6 dinh thire ding bang j(j =1, 2, ..., 11).
Hay tim tat ca cic nghiém cua hé phuong trinh di cho.
4.17. Cho hé phuong trinh gdbm n phuong trinh n an:
QX +8Xo + o+ X, =0y
Ay X+ AgoXy +..+ By X, =Dy

),

Ay Xy + 80Xy + .+ 8, X, =D,

a) Gia stir hé phuong trinh thuin nhat twong tmg chi c6 nghiém tim thudng.
Chung minh rang hé phuong trinh (1) ¢6 duy nhat nghiém ddi véi moi cach chon
cac hé s6 by, i=1,...,n.

b) Gia sir hé phuong trinh thuan nhit twong tng c6 nghiém khong tam
thuong. Chirmg minh rang t6n tai cac hé s6 b, i =1,...,n sao cho hé phwong trinh
(1) v6 nghiém. Trong trudng hop nay néu hé phuong trinh (1) c6 nghiém thi
nghiém khong duy nhat.
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CHUONG 5
ANH XA TUYEN TiNH

Anh xa tuyén tinh (phép bién ddi tuyén tinh) tir khong gian véc to vao khong
gian Vvéc to 1a mot anh xa bao toan phép cong véc to va phép nhan mot sb voi vée
to. Anh xa tuyén tinh 1a mot ndi dung chinh cua dai s6 tuyén tinh. Mot anh xa tuyén
tinh tr mot khong gian véc to vao chinh khong gian dé duoc goi 1a tu dong ciu
tuyén tinh (goi tit 1 tw ddng ciu) hay toan tir tuyén tinh. Nha toan hoc Peano
(Italia) 12 nguoi dau tién dua ra khai niém anh xa tuyén tinh (1888).

Anh xa tuyén tinh va don anh duoc goi la don ciu, toan anh duoc goi la toan
cau, song anh dugc goi la déng cAu. Néu ton tai mot déng cAu tur khong gian nay 1én
khong gian kia thi ta ndi hai khong gian d6 dang ciu. Co nhiing tiéu chun riéng dé
nhan biét moét anh xa tuyén tinh 1a toan ciu, don cau hay déng cAu. Mot anh xa
tuyén tinh 13 toan cdu khi va chi khi hang ctia né bang chiéu ctia khong gian dich.
Mot anh xa tuyén tinh 13 don cdu khi va chi khi nhan cta n6 chi gdm véc to khong.
Anh xa tuyén tinh tir mot khong gian véc to vao mot khong gian véc to cung chiéu
1a toan cau khi va chi khi 1a don ciu (do d6 1a dang ciu), diéu nay ciing giong nhu
anh xa giita hai tap hitu han c6 cling sd phan tu.

Mot 4nh xa tuyén tinh hoan toan dugc xac dinh boi anh cia co so bat ky qua
anh xa nay, vi vy dé ching minh anh xa tuyén tinh thoa man diéu kién nao d6 ta
chi can kiém tra théa mén diéu kién nay trén mot co s6. Chang han, khi d cho co
SO B = { el,...,en} ciia V va co so ' ciia W thi anh xa tuyén tinh f :V —>W hoan
toan duoc xac dinh bdi ma tran cta hé véc to { f(e)..f (en)} viét trong co s A"
. Biéu nay giai thich tai sao dai s6 tuyén tinh thuong duoc xem 1a 1y thuyét ma tran.
Ma tran cua téng hai anh xa tuyén tinh béng téng hai ma tran, ma tran cua tich mot
s v6i mot anh xa tuyén tinh bang tich ciia sé ndy véi ma trdn xac dinh anh xa
tuyén tinh, ma trin ctia hop hai 4nh xa tuyén tinh bang tich hai ma tran cila chung.
NGi cach khac tuong tng giita 4nh xa tuyén tinh va ma tran ctia nd 1a mot dang cu
bao toan phép cong, phép nhan mot sd v4i ma trdn va phép nhan hai ma tran. Hang
cua anh xa tuyén tinh béng hang cua ma tran ctia n6. Ma trén ctia mdt tu d@)ng cau
trong hai co s khac nhau 1a dong dang. Chinh vi Iy do ndy nén mot bai toan vé ma
tran co thé giai quyét bang phuong phap anh xa tuyén tinh va nguoc lai.

Cong thirc xac dinh anh cia mot anh xa tuyén tinh ¢ biéu thuc toa do 1a mot
hé phuong trinh tuyén tinh. Tim véc to thudc khong gian anh twong tmg véi tim
diéu kién cua vé sau dé hé phuong trinh tuyén tinh c6 nghiém. Nhan cua anh xa
tuyén tinh 14 khong gian nghiém cta hé phuong trinh tuyén tinh thuan nhat tuong
ung v&i anh xa nay.

Mot bai toan quan trong cua 1y thuyét ma trin 13 chéo hod ma tran, d6 1a tim
mot ma tran dong dang clia ma tran cho trudc ma ma tran dong dang nay co céc
phan tir khong & trén dudng chéo bing khong. Van dé nay tuong duong véi viée
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tim mot co s& gém cac véc to riéng cua tu déng cu x4c dinh béi ma tran da cho.
Thuat toan chéo hoa & cudi chuong sé& giup hoc vién giai quyét duoc bai toan dang
nay. Bai toan chéo hoa ma tran c6 rit nhiéu tng dung. Bai todn chéo héa truc giao
ma tran dugc xét trong chuong 6.

5.1. KHAI NIEM ANH XA TUYEN TiNH
5.1.1. Pinh nghia va vi du
Pinh nghia 5.1: 4nh xa f tir khéng gian véc to V vao khong gian W thod man:

voi moi u,v eV , voi moi a €R;

{f(u+v)= fu)+ f(v)

f(au) = & f (U) G

dwoc goi la dnh xa tuyén tinh (dong cdu tuyén tinh hay goi tat la dong cdu) tir V
vao W .

Khi V =W thi f duwoc goi la tw dong cau.
Vidu 5.1: Xét cac anh xa sau:

1) Anh xa khong oV - W

ur~ Ou=0
2) Anh xa d6ng nhat Id, :V — V

u — ldyu)=u

3)Phépvitrtysd keR, f:V — V

u > f(u)=ku
4) Phép tinh tién theo véc to vy eV, f:V — V

U u+y,

5) Choma tran A= [aij }m o dé dang kiém tra duoc dang thirc

X X X X
Aali|epl i |l=aAl i |+8A

X X

n
Do d6 tuong tmg f : R" — R"

(4, %) 5 F (e X0) = (Vi Vi)
xac dinh boi

= [aij]mxn 5 (52)
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Y1 =0851% +855Xy +--+ 84X,
Hoac
Ym = 8mXy + 8ppXy + -0+ 8y Xy
1a mot anh xa tuyén tinh.
Nguoc lai ta co thé chirng minh dugc (xem muyc 5.4) moi anh xa tuyén tinh tur
R" vao R™ déu c6 dang nhu trén.
Chang han f : R®*>R? ¢6 cong thure xac dinh anh
f(X,Y,2) = (2x—3y +2,4x+32) 1a mot anh xa tuyén tinh.
Nhung f(x,y,z)=(2x*—3y,4x+Yy+3z),
f(xy,2)= (2\/;—3y,4x+ y+3z),
f(X,Y,2) =(2x -3y +6,4x+ Yy +3z) khong phai 13 anh xa tuyén tinh.
6) Phép quay géc @, f : R? —» R?
(X, y) > f(x,y)=(xcos@—ysing,xsin@+ ycosH)
Thoa mén cong thirc (5.2) do d6 1a mot tu dong cau.
A

Anh xa 1), 2), 3), 5) 6) 1 anh xa
tuyén tinh.

f(v) 2), 3), 6) 1a ty déng cau.

0 v 4) khong phai 1a dnh xa tuyén
tinh néu v, # 0.

v

5.1.2. Céc tinh chat

Pinh Iy 5.1: Anhxa f:V W [a dnh xa tuyén tinh khi va chi khi:
vuveV,Va,feR: f(au+pV)=af(u)+ L1 (V) (5.3)

Chitng minh: Vi moi u,veV , véi moi a, S €R ta ching minh diéu kién (5.1)

trong duong didu kién (5.3).

(5.1)= (6.3): f(au+pv)=Tf(au)+f(pv)=af(u)+p4f(v).

f(u+v)=fu)+ f@Av)=1f (U)+1f(v)=f(u)+ f(v)

(5.3) = (5.1): {f(au)= flau+0v)=af(u)+0f(v)=af(u).

Pinh Iy 5.2: Néu f :V —W i dnh xa tuyén tinh thi

i f(0)=0,
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(i) véimoi veV : f(-v)=—1(v),

(iii) f (iaiViJ:iai f(v), Voy,....a, €R, Vv,...,v, €V
i=L

i=1

Chirng minh: (i) f(0)=f(0-0)=0f(0)=0.

i fV)+f ) =fv+(=)=10)=0= f(-v)=-1(v).

(iii) D& dang chirng minh bang cach quy nap theo n.
Nhian xét 5.1: Cho f:V —W 13 mot anh xa tuyén tinh, 28 = {el,...,en} la mot co
sécua V,khidomoi UeV : U=xe€ +...+X,6,. Theo Dinh 1y 5.2 ta c6

fu)=f(xe+...+x.e,)=xf)+...+x,f(e,).

Vi vdy 4nh xa tuyén tinh f hoan toan dugc xac dinh béi { f(g,),..., f(e,)}, 1a anh
ctia co sd A qua f . Diéu nay duoc khang dinh trong dinh 1y va hé qua sau.
Pinh 1y 5.3: Méi dnh xa tuyén tinh tir V vao W hoan toan duwgc xdc dinh béi dnh
cua mot co so cua N ; nghia la voi co s¢ P = {el,...,en} cho trudc cua V|, khi do
v&i méi hé véc to Uy,...,u, €W ton tai duy nhdt dnh xa tuyén tinh f:N >W théa
méan f(g)=u;, i=1..,n.

V{e,...e} cosscuaV,vu,..,u, eW,If:V >W:f(g)=u,i=1..n. (5.4)
Chitng minh:*) Ton tai: Véi moi veV, gia stt (X,...,X,) 1a toa do cia v trong co
s6 &, nghiala v=xe +...+X,8,. Pat f(v)=xu +...+ XU, eW.

Ta c6 thé kiém chimg duogc rang twong tng Vi f (V) xac dinh nhu trén 12
mdt anh xa tuyén tinh thoa man f(g)=u;, véimoi i=1..,n.

*) Duy nhat: Gia st g:V —W la 4nh xa tuyén tinh sao cho g(g)=u;, véi
moi i=1,...,n khi d6 voi batky veV,v=xe +..+X€,,

g(v) =g(X€ +... + X.&,) = %0(e) +... + X,9(&,) = XU +...+ XU, = F (V).

Vay g=f.
Hé qua 5.4: f,9:V —>W ld hai dnh xa tuyén tinh. ,%’z{el,...,en} la mot co so
cua \V . Khi do

f=g< f(g)=9() Vi=1..,n. (5.5)

5.1.3. Cac phép todn ciia cac anh xa tuyén tinh
5.1.3.1 Hom(V,W)

Cho hai khong gian véc to V,W . Tap cac anh xa tuyén tinh tir V. vao W duogc
ky hiéu 1a Hom(V,W) (homomorphism).

Véi f,g e Hom(V,W),
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Tuongung: V > W
vis f(v)+g(v) (5.6)
13 mot 4nh xa tuyén tinh, duoc ky hiéu f +g va goilatongcua fva g.
Tuong tu, v6i ke R, twongtmg: V —> W
Vi kf (V) (5.7)
1a 4nh xa tuyén tinh duogc ky hiéu 1a Kf .

Vay ta d3 xac dinh hai phép toan: cong hai 4nh xa tuyén tinh, nhan mét sb véi
anh xa tuyén tinh. Véi hai phép toan nay thi (Hom(V,W),+,?) co cau trac khong
gian véc to va

dimHom(V,W) =dimV -dimW .
Vi du 5.2: Cho hai anh xa tuyén tinh f,g ‘R® 5R%co cong thure xac dinh danh nhu
Sau.
f(x,y,2) =(8x-5y+2z,4x+y-62), g(X,y,2) =(2x+ 6y —72,x—52).
Tacé: 3f(x,y,z)=(9x-15y+62,12x+ 3y —187),
29(x,Y,2) =(4x+12y -14z,2x-10z),
Vay (3f —29)(x,y,2) =(5x—-27y+20z,10x + 3y —8z) .

5.1.3.2. EndV

Gia st f:V —>V'va g:V'—>V" 1a hai 4nh xa tuyén tinh. Co6 thé ching
minh dugc rang 4nh xa hop go f :V —V" ciing 13 mot anh xa tuyén tinh.

Ky hiéu tap cac ty dong cdu cua V 12 EndV (endomorphism).

Véi hai phép toan cong va hop anh xa (EndV,+,0) co cau triic vanh khong
giao hodn, c6 don vi, khong nguyén.

Ngoai ra voi hai phép toan (5.6) , (5.7) thi (EndV,+,-) con la mot khong gian
véc to.

Vay EndV vira ¢ cu tric vanh, vira c6 cdu tric khong gian véc to.

Cho f eEndV va p(t) =a, +---+a,t" 1a mot da thic bac n, ta ky hiéu
p(f)=ayldy,+---+a,f";trongdo fO=1Id,, fl=f, f"=fo...of . (57)
nlan
Vi du 5.3: Cho anh xa tuyén tinh f :R* 5>R%co cong thirc xac dinh anh nhu sau:
f(x,y)=(3x-5y,4x+Y).
a) F2(x,y)=f o f(xy)=(-11x—20y,16x—19y)
b) Xét da thue p(t) =50—09t + 2t
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p(f)(X,y) :(SOIdV—Qf +2f2)(x, y) =50(x,y) =9 (x,y) +2f2(x,y)

=(X+5Yy,-4x+3y).
5.2. NHAN VA ANH CUA ANH XA TUYEN TINH
Pinh Iy 5.5: Gid siz T :V =W [a dnh xa tuyén tinh, khi do:
(i) Néu V, la khong gian con ciia V' thi f(V,) la khdng gian con ciia W . S 1a
mot hé sinh cua Vy thi £(S) la mét hé sinh cia f (V). Do dé dim f (V) <dimV;.
(i) Néu W, la khong gian con ciia W thi f_l(\Nl) la khong gian con cua V ,
ngoadi ra néu Wy, < f(V) thi dimwW, <dim f (W,).
Chirng minh:
(i) ® Vi moi uy,u, € f(V;) ton tai v;,v, €V, sao cho u, = f(v), U, = f(v,).
Do d6 v6i moi a, f R,
au + Bu; =af(v)+ B (v,)=fav +pBv,) e T(Vy).
e V6imoi ue f(V,),tontai veV, saocho f(v)=u.
Gia st {ey,...,e,} 1a mot hé sinh cua Vi, khi do: v =XV, +...+ XV,
=u=fV)=f(Xxe+..+%8,)=x%f()+..+x,f(e,)
= {f(e),... f(e,)} 1a mot hé sinh cua f(V,).
Diéu nay suy ra dim f (V,) <dimV,.
(i) @ V&i moi vy,v, € T 1(W,), véi moi a, B eR:
flavy+ pV,) e af (V) + BT (v,) eW, = avy + v, € THW,).
e Gid st {Uy,..,U,} 1a mot h¢ doc lap tuyén tinh ciia W,. Tur dieu kién
W, < f(V) suy ra ton tai \;,...,v,, sao cho f(v;)=u.
RS rang {v;,...,V,} = f *(W,) va d& dang ching minh duoc {v;,...,v,} ciing
doc 1ap tuyén tinh.
Vay dimW, <dim f(W,).
Dinh nghia 5.2: Vi dnh xa tuyén tinh £ :N —W ta ky hiéu va dinh nghia

Ker f =f71{0}, Imf =f(V) (5.9)
la hat nhan va la anh cua f .
Vay Ker f = {v eV‘ f(v)= 0} la mot khong gian véc to con cua V .
weV:veKerf < f(v)=0. (5.10)
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Imf = { f (V)‘v eV} la mdt khong gian véc to con cua W .
YueW: uelmf < 3IveV:iu=1(v). (5.11)
Ta ky hiéu va dinh nghia
r(f)=dimim f (5.12)

la hang cua danh xa T .

Pinh Iy 5.6: V&i moi dnh xa tuyén tinh f:V —W
dimV =r(f)+dimKer f . (5.13)

Chirng minh: Gia sir {e,,...,e,} 1a mot co s cua Ker f (khi Ker f ={0} thim =
0). Ta c6 thé bo sung dé (€11 B Bty Bk 1A MOt cO'sG cua V.

Ta s& chimg minh { f (&,,1),.... f (€pyx)} 1& mOt hé sinh, doc 1ap tuyén tinh cta
Im f (do d6 1a mot co s6).

e Voimoi f(V)elmf; v=xe +..+ X & + Xmu1€mu + -+ XmokCmik €V

(V) = X T (00 vt X T (Bm) + Xt T (Bt) + o+ Ko T (B

— Xpen @) o X T )

Vay {f(en1)- f(€myi)} 18 mOt hé sinh cua (V).

e Giastr Yy f(eny)+.-+ VY f(eny)=0thi ye ., +..+ V&, cKerf

= Y€ T T Y€k = 48 +-.-+ 26

= Vi€nattYilmik =48 —— 208 =0= y;=...=Yy, =0.
Vay {f(eq1)- T (€nax)} dOc 13p tuyén tinh, do d6 1a mét co s& cua f(V). Tir do
suy ra dang thire (5.13).
Nhén xét 5.2: Gia st f:V ->W 1a 4nh xa tuyén tinh va B ={e,,...e,} 1a mot co
sd cta V . Ta c6 thé ching minh duoc {f(e),... f(e,)} 12 mot h¢ sinh cua Imf,
do d6 moi hé con doc 1ap tuyén tinh tdi dai cia { f(e),.., f (en)} lacosdcua Imf .
Vi du 5.4: Xét 4nh xa tuyén tinh f :R* >R> xac dinh béi:

f(xy,z,t)=(2x—y+3z+5t,3x— 2y +3z +4t, x + 3z +6t).

Tim mot co sd cua Imf |, Ker f cua f . Tu d6 suy rahang r(f).
Gidgi: Theo (5.11): VueR®: uelmf < IveR*: u=f(v).

Noi cach khac u=(a,b,c) e Im f khi va chi khi hé phuong trinh sau c¢6 nghiém
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2Xx -y +3z +5t =a
3x -2y 43z +4t =b.
X +3z +6t =cC
Str dung phuong phap khir Gauss ta duogc:
2 -1 3 5 a 1 0 3 6 ¢ 1 0 3 6 C
3 234 ble|0 -1 -3 -7 a-2 |«<|0 -1 -3 -7 a-2¢c |(¥).
1 0 36¢c 0 -1 -3 -7 b-a-c 0 0 0 0 b-2a+c
Vay h¢ phuong trinh c6 nghiém khi b—2a+c=0. Do d6
u=(a,b,c)elmf < u=(a,2a—c,c)=a(,2,0)+c(0,-11).
Vay Im f ¢6 mot coso1a {(1,2,0), (0,-11)}.
Tuong tu, tir (5.10) ta c6: Vv=(X,Y,z,t) e Ker f khi va chi khi (X,Y,z,t) la
nghiém ctia hé phuong trinh thuan nhat sau

2x -y +3z +bt =0
3x -2y +3z +4t =0.
X +3z +6t =0

Str dung két qua bién ddi twong duong (*) ta duoc hé phuong trinh twong duong

X +3z +6t =0 X =-3z -6t
p— .
y +3z +7t =0 y=-3z-Tt

Vay Ker f ¢6 mot cosola {(-3,-3,1,0), (-6,-7,0,1)}.
r(f)=2,dim(Ker f)=2;r(f)+dim(Ker f)=4=dimR*,

(nghiém dung cong thure 5.13).
Mit khac ngoai co s¢ {(1,2,0), (0,—-1,1)} cua Imf , theo Nhan xét 5.2 va

2 -1 35
r(f) =2 thi hai véc to cot doc 1p batky ciamatran |3 —2 3 4| déulacosd
1 0 36

cia Im f . Ching han {(2,3),(12,0)}; {(2.31),(L1D)}; {(2,31),(5.4,6)} ... 1a cac
cosdcua Imf .

5.3. TOAN CAU, PON CAU, PANG CAU

5.3.1. Toan ciu

Pinh nghia 5.3: Ank xa tuyén tinh va toan anh dwoc goi la toan cdu.

Pinh Iy 5.6: Vi dnh xa tuyén tinh N —>W | cdc ménh dé sau twong dwong:
(i) f toan cdu.

(i) Anh ciia hé sinh cia N la hé sinh ciia W .
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(iii) r(f)=dimw
Chirng minh: (i) = (ii): Gia sit {v;,...,V,} 1a hé sinh cia V. Khi d6 v6i moi
ueW, tdntai veV saocho f(v)=u (vi f(V)=W).
V=XV +..+ XV, => Uu=TFV)=F(xv+..+XVv,) =X V) +..+x,f(v,).
Vay { f(vy),en f (Vn)} la hé sinh cia W .
(il)=(i): Gia str {e,,...e,} 1a mdt co so cua V thi {f(e),..., f(e,)} 1a hé
sinh cia W =W =span{ f (e,),..., f (e,)} = f (V) = f toan ciu.
()= f(V)=W < dimf(V)=dimW < r(f)=dimw.
5.3.2. Don cau

DPinh nghia 5.4: Anh xa tuyén tinh va don anh dwoc goi la don cau.

Pinh Iy 5.7: Véi dnh xa tuyén tinh N =W, cdc ménh dé sau twong dwong:
(i) f don cau.
(i1) Ker f ={0}.
(iii) Anh ciia hé doc Idp tuyén tinh cia N la hé déc lap tuyén tinh ciia W .
(iv) r(f)=dimV.
Chikng minh: (i) = (ii): Ta lubn c6 {0} = Ker f .
Nguoc lai veKer f = f(v)=0= f(0)=v=0, nghiala Ker f <{0}.
Vay Ker f ={0}.
(i) = (i): Gia s f(v) = f(v,), khido
O=f(v)-f(v)=fTV\—-V)=v-Vv,=0 = v, =V,.

(i) = (iii): Gia str {v,...,V, } d0c 1ap, ta ching minh { f (vy),..., f (v,)} doc lap:
V%o X € REX T (V) + oo X £ (V) =0 = vy +..+ XV, € Ker f = {0}
=XV o XV, =0 = X =..=X,=0.

(ili) = (iv): Gia st {e,,...,e,} 1a mot co s¢ cua V thi {f(e),..., f(e,)} 1a hé sinh

doc 1ap tuyén tinh ctia f(V). Do d6 r(f)=dimV .

dimV =r(f)+dimKerf

i = dimKer f =0= Ker f ={0}.
dimV =r(f)

(iv) = (ii) :{

Vi du 5.5: Anh xa tuyén tinh xét & vi du 5.4 khong don cau vi Ker f = {0}, khong

toan cau vi r(f)=2=dimR3,
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5.3.3. Ping ciu

Pinh nghia 5.5: Anh xa tuyén tinh vira don cdu vira toan cau dwoc goi la dang

cau.

Vay ding cdu 12 mot anh xa tuyén tinh va song anh.

Hai khdng gian V \W duwgc goi la dang cdu néu cé dnh xa tuyén tinh dang cdu
f:VoWw.

Phép dang cau f :V —V duoc goi 1a tir dang cdu cia khong gian V . Tap hop
cac tu dang cu cua V duoc ky hiéu 1a GI(V).

Pinh Iy 5.8: V va W dang cdu khi va chi khi dimV =dimW .
Chitng minh: (=): Néu f :V > W dang cdu thi

dimV =r(f) (doncau)
dimW =r(f) (toan cau)

= dimV =dimW .

(<) : Nguoc lai néu dimV =dimW =n.
Gia su e%:{el,...,en}, %':{a)l,...,a)n} la co s& lan luot cia V va W . Goi
f:V >W 1a 4nh xa tuyén tinh thoa min f(g)=a;i=1..,n (xem ching minh

Pinh 1y 5.3). Khi 46 r(f)=dimV =dimW = f dang cau.
Pinh Iy 5.9: (GI(V),°) la mgt nhém khong giao hoan.
Chirng minh: Ta dé dang ching minh néu f 13 tu dang cdu cua V thi 4nh xa
nguoc f ! cling 13 ty ddng cau caa V. Néu f,g tu dang cdu thi go f ciing tu
dang cau.

Ta da biét réng anh xa tor mot tap hitu han vao moét tap hiru han cé cung sb
phan tir 12 don anh khi va chi khi 1a toan anh (Nhan xét 1.3-5, chuong 1). Piéu nay
cling con dung d6i voi anh xa tuyén tinh giita hai khong gian véc to ¢6 cing sb
chiéu.

Pinh 1y 5.10: Gid sz dimV =dimW va f :V W ld dnh xa tuyén tinh tir V vao
W . Khi dé: f don cdu khi va chi khi t toan cdu, do dé dang cau.
Chirng minh:

f toan cau < r(f) =dimW =dimV < f don ciu.
Vi du 5.6: Anh xa tuyén tinh f :R? - R? xéc dinh béi:
f(xy)=(2x—-y,x+Y)
1a mot don céu vi (X, y)=(0,0) = (2x—y,x+y)=(0,0) =(x,y)=(0,0).
f don cu do d6 f 1a mot ding cAu vi vay: véi moi (X'y') eR? tdn tai

duy nhét (x,y) eR? sao cho (x',y") = f (X, ) =(2x—y,x+Y).
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Ta cling c6 thé kiém tra f ding cAu bang cach chi ra hé phuong trinh sau

2X—y=X'
X+y=y'

That vy, hé phuong trinh c6 duy nhat nghiém: x = X 3 y =

ton tai duy nhat nghiém:

Vi du 5.7: Xét anh xa tuyén tinh f:R® — P, xac dinh boi:
f(X,V,2) =(X+2y+32)+ (2X+5y +62)t + (X +82)t>.
X+2y+3z=a
Theo vi du 4.6 hé phuong trinh { 2x+5y +3z =b ton tai duy nhat nghiém.
X +8z=cC
Do d6 Va+bt+ct? e P,, 3!(x,y,z) eR® thoa man f(x,y,z)=a+bt+ct?.
Vay f 1a mot dang cau.
X+2y+3z2=0
Mit khac ta cling thdy hé phuong trinh { 2x +5y+3z =0 chi c6 nghiém tim
X +8z=0
thuong, do d6 f(x,y,2)=(0,0,0)=(Xx,y,z) =(0,0,0). Vay f 1a mot don cau, do

d6 1a dang cau.
5.4. ANH XA TUYEN TiNH VA MA TRAN
5.4.1. Ma tran biéu dién anh xa tuyén tinh

Theo Pinh 1y 5.3, moi anh xa tuyén tinh f :V —W hoan toan duoc xac dinh
bdi anh cia mdt co sd cua V (cong thic (5.4)).

Gid st B ={e,,...€,} 1a mot co s¢ cua V, khi d6 4nh xa tuyén tinh f hoan
toan duoc xac dinh boi hé vée to { f(e)),..., f(e,)}.

Mit khac néu B'={a,,...,o,} 12 mot co s¢ cua W thi h¢ {f(e)),..., f(e,)}

hoan toan duoc xac dinh béi ma trin ¢c& mxn cd n c¢ot la cac toa do cua cac véc to
f(e),..., f (e,) trong co s& A’ (cong thuc (3.10)). Vi vAy véi hai co sd &, %" cho

trude thi 4nh xa tuyén tinh f hoan toan dwoc xac dinh boi ma tran:
m -
i=1

Pinh nghia5.6: Ma trdn A ¢6 cdc cét lan lwot 1 toa dd cia hé véc to

f(e),.... T (e,) viét trong co so B' (cong thic (5.14)) duwoc goi la ma trdn ciia dnh

xa tuyén tinh f trong co s¢ %z{q,...,en} cia VVva B' cia W . Ky hiéu:
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A=[f]. (5.15)
Néu f 1a mot ty déng ciu cua khong gian véc to V , khi d6 ma trin A cta f
trong cung mot o s6 A ={e,...,6,} cua V dugc ky hiéu
A=[f], (5.16)
thay cho [f]ﬁ
Ma tran cua anh xa tuyén tinh trong co s¢ chinh tac duoc goi la ma trdan chinh tdc.
Vi du 5.8: Xét anh xa f : R® — R? xac dinh boi f (X, Y,z) = (2x+y—42,3x+52).
f(1,0,0)=(2,3)=2(1,0)+3(0,1).
f(0,1,0)=(1,0) =1(1,0) +0(0,1) .
(0,0,1) =(-4,5) =—4(1,0) +5(0,1).

Vay ma trdn cia f trong co so chinh tic cua R va R? 1a
2 1 4
A= :
3 0 5
Vidu 5.9: Xét anh xa tuyén tinh f ‘R3 — P, xac dinh b1 (xem vi du 5.7):
f(X,Y,2) = (X+2y+32) +(2X + 5y + 62)t + (x +82)t>.

f(1,0,0) =1+2t+t%; £(0,1,0)=2+5t; f(0,0,1) =3+6t +8t>

Vay matrn cua f trong co sé chinh tic cia R® va P, la

A=

B, N R
o o N
0 o w

Nhéan xét 5.2:
1) Bang cach tinh toan nhu vi du trén ta ¢ thé kiém tra duoc ring anh xa tuyén
tinh f:R™ — R" v6i cong thirc x4c dinh dnh:
F (X X)) = (81X + -+ 8y Xy eeer B Xg + 4+ 8y Xip)
Khi d6 ma tran chinh tic c6 ¢& nxm voi hang thr k 1a cac hé s6 ciia thanh phan

thir K trong biéu thitc (8% +++++ 8y Xysees g Xq +***+ 8y X)) - Nghia 12

8y v Ay
A=
8t g
2) Tuong tu 4nh xa tuyén tinh f :P,_, — P, v6i cong thirc xac dinh anh:
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1
F (X + Xt 4 Xy g™ ) = (g1 + By X)) + (B Xg ++ Aoy X g )+
et (anlxo Tt ‘r-'lnmxm—l)tn_l

Khi d6 ma tran chinh tac c6 ¢c& nxm véi hang thir k 1a cac hé so cta so hang thur

k trong (aqXo +- -+ Xy )t . Nghia la

Ay 0 Ay
Vidu5.10: Xétanhxa f:R® — R® x4c dinh bsi
f(X,y,2)=(X+2y+22,3x+y+52,Xx-y+12),

1 2 2
Ma tran chinh tic A=[3 1 5]|.
1 -1 1

Anh xa tuyén tinh f :P; —P, xéc dinh béi:
f(ay +ajt +at® +ast’) = (2a, —5a, +a, +4a,) + (38, + 4a, — 7a,)t

+(8a, — 2a, +9a, —3a,)t°.

2 -5 1 4
Ma tran chinh tic A=|3 4 -7 0
8 -2 9 -3

Vidu 5.11: Toan tr dao ham D: P; —»P, 1a mot anh xa tuyén tinh théa man:
D) =0, D(t) =1, D(t?) =2t, D(t%) = 3t2.

Hoic D(a, + ajt + a,t? + ast®) = a, + 2a,t + 3a,t?

Do d6 c¢6 ma tran trong co s& chinh tic cia P, va P, la A=

o O O
o O -
o NN O
w O O

Ma tran 1a mot cong cu d€ nghién ctru anh xa tuyén tinh. Bang cach c6 dinh
co so cua khong gian véc to khi d6 mot bai toan vé anh xa tuyén tinh dugc qui vé
bai toan ma tran va nguoc lai. Cu the:

Néu cb dinh co so B ={e,..e} ciaV vacoss B'={a,.. o} ciaW,

khi d6: v6i mdi 4nh xa tuyén tinh f :V —W ton tai duy nhit ma trin A= [aij]

mxn

xac dinh boi (5.14).
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Nguoc lai, cho ma tran A= [aij]m . X¢ét hé véc to {ul,...,un} cua W co toa
do trong co s ' 1a cac cOt cia ma tran A, theo dinh 1y 5.3 ton tai duy nhét anh

xa tuyén tinh f :V —>W théa man (5.4). Do d¢ [ f ]z = [aij] € M

mxn
Vay c6 tuong tng 1 - 1 gitta Hom(V W) va .4 .
Pinh Iy 5.11: Twong vng Hom(V,W) — A .
> A=[f]}
Xac dinh boi (5.14) la mét song dnh théa mén cdc tinh chat:
[F+oly =11 +[ol;: vaeR: AT <4015, (617
r(f)=r(f]}). (5.18)
Chitng minh: [ f + g]ﬁ 1a ma trdn cta hé véc to cot {(f +g)(e),....(f +9)(e,)},
[f ]z 1a ma trdn cua hé véc to cot { f (ey),..., f(e,)} va [g] " 1a ma tran cua hé véc
to ot {g(ey), - 9(e,)}. Dodd [f+g]7 =[f], +[g] -
[Af ] 14 ma trin cia hé véc to cot {Af(e)),... AT ()}, dodo [Af ]ﬁ =A[ f ]ﬁ :
Pé ching minh cong thirc (5.18) ta nhan thay rang hang r(A) cta ma tran

A=[f ]ﬁ 1a hang cua hé cac véc to cot { f(ey),..., f (e,)}.

Mt khac span{ f (e,),..., f (e,)} = f(V), dodor(A) =dim f (V) =r(f).

Cho hai anh xa tuyén tinh f,9:V LI VAR BNV V.,V 'V "lan luot co co
so1a B={e,..e}, B'={e..eh}, B'={e"..."}.

ey B A ) 2 Dy By
Gia st A=[f], la matrgn cia f trong coso 4, #' va B=[g],. lama
trAn cua g trong co s¢ ', #" thi BA la ma trdn ctia go f trong co s A, AB".
That vay:

A:[aﬂ , xdc dinh boi f (e;) = Za et j=1..,n.

I

9o f(e))= g(za., j Za.,g(e) Za.,[Zbk. "j=2@bkiauje"k

|
=1 k=1 k=1

Diéu nay chimg t6 BA 1a ma tran cia go f .
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(92115 =[a], [f],- (5.19)

Khi V =V'=V" va ta chon ¢6 dinh mot co s¢ ciia V thi c6 twong ung 1-1

giita cac tu dong cdu cta V va cac ma trin vudng cap n.
Pinh Iy 5.12: Tuwong vng End(V) — A,

fHA:[f]%

la mét dang cdu vanh, trong dé6 A= [ f ]% la ma trgn cua t trong mét co sé cé

dinh P cua N Xac dinh boi (5.14), (5.16). Nghia la:

[F+al, =[], +[0],: VAR [AT], =] f],:

[feal,=[f],[9],r(F)=r(f],).

He qua 5.13: Cho f e EndV , & la mot co so ciia V. DatA=[1]_, khi do:

f la tw dang cdu khi va chi khi A kha nghich, dong thoi ma trdn cua f trong co
2 g I -1 a1
sO B cé dang [f ]%) =A".

Hé qua 5.14: Cho f e EndV , B la mot co s6 cua N . Gid si p(t) =ay +---+a,t"
la mot da thite bgc n . Dat A=[f],,; theo (5.8), (5.16) - (5.19) ta c:

Ma trén cua p(f)=ayldy,+---+a,f" trong cosé # la p(A)=ayl +---+a,A".

Vi du 5.10: Cho 4nh xa tuyén tinh f :R®> - R ¢6 cong thie xac dinh anh
f(X,y,2)=(X+2y+22,3x+y+52,x—y+12).
a) Chung minh rang f 13 mot dang cau. Tim cong thic x4c dinh anh cta anh
xa ngugc f (X,Y,2).
b) Cho da thitc p(t) =2—4t+3t?. Viét ma tran chinh tic caa p(f), tir d6 suy
ra cong thirc xac dinh anh p(f)(X,y,2).

1 2 2
Gidi: a) Ma tran chinh ticcua f 12 A={3 1 5. A khéa nghich va
1 -1 1
6 -4 8
4 1
A= 5 2 -1 1.
-4 3 -5

Do doé f 1a mot déng cAu va anh xa nguoc xac dinh nhu sau:
f1(x,y,2) :%(6x—4y+82,2x— y+2,-4x+3y—52).

b) Ma tran chinh tic cia p(f):
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9 2 14 25 -2 34
A2=| 11 2 16 |= p(A)=21-4A+3A%’=|21 4 28
-1 0 -2 -7 4 -8

= p(f)(X y,2)=(25x—2y+34z,21x + 4y +28z,—7x + 4y —82).
5.4.2. Ma tran ciia anh xa tuyén tinh trong cac co sé khac nhau

Giasir f:V —W 1a 4nh xa tuyén tinh.
. 'Uﬁl \ A A 9 N 9
Go1 T :[tij]-“ﬁ'l la ma trdn chuyén co s& Hﬂlz{el,...,en} sang co so
By ={e',...e",} cuakhong gian V.
. e)ﬁ \ A R 9 1) 9
Goi P=[py ].%’?2 la ma tran chuyén co s& &, ={@,..,@,} sang co s&
t%)lz :{a)ll,...,a)'m} Cﬁa W .
_ “%2 \ A 9 3 /
A=[f ]%1 1a ma tran ctia f trong co so A, %,,

A=[f ]ﬁf 1a ma trén cua f trong coso %'}, A",. Khi do

[l (1 =L [ T (5.20)

Hoac
PA'=AT; A'=P'AT. (5.21)

m
That viy: Gia st A= [f]ﬂ2 =lag] ., = f&) =D aum .
i1

A= [f] 2_[a'ki]mxn:>f(e'j):Za'ija)‘i.
i=1

:[pki] :? = O —Zpklwk

i=1

n

T[] == Xher

Ta c6: f(e'j):ia'ija) Zau[zpk@kj kﬁ:(ipkialijJa’k *)
i=1 =1 =1\ i=1l

n

fle'j)=f [Ztijeij = Zn:tij f(e)= Zn:tij Lkiakiwk] = i(zn:akitij )04( **)
i1 i

i=1 k=1\i=1

m n
(*)va (**)suyra pga‘’j = agt; véimoi j=1..n; k=1..m.

i=1 i=1

Do dé PA'= AT . Vay A'=P AT .
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Pic biétnéu f laty déng cAu cua khong gian véc to V . Goi A /A’ 1a ma tran

cia f trong hai cosé #,B' va T 1a ma trin chuyén tir co s& 4 sang 4" thi:

A'=TIAT. (5.22)

#\1 ;

1= (0615 T[T (529
Nhin xét 5.4: Cho anh xa tuyén tinh f :R" — R™. Goi P 1a ma trn chuyén tir co
s& chinh tac cia R™ sang co s& 4,, T 1a ma tran chuyén tir co sé chinh tac cua
R" sang cosé B,. Goi A lamatrancua f trong co sé chinh tic va A' 1a ma tran
cia f trongcoso %, RB,, khido A'= PIAT (xem cong thic 5.21).
Vidu5.11: Cho 4nh xa tuyén tinh f 1 R®> > R% f(X,y,2) = (X+ Y +2,X+y—2)
A" lama trdn cua f trong coso 8 ={(0,1,1),(1,0,1),(1,10)},%, ={(1,1),(0,1)} .
Goi P 13 ma trn chuyén tir co sé chinh tic cta R? sang co s& #,, T la ma tran

A \ 5 7 M 5 3 5 Y . \ A 5
chuyén tir co s& chinh tac cia R® sang co s¢ 4. Goi A la ma trdn cia f trong co

0

11 1 10
A= P= T =|1
L 1 —1} L 1} )

L o[22 02
= A =PAT = .
2 -2 0

s& chinh tic thi

Ta ciing c6 thé tinh tryc tiép ma tran A' nhu sau:
f(0,11) = (2,0) = 2(L1) - 2(0,1).
f(1,0,0) =(2,0)=2(1,1) —2(0,1).
f(L10)=(2,2) =2(11)+0(0,1) .

Vidu 5.12: Ty dong cdu f c6 ma tran trong co s 2B = {e,,e,,6;,€,} xdc dinh nhu

Sau.
(12 0 1]
30 -1 2
A= .
2 5 1
12 1 3

Hay tim ma trdn A' cia f trong co s B'= {el,e3,e2,e4}.
Gidi: Céch 1 (Tim tryc tiép theo Dinh nghia 5.6 va cong thirc (5.14)-(5.16)):
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Dét el]_:el' el2 :e3’e'3 :ez,e'4 :e4-

Theo gia thiét ta co:

f(e'y) = f(e,) =2e, +5e;, +2e, =2e'+5e',+2e,;

f(e'))="f(e,) =€ +2e,+e;+3e, =", +e',+2e'3+3e',;

Vaymatrdn A' cia f trong coso #B'={e,e;,€,,6,}:

1 0 2 1]

2 3 51

A= :

3 -1 0 2

11 2 3]

Céch 2 (Ap dung cong thiic 5.22, 3.44, 3.12):
1 0 0 0][1 2 0 1([1 0 0O O]
N 0 01 0|3 0 -1 2|00 10
A'=T AT =

010025 3 1|0 1 0 0
000 1jj1 2 1 3]0 0 0 1]

Pinh nghia 5.7: Hai ma tran A, B duoc goi la déng dang néu ton tai ma trén khong

suy bién T sao cho B=T AT,

Cong thirc (5.22) cho thiy hai ma tran ciia mot tu dong cau bat ky trong hai
co s¢ khac nhau la d@)ng dang. Mat khac, néu A B d@)ng dang thi det A=detB. Vi

vay ta co thé dinh nghia dinh thirc cia mot tu déng cau f 1a
det f =det A,

trong d6 A 1a ma tran cia f trong mot co s¢ nao do.

Vi du 5.13: Cho hai 4nh xa tuyén tinh f :R?> 5>R3 va g:R® ->R? x4c dinh béi:

P oW N e

w O

1

N O© O1T N

f(x,y)=(x-2y,x,-3x+4y), g(x,¥,2) = (x-2y—52,3x +4y).

Tim ma tran chinh tic cua go f , tinh det(go f).

Gidi : Goi A, B 1an luot 1a ma tran chinh tic cua f va g thi:

1 -2
1 2 -5
A=|1 O0|,B=
3 4 O
-3 4

, . 14 -22
va ma tran chinh tac cia go f 1a BA= 7 6 |

3

(5.24)

1
1
Nt
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—22
—6

14
Do d6 dinh thitc cua go f Iéldet(gof):‘7 =70.

5.4.3. Biéu thirc toa dd ciia 4nh xa tuyén tinh

Gia st f:V —>W 1a mot 4nh xa tuyén tinh, B ={e,....e,} 1a mot co sé cua
V va B'={m,.. o} 1amot co s cua W .

Néu (Xg,...,X,) = (V),, latoadd cia veV trong coso 4,

(Yoo V) = (T (V). latoadd cua f(v)eW trong cosd A" (xem 3.11)
1 m B
va [f]/; = [aij:|m><n la ma trin cta f trong co s¢ A, A" thi

Y1 X
(W], =[f], [V],inehiata | i |=[a;] |:] (5.25)
Ym Xn
Cong thirc (5.25) duwoc goi la biéu thire toa do ciia dnh xa tuyén tinh T .
Dic biét néu f :R"— R™ 14 4nh xa tuyén tinh xac dinh boi
(Yoo Ym) = F (X X)) = (@ggXq 4o+ 89 Xy ooy 8gXg + 0+ 8n X))

thi ma trdn chinh tic cua f 12 [aij ]m ) (xem Nhan xét 5.3). Nguoc lai tir cong thirc
X

(5.25) suy ra rang moi 4nh xa tuyén tinh tir R" vao R™ déu c6 dang trén, diéu nay
gidi thich cong thtrc (5.2) ctia vidu 5.1.
5.4.4. Anh xa tuyén tinh va h¢ phwong trinh tuyén tinh
Pang thirc (5.25) c6 thé viét dudi dang hé phuong trinh tuyén tinh
Vi =a11% +... + X,
.................................... : (5.26)

Diéu nay cho phép giai quyét cac bai toan vé anh xa tuyén tinh thong qua hé
phuong trinh tuyén tinh.

Gia st f:V —W 1a mot 4nh xa tuyén tinh, %8 ={e,,...,e,} 1a mot co s& cua
V va B'={m,.. o} 1amot co s cua W .
Tir cong thire (5.10), (5.11) xac dinh Imf | Ker f va biéu thic toa do dudi
dang hé phuong trinh tuyén tinh (5.26) ta c6 cac két qua sau:
+ Voimoi ueW, u=bw +--+b,w,. Khi do
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u e Im f khi va chi khi hé phuong trinh <.......ccoooiiviiiiieiece, c6 nghiém. (5.27)

£ V6i moi v=xe +---+X,e,€V; veKerf khi va chi khi (x,...,x,) la

nghiém cta phuong trinh tuyén tinh thuan nhat

................................. . (5.28)
X oo+ X, =0

Vi du 5.14: Cho 4nh xa tuyén tinh f : P, — P, ¢6 cong thirc x4c dinh anh

f (ay +ayt +a,t” +ast®) = (5a, + 2a, — 3a, +a3) + (48, +a, — 2a, + 3a,)t
+(ay +a, —a, — 2a,)t? .
a) Viét biéu thirc toa do cua f trong co sé chinh tac.

b) Tim mot co sé cua Ker f va Imf .

Gidi: a) Dat f(ay +at+a,t? +agt®) =by + bt +b,t?, biéu thirc toa do (5.25) cua f

trong co s& chinh tac c6 dang ma tran

E
bl [5 2 -3 1]
bl=41—23a1
by| |1 1 -1 2|
|83 ]

Dang phuong trinh (5.26):
b, =4a,+a, —2a, +3a; .
b) g=by +bt+bt’cImf <3Ip=a,+at+a,t’ +at’: f(p)=q.
Diéu nay trong duong hé phuong trinh (voi an ay, &, Ay, a3) sau cO nghiém:
4ay +a; —2a,+3a; =D, .
a+ a —a,—2a;="0b,
Str dung phuong phap khir Gauss ta duogc:
52 3 1 N 11 -1 -2 b, 21 0 -7 2b-Db
41 -2 3 b|o|30-125 b-b |&|3 0 -1 5 b-b, ().
11 -1 -2 00 0 0 by+b-h 0 0 0 0 by+b-h
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Vay h¢ phuong trinh c6 nghiém khi b, +b, —by, =0< b, =b, +b;.

Do d6 q=by +bt+bt> eImf < q= (b, +b,) +bt+bt? =b (1+t) +b,(1+1?).
Vay Im f c6 mot co sé 1a {q1=1+t, q2=1+t2}.

Theo Nhan xét 5.2 va twong tu Vi du 5.4 ta cling nhan thiy rang hai véc to

5 2 -3 1
cot bat ky cia ma tran [4 1 —2 3 |doc lap, do dé cac cdp véc to twong ung
11 -1 2

tao thanh co s¢ cua Im f .

Chang han {r, r,}, {r, i3}, {r, o}, {5} {6 n}, {56} 1A cic co so
cua Imf , trong d6 f =5+4t+t%, r, =2+t +t%, r, =—-3-2t—t?, r, =1+ 3t —2t°.
p=a,+at+at’ +ast’ eKer f khi va chi khi ay, a, a,, a;1a nghiém cua
hé phuong trinh thuan nhat:
Sa,+2a, —3a, +a53 =0
4a, +a; —2a, +3a53 =0.

ag+ a —a,—2a3=0

Str dung két qua trong ma tran bién ddi trong duong (*) ta dugc hé twong duong

{—Za0 +a —7a;=0 {al =2a, + 7a,
©

. Do do:
3a; —a, +533, =0 a, =3a, + 53,

p=ag+at+at’ +at’ eKer f < p=a,+(2a,+ 7ag)t + (3a, +5ag)t* + aqt>
= p:a0(1+2t+3tz)+a3(7t+5t2+t3).
Vay Ker f 6 mét co s 1a {p1:1+2t+3tz; p2=7t+5t2+t3}.

Nhén xét 5.5:

a) Tir hai Pinh 1y 5.11,5.12 Hé qua 5.13, 5.14 va cac vi du trén ta thiy rang
mot bai toan vé 4nh xa tuyén tinh c6 thé chuyén sang bai toan ma trn, hé¢ phuong
trinh tuyén tinh va nguoc lai. Chéng han dé ching minh dinh thtc cia ma trdn A
khac 0 ta chi can ching minh ty dong cu tuyén tinh f véi A= [ f ]ﬂ la don cau
hodc toan cdu, hodc hé phwong trinh tuyén tinh tuong tng (5.25), (5.26) c6 duy
nhat nghiém.

b) dimKer f 1a chiéu cia khong gian nghiém ciia hé phuong trinh thuan
nhat (5.28), hang ctia ma tran hé sé bang hang cua f . Ap dung Pinh Iy 4.5-b) ta
nhan duoc dang thirc (5.13) cua Pinh 1y 5.6: dimV =r(f)+dimKer f .
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5.5. CHEO HOA MA TRAN

Trong phin ndy ta giai quyét bai toan: Véi ty dong cu tuyén tinh f cua

khong gian V , hiy tim mot co s¢ cia V. dé ma trdn cua f trong co sé ndy c6 dang
cheo:

5.0
. (5.28)
O 4

Bai toan trén ciling twong duong véi bai toan: Cho ma tran A tim ma tran
khong suy bién T sao cho T AT ¢6 dang chéo.

Ta s& chi ra khi nao bai toan nay co 10i giai, cach tim co so dé ma tran cua f
trong co sé nay co6 dang chéo hodc cach tim ma tran T sao cho TAT ¢ dang
cheéo.

5.5.1. Khong gian con bt bién
Pinh nghia 5.8: Khong gian con W ciia khéng gian véc to' N dwoc goi la bat bién

d6i véi tw dong cau f ciaV néu f(W)cW.
Gid st {e,,....6} 1a mot co s¢ ciia W, ta bo sung dé {ey,...,€,€,,...€,} 1a

coso cia V. VGi co sé nay ma tran cia f co dang

Néu V =W, ®W,, W,,W, bét bién d6i v6i f thi cé thé chon co sé dé ma tran
cua T codang

Kl

O/n—k

5.5.2. Véc to riéng, gia tri riéng

Pinh nghia 5.9: 1 duoc goi la gia tri riéng cua ma tran A= [aij] néu ton tai
nxn

X;,.o X, KNONG dong thoi bang 0 sao cho
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X, X X 0
Al i |=2| 1| hay (A-A1) : |=] . (5.30)

Xq X 0

n
Khi d6 v =(x,...,X,) €R",v=0 dugc goi 1a véc to riéng tng voi gia tri riéng A .

Nhu vay cac véc to riéng tng voi gia tri riéng A 1a cac nghi¢m khac khong
ciia phuong trinh thuin nhét (5.30). Khong gian nghiém cua (5.30) dugc goi 1a
khong gian riéng Gng vai gia tri riéng A .

Pinh nghia 5.10: A dwoc goi la mot gia tri riéng cua tu a"&ng cau t néu ton tai

véctoveV:
v=0 saocho f(v)=Av, (5.31)
Vv la Véc to riéng ttng voi gid tri riéng A .
Vidu 5.15:
a) Xét anh xa dong nhat Id, :V —V . Véimoi veV, ld, (v) =V,
Vay 1 1a mot gia tri riéng cua Id,,, va moi v # 0 1a véc to riéng tuong Ung.
b) f: R? > R? xdc dinh boi: f(X,y)=Bx-y,—-2x+4y).
Dé dang thay f(X,X) =2(x,X). Vay 2 1a mot gia tri riéng va moi véc to
v=(X,X); x#0 la véc to riéng tuong ung.
b) Phép quay géc 6 (Vidu5.1)
f,: RZ > R?; (X,y) - fo(X,y) =(xcos@—ysin @, xsin @+ ycos 0)
e Khi §=0, f, la 4nh xa dong nhat Id , : chi c gié trj riéng 1a 1.

e Khi 8=, f,:chico giatririéng la —1. +

o Khi 8#0, =, f, khong c6 gia tri riéng.

f(v)

v

Pinh nghia 5.11: Cho fir dong cau f cia V. Véi méi A €R, ky hiéu

V, ={veV|f(v)=Av}=Ker(f-21ld). (5.32)
RG rang rang V, la khong gian con cua V . Néu A la gid tri riéng thi V, duoc goi
la khong gian riéng wng voi gia tri riéng A .
Dinh Iy 5.15: 1) A la gid tri riéng ciia § khi va chi khi V, = {0} .
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2) Néu A la gid tri riéng ciia T thi moi véc to v#0 ciia V, déu la véc to
riéng wng voi gid tri riéng A .
3) Vi moi A, khong gian con V, bdt bién doi véi f .
Chitng minh: 1), 2) suy ra truc tiép tir dinh nghia. Ta ching minh 3):
e Truong hop A khong phai la gia tri riéng thi V, = {0}, khi d6
f(V)={f )} cV,.
e Truong hop A la gia tri riéng , khi d6 V, la khong gian riéng:
Véimoi veV, = f(V)=Av = f(f(V))=f(Av)=Af (V) = f (V) eV,.
Nhéan xét 5.6: Gia st A= [ f ]% 1a ma tran cta tu dong cdu f trong co so & . Khi
d6 veV la véc to riéng tmg voi gia trj rieng A cuia f khi va chi khi (v),, la véc

to riéng Ung voi gia tri riéng A cua A. Nghia la:

X 0
veV;(v), =04 X),v£0: f (V) =Av & (A-A1) El =i (5.33)
Xn 0
5.5.3. Pa thirc dic trung
Dinh nghia 5.12: A la m¢ét ma tran vuong cdp n. Dinh thuc
P (1) =det(A-Al) (5.34)

la mot da thire bdc n cua A dwoc goi la da thirc dac trung cua A.
Néu T la mét te dong cdu trong khéng gian véc to N ¢é ma trdgn A= [ f ]%,
trong moét co s¢ B Nnao dé cua \V . Khi do dinh thirc
P(A) =det(f —1ld, )=det(A—Al) (5.35)
khong phu thudc vao co so ciia ', ciing duoc goi la da thire dac trung cua T .
Pinh Iy 5.16: A, la gid tri riéng cia A (twong ung cta f) khi va chi khi 4, la
nghiém cuia da thirc dac trung cua A (twong Gmg cua ).
Chirng minh: 4, la gia tri riéng khi va chi khi V, # {O} Piéu nay twong duong
v6i cac diéu sau:
e Anhxa f—4yld, khong don cau,
e Hé phuong trinh tuyén tinh thuan nhat (5.33) c¢6 nghiém khong tam thuong.
Vay 4, la gia tri riéng khi va chi khi r( f —4;1dy )<n; do do det(f —4,1d, )=0
hoac det(A—ﬂol ) =0. Nghia la #(4,)=0.
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, e A C e , A % 2 A
Vi du 5.16: Tim véc to riéng va gia tri riéng cua ty dong cau trong R° c6 ma tran

, 3
chinh tacla A= { 5

-1
4 } (xem Vi du 5.15-b).

Pa thire dac trung
3-4 -1
-2 4-1

, 2-4 -1
or] )

2-4 -1
2-4 4-2

=(2-4)(5-4)=0
) 5_1‘ (2-7)6-2)
co cac nghiém A4 =2, 4, =5.

* Véc to riéng V = (X, y) Gng voi gia tri riéng A, =2 la nghiém khac 0 cta hé

X 0 1 -1{x 0
(A-21)| |= hay = .
y 0 -2 2|y 0
Hé phuong trinh tuong duong vé6i phuong trinh X—y=0=y =X.

Vay v=(x,X)=x(L1), x=0.

* Véc to riéng V =(X,Y) ung voi gia trj riéng A, =5 1a nghiém khéc 0 cia hé

X 0 -2 1|/ x 0
(A=2,1)| " |=| _| hay = .
y 0 -2 -1||y 0
Hé phuong trinh tuong duong v6i phuong trinh 2x+y=0= y =-2X.
Vay v=(x,—2x) =x(1,-2); x=0.
Vi du 5.17: Phép quay géc @ (vi du 5.1, 5.14-c) f,: R? —» R? c6 cong thirc xac
dinh anh f,(x,y)=(xcos@—-ysing,xsinf+ ycoso).
Da thirc dac trung:

cosfd—-A —sin@

P(A)=det(fy—Aldy )= sind  cosf—A

‘z(cose—2)2+sin29.

Do d6 f, chicoé giatririéngla A théa man
(0=0
(cosd-1)>=0 [A=cosd ||A=1
=" = :
sin20=0 singd=0 O=r
A=-1

(cos@— ) +sin?6=0 <:>{

Pinh Iy 5.17: Moi tw dong cdu f trong khéng gian thuc n chiéu (n>1) déu cé it

nhat mét khong gian con bat bién mot chiéu hodc hai chiéu.
Chirng minh: Gia st A 1a ma tran cua ty dong cau f trong co so {e,,....e,}.

Da thuc déc trung 2 (1) = |A—/1I| la da thirc bac n cia A .
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+ Truong hop phuong trinh #(1) =0 c6 nghiém thuc 4,, theo Dinh 1y 5.16
va Dinh nghia 5.10 ton tai v#0 sao cho f(v)=Av. Khong gian con mot chiéu

sinh béi {v} bat bién dbi véi f .

+ Truong hop phuong trinh #(1) =0 khong c6 nghiém thyc thi cé it nhat mot
nghiém phuc 4 =a+ib (xem Phy luc 2).
Xét hé phuong trinh tuyén tinh phirc
2 0
[A—ﬂil] =l (5.36)
Z, 0
R rang rang hé phuong trinh nay khong thé c¢6 nghiém thuc, vi néu 2y, s I
2] 2,
thuc thi A| : | thuc nhung 4 | : | phuc, vo ly.
Z, Z,
Mt khac, vi det(A—41)=0 nén h¢ phuong trinh (5.36) ton tai nghiém
(z,....Z,) khdng ddng thoi bang 0.
Gid sur z; =X +1y;, ..., Z, =X, +1y, thi:
> X.,..., X, khong thé dong thoi bang 0 (vi néu X, =...=X, =0 thi y,...,y, la
nghiém thyc ctia phuong trinh).
> Y., Y, khong thé dong thoi bang 0 (vinéu y; =...=y, =0 thi X,...,X, la
nghiém thuc ctia phuong trinh).
> X, Xy VA V., Y, khong ti 18, That vay, néu x =ky;, ..., X, =Ky, thi
(zgyr, 2) =(K+1)(Yp,-0 Y1)
Zy yi| |0 yi| |0
[A—ﬂil] : :[A—ﬂll](k+i) S I [A—ﬂil] N
Z, Yn 0 Yn 0
diéu nay ching to Vj,..., ¥, 1a nghiém thyc cta hé, vo 1y.
Dt V=X€ +...+ X,€y, U= Y, +ooct Y1, VI Xpyeo X5 Vi, Yy kKhOng dong
thoi bang 0 va khong ti 16 nén hé hai véc to {v,u} doc lap.

Mit khac bang cach dong nhat phan thuc va phan o cua s6 phiic ta suy ra

X1 Xq Y1 Y1 X1 Y1
Al :|=a|l:|=-bl:]|; Al :|=Db|: |+a] : | Vay
Xn Xn yn yn Xn yn
f(vy=av-Db
(v)=av ul (5.37)
f(u)=bv+au
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Do d6 W =span{v,u} 1a khong gian con hai chiéu bat bién doi véi f .
5.5.4. Ty ddng cau chéo hoa duoc

Pinh nghia 5.13: 1) Tir dong cau f trong khdong gian véc to N chéo hod dwoc néu

ton tai mot co sé cua Nl @é ma trén cia f trong co so nay co dang chéo.

Tir dinh nghia suy ra rang f chéo hoé duogc khi va chi khi ton tai méot co s&
ctia V gdm céc véc to riéng cua f .

2) Ma tran vudng A chéo hod duoc néu ton tai ma tran khong suy bién T sao
cho T AT 1a ma trén chéo.
Pinh Iy 5.18: Néu Vi,...,Vy la cdc véc to riéng trng voi cdc gia tri riéng phdn biét
My Ay clia tir dong cau t (hodc ma trdn A) thi hé véc to {Vl,...,vm} doc lap
tuyén tinh.
Chirng minh: Ta chimg minh quy nap theo k rang hé {v,,...,v }doc lap tuyén tinh
véoi 1<k <m.

* Khi k =1 h¢ mot véc to v; #0 la doc lap tuyén tinh.

* (Gia sur hé {Vl,...,vk}vé’i 1<k <m-1ddc lap tuyén tinh. Ta chirng minh hé
{Vl, '-'1Vk’Vk+1} doc 1ap. That vay, gia su

XVg + e+ X Ve + X Vs =0 (%)
= (V.o + XV + X qVis1) =0
= XV + e AKXV F AaXiaaViaa = 0.0°%)
Nhan A, vao (*) roi trir cho (**) ta dugc
(A = )Xo\ + o+ (B — A% =0.
Vi {vy,...V, } doc lap va cac A,,..., A, khac nhau timg doi mot suy ra
X =..=%X =0=Xx,,=0.

Heé qua 5.19: Néu da thirc ddc trung ciia tw dong cau f trong khdng gian n chiéu
V (hodc ma trdn A vudng cdp n) c6 dung N nghiém thuc phén biét thi t (twong
ung ma trgn A) chéo hoa duoc.
Chirng minh: Vi da thirc dac trung cO n nghiém phan biét nén n véc to riéng
tuong Gng véi N gia tri riéng nay 13 mot hé doc 1ap, do d6 14 mot co sd ctia V gdm
cac véc toriéng cia f . Vay f chéo hoa duoc.
Heé qué 5.20: Gid sir da thitc ddc trung ciia tw dong cdu T (hodc ma trgn A vudng
cdp N) chi ¢é cdc nghiém thiee:

PA)=(D"(A- )™ (A=),
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VOi My +...+M, =nvacac A,..., A khdc nhau tirng doi mot.
Khi dé f (twong irmg ma tran A) chéo hod dwoc khi va chi khi chiéu ciia khéng
gian riéng wng voi gid tri riéng A4 bang dé béi m; cua nghiém. Nghia la

Vizl,...,k:dimvﬂq_ =m;. (5.38)

Chirng minh: (<):Trong mdi V, ta chon mdt co s& gom m, véc to. Hé n véc to
gdp lai tir cac véc to cua cac co s¢ vira chon 1a mot hé doc 1ap myén tinh, do do hé
nay 12 mot co sé cia V gdm cac véc toriéng cia f . Vay f chéo hoa dugc.

(=): Gia st f chéo hoa duoc, khi d6 ton tai co s& gdm cac véc to riéng dé ma

tran f c6 dang chéo

O

= P() =(D"(A— ) (A= p1y).

Suy ra cac gia tri riéng £4,..., 44, phai trung vé1 4,..., A, .

Vay c6 dung m; gia trj riéng trong cic z4,..., 4, bang A, i=1...k . Do d6 co
dang m; véc to riéng doc 1ap tmg vé1 gia tri riéng 4, nghia la dimVﬂi =m.

5.5.5. Thuat toan chéo hoa

% Bai todn 1: Cho tir dong cdu f trén khong gian V . Hay tim co sé cua V
dé matran f trong co sé nay c6 dang chéo.

% Bai toan 2: Cho ma tran A vudng cap n. Tim ma trin khong suy bién T
sao cho T*AT ¢6 dang chéo.

Cho ty dong cau f trong khong gian véc to V. Gid sit B ={e,,...,e,} 1a mét
co s trong V vamatrin cia f trongcosé & la A= [ f ]/), Khi d6 bai toan 1 trd
thanh bai toan 2. Nguoc lai, cho ma trin vudng A ta xét anh xa tuyén tinh

f:R" > R" c6 ma trin trong co s& chinh tic 13 A. Khi d6 bai toan 2 tré thanh bai
toan 1.

Vi vay, dé giai hai bai todn nay ta cin tim co s& B'= {e'l,...,e'n} gé)m cac
véc to riéng cia f va ma trén can tim T chinh 1a ma tran chuyén tir co s& % sang
A'. Vay ta can thyc hién cac bude sau:

Budce 1: Viét da thirc dic trung dang:

P(A)= (A =)™ ..(A = A)™Q(A),
trong d6 Q(A) 1a da thirc khong c6 nghiém thyec.
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> Néu m +---+m, <n (khi bac cia Q(4) >2): f khong chéo hoa duogc.

> Néu m +---+m, =n thi A,..., 4 1a cac gia tri riéng phan biét; tiép tuc budc

2.
Budc 2: Véi mdi gid tri riéng A tim mot co s& cua khong gian riéng V- Céc
véc to riéng V= %€ +...+ X.&, CO (X,...,X,) la nghiém khac 0 cua h¢ phuong trinh

thuan nhat:

X1 0
[A-a1]| | =] (5.39)
X 0
dimV, =d; =n-r(A-4l).
> Néu d, <m; véi i ndo do, 1<i <k thi f khdng hoa chéo dugec.
> Néu d, =m,,Vi:1<i<Kk. Tiép tuc budc 3.
Budc 3: Véi gia tri riéng 4;, 1=1,...,K ta dd chon dugc m; véc to riéng doc

lap tuyén tinh. Gop tit ca cac véc to ndy ta dugc hé gdbm m +...+ M =n véc to

riéng doc 1ap, d6 1a co s A’ can tim. Ma tran T ¢6 céc cot 1a toa do cta hé véc to

2 -1 0
Vidub.18: Chéohdéamatran A= 9 4 6
-8 0 -3

2-4 -1 0 3-1 3-4 3-1
Da thtac dac trung cia A: 2(41)=| 9 4-4 6 |=| 9 4-1 6
-8 0 -3-4 |-8 0 -3-4

1 0 0
=(3-4)|9 5-4 -3|=(1+D(A-D(B-41).
8 8 5-1

A c0 ba gia tri riéng phan biét 4 =—-1, 4, =1, 4; =3 nén chéo hda duogc.
*) Véc to riéng V=(X,Y,2) #0 tng véi gia tri riéng 4 =-1 1a nghiém khac
khong ctua hé phuong trinh

X 3 -1 0||X 0
[A-Al]|ly|9 9 5 6 ||y|=|0].
Z -8 0 -2||z 0
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3 -1 0 3 -1 O 3 -1 0
Ta co: 9 5 6|« 0 0 0 (<0 0 0]
-8 0 -2 -8 0 -2 4 0 1
3x—-y=0 =3
Vay hé phuong trinh trén teong duong vaéi hé: =y = y X.
4x+2=0 Z=-4x

DodoveV, <v= (x,3x,—4x) =x(1,3,—4) chon e, =(1,3,-4).

**) Véc to rieng V=(X,Y,2)#0 tng véi gid riéng A, =1 1a nghiém khéac
khong cua hé phuong trinh

X 1 -1 0]|x 0
[A—ﬂzl]y:936 y|=|0].
z -8 0 4|z 0
1 -1 0 1 -1 0
Ta co: 9 3 6|« 0 0 O
-8 0 4 -2 0 -1

A 1A X A 1A X —y =0 y=X
Vay h¢ phuong trinh trén tuong duong véi hé: =
2x +z=0

Dodo veV, <V =(xx,-2x)=x(11-2) chon e’,=(11-2).

*4%) Gid tri riéng A; =3 ¢6 véc to rieng V=(X,Y,z) la nghiém khac khong
-1 -1 0[x] [0
cua h¢ phuongtrinh| 9 1 6 ||y|=|0].

-8 0 —6||z| |0

-1 -1 0 1
Taco 9 1 6 |«<|0 0 0].
-8 0 -6 4 0 3

[E=Y
o

Vay hé phuong trinh trén tuong duong véi hé:

X +y =0 y=-X
= .
4x +3z=0 Z=—2X

Do do VGVAG @V:(X,—X,%ijg(&—&—@ chon e'3=(3,-3,-4).

5 e A , r A apy __ 1 ] 1
Co s& m&i gom cac véc to rieng A _{e 1,€'5,e 3}.

1 1 3 -1 00
PatT=3 1 -3|thiT?AT=/0 1 0.
4 -2 -4 0 0 3
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Vi du 5.19: Xét tr ddng cau f :R® - R> x4c dinh bai:
f(xy,z) =(3x—2y,-2x+3y,2).

Tim mdt co s cua R3 ¢ ma trdn cia f trong co s nay cé dang chéo.

3 -2 0
Ma tran chinh tic cua f: A=|-2 3 0].
0O 0 1

Da thurc dac trung
3-4 2 0 1-4 2 0 1-4 =2 0
PA)=| -2 3-4 0 |=|1-4 3-4 O 0 5-1 0 |=56-201-2)>°.
0 0 1-2 0 0 1-2 0 0 1-2
Do d6 A c6 cac gia tririéng 4 =5 va 4, =1 (kép).

*) Gia tri riéng A =5 c¢6 véc to riéng V=(X,Y,Z) la nghiém khac khong cua

-2 -2 0]|x 0
hé phuong trinh: | -2 -2 0 ||y |=|0{,
0 0 4|z 0

o . Xx+y =0 y=—X
¢6 hé phuong trinh tuong duong: = .
z

v=(-y,y,0)=y(-110) chon e'; =(-110).

**) Gia tri riéng A, =1 c6 véc to riéng V=(X,Y,Z) la nghiém khac khong cta
hé phuong trinh

2 -2 0][x] [o
2 2 of|ly|=|o].
o 0 oflz| |o

Hé phuong trinh trén tuong duong vaéi phuong trinh: x—y =0, z tuyy.
v=(x,%2)=x(10)+2(0,0,1) chon e, =(1,1,0), e';=(0,0,1).
ChOIl CcO Sé t%)':{ell,elz,e'3}; f(e'1)=5€'1, f(elz):elz, f(els) :e'3

5 00
Ma tran ciia f trong cosg A’ codang A'=[f], ={0 1 0.
0 01

Vi du 5.20: Cho ty dong cau f : P, — P, c6 cong thirc xac dinh anh

f(ay +at+a,t?) = (—a, +a, +a,) + (g —a, +a,)t+ (8, +a, —a,)t>.

Tim mdt co s¢ cuia P, d€ ma trén cia f trong co s nay co dang chéo.

170



CHUONG 5: ANH XA TUYEN TINH

1 1 1
Ma trdn chinh ticcia f: A= 1 -1 1
1 1 -1
Da thuc déc trung cua A
1-1 1 1 1-4 1 1
2= 1 -1-2 1 |=]1-4 -1-1 1
1 1 -1-a [1-2 1 -“1-2a
1 1 1

—(1-A)0 —2-12 0 |=(1-A)(A+2)>
0 0 -2-2

ba thirc dac trung c6 nghiém 4 =1 va 4, =-2 (kép).
*) Véc to riéng p=a, +at + a2t2 #0 Ung voi gia tri riéng 4 =1 1a nghiém
khac khong ciia hé phuong trinh thuan nhat

2 1 17 a) [0

1 0 0
-2 1 1 -2 1 -1 0 1
Tacél—21<—>3—30 -1 0].
1 1 =2 0
+ a,=0 =a
Vay hé phuong trinh trén teong duong voi: ~ %0t & {ao 2
30 a =0 G =&

peV, < p=ay+agt+agt’ =ay(l+t+t?) chon p'y=1+t+t.

**) Véc to riéng p=ag+at+a,t’ =0 tng voi gia tri rieng 1, =-2 la
nghiém khac khong cia hé phuong trinh thuan nhat
11 1| a 0
11 1| &|=|0].
111} & 0

H¢ phuong trinh trén twong duong voi phuong trinh: a; +a +a, =0.
peV, < p=-a —a,+at+at’ =a(-1+t)+ay(-1+t%).
Chon p',=-1+t, p'y=-1+t%.

Xétcosd B'= {p1’p2 ps} f(p'D=p% F(pL)=-2p,, f(p3)=-2p%.
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1 0 O
Ma tran ciia f trong cosé #' codang A'=[f], ={0 -2 0
0O 0 -2
1 -3 4
Vidu5.21: Chéo hbama tran A=|4 -7 8.
6 -7 7
DPa thirc dac trung cia A
1-1 -3 4 1-1 -3 4 -5-14 -3 4
PA)=|4 -T-4 8 |[=[2+24 -1-4 0 [=(Q1+A)| O -1 0
6 -7 T1-2 6 -7 T1-2 -8 -7 7-1
-1-4 -3 4 -1-4 -3 4
=(1+A)] 0 -1 0 |=@+A)] 0 -1 0 [=(B-A)A+D>%
-1-14 -7 7-1 0 -4 3-1

Pa thuc dac trung c6 nghiém 4, =-1 (kép) va 4, =3.
Gia tri riéng A, =-1 c6 véc to riéng V=(X,Y,z) 1a nghiém khac khong cta
hé phuong trinh

2 -3 4||x 0
4 6 8||y|=|0].
6 -7 8||z 0

Bién doi ta duoc hé phuong trinh twong duong:

{2x—3y +4z=0 {y=22
—

=Vv=(Xx2XxX)=x121).
y— 2z=0 X=12 ( )=x@.2.)

Khong gian rieng V, ={x(1,2,1)|xeR} c6 dimV, =1<2 nén ma trin A

khong chéo hod duoc.

BAI TAP CHUONG 5

5.1. Anh xa f:R? — R? nao dudi ddy la anh xa tuyén tinh:
a) f(xy)=(2xx+y), b) f(x,y)=(*Y),
c) f(xy)=(y.x), d f(xy)=0y+1),

e) f(x y)=(ax+by,cx+dy),f) f(xy)=@Ex3y).
5.2. Anhxa f :.#, —R nao dudi ddy la 4nh xa tuyén tinh:

Y
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0) fqi 2D=2a+3b+c—d+1,d) fqi 3D=a2+d2.

5.3. Cho anh xa tuyén tinh f:R® >R?xé4c dinh nhu sau:

f(1,0,0)=11), f(0,1,0)=(30), f(0,0,)=(4,-7).

a) Tim ma tran chinh tic coa f .
b) Tinh f(1,3,8), f(x,y,2).
5.4. Chirng minh moi anh xa tuyén tinh f ‘R* 5>R? déu cb dang:
f(x,y) =(ax+by,cx+dy).

Hay tong quat hoa d6i véi anh xa tuyén tinh f :R" ->R™.

. . 12 -1
5.5. Cho anh xa tuyén tinh f :R? 5>R? ¢6 ma tran chinh téc { 8 4 } :
a) Véc to nao sau day thuoc Ker f : (5,10);(3,2);(L1).

b) Véc to nao sau day thudc Im f : (1,-4);(5,0);(-3,12).
s , NS a b
5.6.a) Ching minh rang tp -# cac ma trdn vudng cap hai c¢6 dang {b J la

khong gian con cua -4, cac ma tran vudng cap hai. Tim mot co s¢ cua A .

a+c b

a b
b) Chung minh anh xa f: >
b a+b+c

b c

tuyén tinh cua -4/ . Tim nhan va anh cua f .

} la mot tu déng cdu

5.7. Tu dong ciu tuyén tinh f c6 ma tran tng véi co so {ene;.65,6,) 12

12 0 1]
30 -1 2
A= .
25 3 1
12 1 3

Hay tim ma tran cia f trong coso {e,,€,+€,,6,+€,+€5,6 +€, +€5+6,}.
5.8. Viét ma tran chinh tic, tim mot co s& cua Im f | tim mét co s ciia Ker f cua
c4c anh xa tuyén tinh f :R" - R" sau:

a) f(x,y,2)=(x—y+3z,5x+6y—4z,7x+4y +22).

b) f(x,y,z)=(2x-z,-x+22,0).

c) f(x,y,2)=(2x+2y—8z,x+6y+2,3x+6y—9z,x+5Y).

d f(x,y,z,t)=(x+4y+52+9t,3x-2y+z—-t,—x—y—1,2x+3y + 52 +8t).
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0 2 1
5.9. Cho anh xa tuyén tinh f :R® ->R> ¢c6 ma tran chinh tic 14 A={1 -4 0].
3 00

Hay tim ma trdn cta f trong co sé {v;,V,,V5} ;v =(L11), v, =(1,1,0), v;=(10,0).
5.10. a) Chimg t6 v; =(1,2,3),v, =(2,5,3),v5 =(1,0,10) 1a mot co s& cua R3
b) Cho anh xa tuyén tinh f :R®> —>R? x4c dinh boi f (v)=@0),
f(v,)=@0), f(v3)=(0,1). Tim cong thirc xac dinh anh f(X,Yy,2z).
5.11. Cho f:R? 5R?, f(X,y)=(X+Y,2x) va da thic p(t)=3-2t+t>.
Tim p(f)(x,y).
5.12. Cho D:P, —P, la toan tir 1y dao ham. Cho da thirc p(t) = -5+ 2t +t%. Tim
p(D)(q(t)), trong d6 v(x) € P,, q(t) =at® +bt+c.

1 3 -1
5.13. Cho 4nh xa tuyén tinh f:P, > P, co matrdin A=|2 0 5 | trong co so
6 -2 4

B ={0,0y,0s}; G =3t+3t°, g, =—1+3t+2t%, g3 =3+7t+2t°.
a) Tim toa d0 trong co s& & anh cua cic véc to cua co s& A :
[f@],  [f@],  [f@)],
b) Tim f(a), f(a), f(g).
¢) Tim f(@1+t?).
5.14.*) a) V6i hai ma tran cung cdp bat ky A B ching minh:
r(A+B)<r(A)+r(B).
b) Véi hai ma tran vudng cap n batky A, B, ching minh bt dang thirc Sylvester:
r(A)+r(B)—n<r(AB) <min(r(A),r(B)).
5.15.*%) Vi ba ma tran vudng cdp n bat ky A, B,C; ching minh bat dang thirc
Frobenius: r(AB)+r(BC) <r(B)+r(ABC).
5.16.*) Gid st A 12 ma trén vudng cip n sao cho A® = | . Chung minh:
r(A+1)+r(A-1)=n.
5.17.*) Giasit A B 14 hai ma trn c6 ¢& 1an lugt mxn,nxp.
a) Chirng minh rang cac véc to c6 dang (BX)', véi X' eRP, thoa man diéu
kién ABX =0 1a khong gian con cia R" c6 sb chiéu bang r(B)—r(AB).
b) Ching minh rang r(A) = r(B) khi va chi khi ABX =0=BX =0.
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5.18. Ma tran A vudng cap n duogc goi 1a luy linh néu ton tai sé nguyén duong k
sao cho A€ =0. Ching minh ring A lu linh khi va chi khi A" =0.
5.19. Gia st {e,,...,e,} 1a mot co s¢ cua khong gian véc to V. Ty dong cau f voi

f(e)=0, f(e)=axe, f(eg)=ase +ane,, ..., f(&)=aye ++a,, 18-
Chung minh rang f" =0.
5.20. Tim dinh thirc ctia cac tu déng cau sau:

a) f 13ty dong ciu cua khong gian véc to R3xéc dinh boi:
f(x,y,2)=(2x—2z,x+2y—42,3x-3y+12).

b) f 1a ty dong céu ciia khong gian véc to A/ cic ma tran vudng cap 2
2

xac dinh boi: f(A)=MA trong d6 A= E: 3}
5.21.*) Giasit f:V —W la dong ciu tuyén tinh:

a) Chimg minh rang f toan cdu khi va chi khi ton tai dong cdu g:W —V
saocho fog=1Id, .

b) Chimg minh rang f don cau khi va chi khi ton tai dong cau h:W —V
sao cho ho f =1d, .
5.22.*) Cho ba khong gian véc to V;,V,,V;:

a) Gia st f:V, >V,, g:V, >V, la hai 4nh xa tuyén tinh. Chimg minh:
Ker f cKerg khi va chi khi ton tai 4nh xa tuyén tinh h:V, -V, sao cho
g=hof.

b) Gia stt f:V, >V;,9:V, >V, la hai 4nh xa tuyén tinh. Ching minh:
Im f > 1mg khi va chi khi ton tai 4nh xa tuyén tinh h:V, —V, saocho g = f oh.
5.23.*%) Gia sit A, B 13 hai ma trin vudng cAp N sao cho véi moi ma trén cot X thi
AX =0= BX =0. Chirng minh ton tai ma trdin C cép n sao cho B=CA.
5.24.*) Gia sir W;,W, la hai khong gian véc to con ctia V . Chirg minh rang hai
tinh chét sau twong duong:

(i) Ton tai tw dong cau f ciia V sao cho Im f =W,, Ker f =W,.

(ii) Ton tai mot phan bu W, ctia W, trong khdng gian véc to V sao cho W,
dang cau voi W;.
5.25.*%) Gia st f:V —W Ia 4nh xa tuyén tinh. Ching minh ring ton tai 4nh xa
tuyén tinh g:W —V saocho fogof=f vagofog=g.

5.26.*) Tim cac gia tri riéng, co sd cua khong gian riéng clia cac ma tran sau:
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1 2 1 3 2 4 2 1 1
a2 0 -2/ b)|2 0 2] c)|-2 1 3
-1 2 3 4 2 3 3 1 -1
_ '3 -1 0 0]
1 -3 4 7 -12 6 1100
d|4 -7 8. e) |10 -19 10]. f) .
3 5 -3
6 -7 7 12 -24 13
- 4 -1 3 -1]
5.27. Gia st D:V —V 1la toan tir vi phéan, nghia la D(v) = % Tinh dinh thirc va

da thirc dac trung ciia D trong cac truong hop sau:
a) V la khong gian véc to sinh boi {l,t,...,t”} .
b) V 1a khong gian véc to sinh bdi {et, e?, eSt}.

c) V 1a khong gian véc to sinh boi {sint, cost}.

5.28. Chiing t6 rang cac ma tran sau khong chéo hoa duoc:

0 1 0 2 6 -15
a)|-4 4 0. b)[1 1 -5
-2 1 2 1 2 -6
(12 -6 -2 4 -5 2
c)|18 -9 -3]|. d |5 -7 3.
18 -9 -3 6 -9 4
5.29. Chéo hoa hai ma tran sau:
1 -3 3 -3 1 -1
a) A=|3 -5 3]. b) B=|-7 5 -1]|.
6 6 4 -6 6 -2

5.30. Trong mdi truong hop sau hdy tim mot ma tran P lam chéo hoa A va xac
dinh P~AP.

5 7 -5 7 -12 6 5 -3 2
a)|0 4 -1|. b)[10 -19 10|. c)|6 -4 4
2 8 -3 12 -24 13 4 —4 5]
1 -3 3] -1 3 -1 0 1 0]
d|3 -5 3| e)|-3 5 -1|. f)|1 0 1
6 —6 4] -3 3 1 010
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11 -5 5
g|-5 3 -3
5 -3 3

-1 a a°
hy] 0 0 -al.
0 0 1

0

—a

-1
)|-a-1 a a+l|,aeR.

1

a a+l

5.31. Trong mdi truong hgp sau tim mot co s& cua R3 dé 4nh xa tuyén tinh f co

ma tran dang chéo:

a) T(x,y,2)=(X-V,2x+3y+2z,x+y+22).

b) f(X,y,2)=(B8Xx+y+2z,2Xx+4y+2z,X+Yy+32).

c) f(Xy,2)=(X+2y+2z,X+2y—2,-X+Yy+4z2).

d) f(x,y,2)=(X+y+2,2y+2,2y+3z).

5.32. Tim da thuc dac trung va cac gia tri riéng cila ma tran

Ay
0

0

ap,
ay,

0

ay, |
a'2n

annJ

5.33. Chimng minh ring A va A' ¢6 cing da thie dic trung.

5.34. Gia sit f,g 1a hai ty dong cdu tuyén tinh ctia khong gian véc to V thoa mén

fog=gof. Chung minh Ker f,Im f bat bién d6i véi g .

8 12 0

5.35.Cho B=|0 8 12|.Tim ma tran A théoaman B = A3

0O 0 8

5.36. Cho da thitc p(t) bat ky. Chimg minh rang :

a) p(A") = p(A)'.

a O
A 0 8y
c)Néu A=| . .
0 0

p(a) 0

0 p(a)

p(A)=| N
0 0

b) p(P*AP) =P p(A)P.

0] a a

Ol B=|? ®

| o o
-
NCE
p(a,) |

b
c

ay

p(a,)
0

0

thi p(A), p(B) co6 dang:

X
p(a,)

0

y
z

p(ay) |

5.37. Gia st f; la cac ty ddéng cdu tuyén tinh cua khong gian véc to con W,

i=1..,n va V=W, ®..®W,. Vi moi VeV, tén tai cich viét duy nhit
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n
V=V, +..+V,, trong d6 v; eW,,..., v, eW . Dat f(v) :Z f.(v;). Chung minh f
i=L

n n
1a tw dong cau tuyén tinh cua V va: Ker f =@PKer f; , Imf =PImf; .

i=1 i=1
(4 3 0 0]
2 3 0 0
5.38.%) p(t) =t'® +t> -1 vama train A= . Tinh det p(A).
49 -1 0
12 5 2]
172 1 1
539.*)ChoA=| 0 1/3 1 |.Kyhiéu A”:[aij(n)]ss.
0 0 15

N—o0

) ) , . , a b
5.40.*) Tim diéu kién can va du d6i voi cac phan tr a,b,c,d dé ma tran { d}
C

chéo hoa duoc.

5.41.*) Gia sir ty dong cau tuyén tinh f cia khong gian véc to n chiéu V ¢6 n gia
tri riéng phan biét. Ching minh rang néu ty dong cau g cia khong gian véc to V
giao hoan v4i f (nghiala fog=go f)thi g chéo hoa duoc.

5.42.*) Cho tu dong cdu tuyén tinh f :R" —R" c6 ma tran trong co s& chinh tic
c6 dang Az[aij] voi g; =0 néu 1<i, j< p hay p+1<i, j <n.Chimg minh ring
néu A 1a gia tri riéng cua f thi —4 ciing 13 gia trj riéng cua f .

5.43.*) Cho tu dong cau tuyén tinh f :R" —-R" c6 ma tran trong co s& chinh tic

0 néu i+l<]j
. 1 néu j=i+1
c6 dang A_[aij:| VOl &; = néu i=j=2,..,n

nhan gié tri tuy y trong cac truong hop khac
a) Pt v=g, =(0,...,0,1). Chimg minh {v, f(V),..., f”‘l(v)} 1a mdt co s& cia
Rn
b) Ching minh ring néu f chéo hoa duogc thi cac gia tri riéng cua f khac
nhau tirng d6i mot.
5.44.*) Cho hai anh xa tuyén tinh f,g:V —W . Ching minh:

Im f NnImg ={0}

r(f +g):r(f)+r(g)<:>{Kerf+Kerg:V.
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5.45.*) Cho ma trin A vudng cip n phan d6i xtng. Chimg minh I, +A kha
nghich.
5.46.*%) Cho V =W, ®W,, v6imoi VeV, V=V, +V,,V; eW; xét dnh xa p:V >V,
p(v) = v : phép chiéu 1én W, song song v&i W, .

a) Chtmg minh pop=p, Imp=W,, Ker p=W,.

b) Nguoc lai, néu p:V —>V, pop=p thip la phép chiéu 1én Imp song
song Kerp.
5.47. a) Gia str v 12 mot véc to riéng cua hai ty ddng cdu f, g . Chirng minh rang
V ciing 14 véc to riéng cua af +bg, vai moi hang sé a,b.
b) Néu A 1a mot gia tri riéng cua ty dong cau f thi p(A) 1a mot gia tri riéng cua
tr dong cau p(f), trong @6 p(t) 1a mot da thic.
5.48. Chirng minh ring A va A' c6 cung cac gia trj riéng. Cho vi du ching to A
va Al ¢6 céc véc to riéng khac nhau.
5.49. Gia sit f, g 1a hai tu dong cdu théa man fog=go f. Gia st W 1a khong
gian riéng ing véi gia tri riéng A ciia f . Chirng minh rang W bét bién d6i véi g .
5.50. Gia st f, g 13 hai tu dong cdu chéo hoa duogc va théa man fog=gof.
Chtrng minh rang ton tai mot co s& gdm cac véc to riéng dong thoicua f va g .
5.51. Pinh ly Cayley-Hamilton: Goi #(1) = |A—M| la da thirc dac trung cua A,
chtng minh rang #(A) =0.
5.52. V6i da thirc bit ky p(t)=t"+a, t"*+---+at+a,, ma trdn vudng cp n
0 0 - 0 -a |
10 - 0 -y
sanh d6i voi p(t) c6 dang A=|0 1 -~ 0 -a, |. Ching minhrang p(A)=0.

0 0 - 1 —a]

5.53. Cho ty dong cdu f:V —V. Gia sir ton tai veV sao cho fX?

(V) =0 va
fk(v)=0.Pat S= {V, f(v),.., f I(_1(V)} . W =span S . Chtrng minh rang:

i) Hé S doc lap tuyén tinh.
ii) Khdng gian véc to con W bat bién d6i véi f .

iii) Thu hep cua f vao khong gian véc to con W : f = f‘w 1a 1ty linh.

iv) Tim ma trdn cia f trong co s& { f k_1(V), oy T (V) ,V} cua W.
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5.54.*) Chtrng minh rang da thirc dic trung ctia ma tran A c6 thé biéu dién dudi
dang: ‘A—/II ‘ =(-A)" +Cl(—/1)n_1+C2(—/1)n_2 +..+C, , trong d6 C, la tong tat
ca cac dinh thirc con chinh bac k ctia A (dinh thirc con chinh la dinh thirc con ¢6
cac chi sb hang va chi ) cot béng nhau).

180






CHUONG 6: KHONG GIAN VEC TO EUCLIDE VA DANG TOAN PHUONG

CHUONG 6
KHONG GIAN VEC TO EUCLIDE VA DANG TOAN PHUONG

Euclide 13 ngudi ddu tién da trinh bay toan hoc mot cach hé théng trong bd
sach "Co s¢", trong d6 Euclide di x4y dung mén hinh hoc chi dwa trén nim tién dé.
Cubn sach nay dugc dung lam sach gido khoa cho dén tan thé ky 19. Khong gian
Euclide ban dau dugc hiéu nhu 12 khong gian thuc 3 chiéu voi hé tién dé& Euclide.
Su mé rong sang khong gian nhiéu chiéu xut phat tir nhitng cong trinh ctia Banach
(1892-1945), nha toan hoc Ba Lan.

Khong gian afin duoc xdy dung trén nén 1a khong gian véc to, trong d6 ta chi
khao sat cac phang va quan hé song song. Khong gian Euclide duoc xay dung trén
nén khong gian véc to Euclide, trong dé ta cé thé tinh duoc do dai, quan hé truc
giao, khai niém goc.... Mit phang va khong gian ta gip trong chuong trinh phd
théng la cac khdng gian Euclide.

Khong gian véc to Euclide 1a mgt khong gian véc to véi tich vé hudng. Tich
v6 huéng 1a mot dang song tuyén tinh ddi xtng xac dinh dwong. Khai niém tich vo
huéng duoc khai quat hoa tir khai niém tich v huéng da gip ¢ pho thong, trong d6

tich vo hudng ctia hai vécto U, v 1asd thue U - v =HuH-Hchos(u,v).

Hai véc to dugc goi 1a truc giao nhau néu tich vé huéng ctia chung bang 0. Hé
véc to g@)m cac véc to truc giao nhau duoc goi 1a mdt hé truc giao. Véc to co tich
vo hudng véi chinh nd bﬁng 1 duoc goi l1a véc to don vi. Mot hé truc giao gém cac
véc to don vi dugc goi la h¢ truc chuin. Cho mét hé véc to doc 1ap tuyén tinh thi ta
6 thé tim dugc mot hé true chuin sao cho khong gian sinh boi hai h¢ nay 1a trung
nhau. Dé tim hé tryc chuan nay ta sir dung luge d6 truc chuan hoa Gram-Shmidt.

Trong vién thong nguoi ta hay dung phuong phap truc chuan trong 1y thuyét
truyén dan tin hiéu, trong d6 mdi tin hiéu dugc biéu dién dudi dang mot ham sd
theo thoi gian t. Tich vo6 hudng cua hai tin hiéu dugc dinh nghia theo cong thure
(6.36). LUC d6 ngudi ta tim mot hé cac tin hiéu chuan 13 mot hé truc chudn (bing
cach tryc chuén hoa Gram-Shmidt), con cac tin hi€éu khac duoc biéu dién dudi dang
t6 hop tuyén tinh cta cac tin hi¢u chuan nay.

Ma tran tryc giao 1a ma tran vuong c6 cac véc to ¢t 1a mot hé truc chuan. Ma
tran chuyén co s6 cua hai co s& truc chuan 13 ma tran truc giao. Ma tran cua anh xa
truc giao trong co so truc chuan 12 ma tran truc giao. Ma tran truc giao kha nghich
va ma tran nghich dao béng ma tran chuyén Vi cua no.

Bai todn chéo hod tryc giao ma tran vuong A la tim ma tran truc giao T sao
cho T'AT 1a ma tran chéo. Ma tran vuong chéo hoa truc giao dugc khi va chi khi
n6 13 ma tran d6i xtmg. Pé chirg minh diéu nay ta sir dung ty dong cau déi xtng.

Khai niém dang toan phuong cé rat nhiéu tng dung. Mot dang toan phuong
dugc xac dinh béi duy nhat mot dang song tuyén tinh d6i xing duoc goi 1a dang
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cuc cua dang toan phuong d6. Ma tran cua dang cuc cling con goi la ma tran cua
dang toan phuong. Vay ma tran cua mot dang toan phuong la ma tran doi xung, do
d6 c6 thé chéo hoa truc giao duge. Bing phuong phap nay ta co thé dua biéu thic
toa do cia mot dang toan phuong vé dang chinh tic (chi chira cac thanh phan binh
phuong, ma trdn cua n6 c6 dang chéo). Ngoai ra ta c6 thé dua vé dang chinh tic
bang mot sé phuong phap khéac; chang han: phuwong phap Lagrange va phuong
phap Jacobi, thuat bién ddi ma tran ....

Khi dua biéu thic toa d6 cua mot dang toan phuong vé dang chinh tac theo
nhing phwong phép khac nhau thi cac hé s6 trén dudng chéo ctia ma tran chéo co
thé khac nhau, nhung sb cac hé sé duong va hé sé 4m ludn bang nhau, dugc goi 1a
chi s6 quén tinh ctia dang toan phwong. Dinh 1y Sylvester cho ta mot tiéu chuan dé
nhan biét mot dang toan phwong 13 xac dinh duong hay xac dinh 4m dya vao cac
dinh thirc con chinh goc bén tréi.

Duya vao tinh bét bién cua chi s6 quan tinh cua dang toan phuong ta c6 thé
mg dung dé phan loai cac duong bac 2 trong mit phang (cac dudng conic: dudng
ellipse, hyperbol, parabol. Pay la 3 dudng cong co ban da dugc khao sat & chuong
trinh toan pho thong dudi dang phuong trinh chinh tic) va cac mit bac 2 trong
khong gian. Thuc hién phép ddi truc toa dd co thé dua duong bac 2 trong mat
phang va mit bac 2 trong khong gian vé dang chinh tic.

Ham s chi dat cuc tri tai nhirng diém t&i han (dao ham bac nhét béng 0 hoac
khong ton tai dao ham). Khi ham mét bién sé c6 dao ham béac 1 triét tiéu tai mot
diém nao d6 thi sb gia cua ham phu thudc vao diu ctia dao ham bac 2 tai diém nay.
Truong hgp ham nhiéu bién c6 cac dao ham riéng cap 1 bang 0 tai mot diém nao do
thi s6 gia cua ham tai diém nay phu thudc vao vi phan bac 2, d6 1a mot dang toan
phuong. Tuy theo tinh chat x4c dinh duong, xac dinh am hay khong xac dinh cua
dang toan phuong nay ta cé thé két luan ham sé dat cuc tiéu, cuc dai hay khong dat
cuc tri tai diém d3 xét. Khi vi phan bac 2 béng 0 thi bai toan s€ phurc tap hon nhiéu,
nhung rat may 1a truong hop nay it gip trong thuc té.

Dang toan phuong con duogc st dung trong bai toan binh phuong cuc tiéu,
trong quy hoach dong, phan loai cic phuong trinh dao ham riéng tuyén tinh cip 2 .

Hoc vién nén &p dung thanh thao lugc dd truc chuan héa Gram-Shmidt. Doi
co s& dé dua biéu thuc toa do cia mot dang toan phuong vé dang chinh tac, dic
biét chu trong phuong phap chéo hoda truc giao.

6.1. DANG SONG TUYEN TIiNH
6.1.1. Pinh nghia dang song tuyén tinh

Pinh nghia 6.1: Mt dang song tuyén tinh trén khéong gian véc to N la mét anh xa

nVxv. —>» R

uv) = n@yv)
181



CHUONG 6: KHONG GIAN VEC TO EUCLIDE VA DANG TOAN PHUONG

sao cho khi co dinh moi bién thi no tro thanh anh xa tuyén tinh doi voi bién kia.

Nghia la véi moi oy, a5, B, , €R, véi moi u;,U,,V; U,Vy,V, €V thi
1(oqUy + aUy, V) = ag7(Uy, V) + a1 (U, V)
(U, By + BoVp) = Byr(U,vy) + fon (U, V) - (6.1)

Pinh nghia 6.2: Dang song tuyén tinh 1 dwgc goi la 6 tinh:

i) Poi xirng: Néu n(u,v) =n(v,u) véi moi u,veV ; (6.2)
ii) Khong dm: Néu n(u,u) >0 véi moi ueV ; (6.3)
iii) Khong dwong: Néu n(u,u) <0 véi moi ueV ; (6.4)
iv) Xdc dinh: Néu n(u,u) =0 khi va chi khi u=0. (6.5)

Dang song tuyén tinh xac dinh va khong am dugc goi 1a xac dinh duong. Ta
dé dang thdy ring 1 xéac dinh duong khi va chi khi 7(u,u) >0 v&i moi u 0.

Mot dang song tuyén tinh doi xieng xdc dinh dwong dwoc goi la tich vé hudng.
Ta thuong ky hiéu tich v6 hudng cia u va v la (u,v) thay cho 7(u,v).
Vidu6.1: Anhxa 77: R?xR?* R x4c dinh nhu sau; U = (X, %), V=_(Y1,Y>)
17(U,V) =2XY; =5% Y5 + Xo Y1 + 7% Y, .
Khi c6 dinh u = (X, %,) thi 7(u,v) =2Xy; —5X Y, + X, ¥; +7X,Y, tuyén tinh
doi véi (Y, Y,), nghia 1a tuyén tinh doi véi bién v.
Tuong tu khi ¢b dinh bién v thi 7(u,V) tuyén tinh d6i véi bién u.
Vay 17(u,v) 1a mot dang song tuyén tinh.
Ngoai ra 77(u,V) # 7(v,u) va 7(u,u) = 2x% —4xX, + 73 = 2(X, — X,)* +5x5 >0, vdi
moi U=(X,X)#0. Do d6 7(u,v) 1a mot dang song tuyén tinh xac dinh duong
nhung khong d6i xtmng.
6.1.2. Ma tran va biéu thirc toa d9 ciia dang song tuyén tinh
Gia sir 7:V xV =R 1a mot dang song tuyén tinh trén khong gian véc to V .
#={e,,...e,} 1a mot co s¢ ciia V. Ma tran vudng cp N c6 phan tir & hang i cot

j 12 n(ey.e;). ky hicu:
A=[n],= [aii :|n><n 8 =17(6;,€;) (6.6)
duoc goi 1a ma trdn ciia dang song tuyén tinh 1 trong co s¢ P .

Yu,veV; u=xe +..+ X8, Va V=VY,& +...+ Y&,

n n
(U, V) =17048 + ...+ X€n, V1€ + ... + Yi€h) = Z n(e.e;)xy; = Z a;xy; (6.7)
i j-1 i j-1
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Cong thirc (6.7) duwge goi la biéu thirc toa dé ciia dang song tuyén tinh 1 trong co
so RB.
Néu dong nhit ma tran mot hang mot cot [a] véi chinh phan tir a, thi biéu
thirc toa do (6.7) co thé viét lai dudi dang ma tran nhu sau:
n(uv)=[u],[1],,[v],- (6.8)
Nguoc lai ta co thé chung minh dugc r@ing anh xa 7:VxV > R ¢b biéu thirc

toa d6 xac dinh boi (6.7) hodc (6.8) 12 mot dang song tuyén tinh c6 ma trin thoa
mén (6.6).

Vidu 6.2: Xét n7: R3xR*—> R xéc dinh nhu sau: V U= (X, X0, %3) sV = (Y1, Y2, Y3)
17(U,V) =3X Y1 — 2% Y, + 9% Y1 + 7%, Y, —8Xy Y5 +4X3Y, — XgYs.
9 ={e1,€,,8;} 1a co s chinh tic cua R°.

Taco: n7(e,e) =3, n(ey, &) =-2, 17(ey,83) =0,....

Do dé ma tran cua 7 trong co s& chinh tac:

3 -2 0
A=|5 7 -8].
0 4 -1

Nhan xét 6.1: Bang cach tinh toan theo cong thirc (6.6) va tuong tu vi du trén ta

nhan thiy rang ma trdn cua dang song tuyén tinh 7:R"xR" — R véi cong thiic
n n

xéc dinh: V U = (X, Xp,. X0) V= (Y, Yoo Yn) 5 7(UV) = DD 35X y; c6 ma trén
=1 i1

trong ¢o s6 chinh tac 1a [7],, = [aij ]n - Phan tir a; ¢ hang i cot j 1a hé s twong

{mg cua s6 hang A

Chéng han ma tran cta dang song tuyén tinh cua vi du 6.2 trong co sd chinh tic:

Yi Y2 VY3

3 2 01X
A=|5 7 -8|%

0 4 -1|7

6.1.3. Biéu thirc toa d9 ciia dang song tuyén tinh trong cac co sé' khac nhau
Gia st 17 la mot dang song tuyén tinh trong khéng gian véc to V,
A:[aij] = [77]%, ;A :[a'ij] = [77]% la hai ma trdn cua 7 trong hai co sé tuong

g B ={e,...e |, B'={e,..e,} cuaV:a=ne.e) aj=nE]e;).
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;+ 1ama trén chuyén tir co so P sang S e =) tie,

i=1

Goi T =[t; ]

a'j=n(ej.e';)= U(Ztkiek D b j = kztki len(ek &) J = kZ:tki [Zakltlj J -
= U= |

k=1 1=1 =1
Vay
A'=T'AT. (6.9)

Cong thure nay cling dugc suy ra tur (6.8) nhu sau:
[u]/; =T [u],%)'; [V],% =T [V].yz‘;

() =[ul, (1] 5 (V] 5 =[uTp T ], T [V,
() = (U] [1] [V,

= [l =T[n],7 (6.10)
Vi du 6.3: Xét dang song tuyén tinh & vi du 6.2. Xét co s¢ AB'= {e',,e',,e'3} cua

R%: e’ =(1,3,4), e, =(2,0,3), e’ =(31,2).

Ma tran chuyén tir co s & sang B': T =

A W
w O N
N P W

Ap dung cong thiic (6.9) ta c6 ma trén cta 77 trong co s& A"

11 -48 33
A'=T'AT=/18 3 20|.
1 -2 31

Hodc c6 thé tinh truc tiép: 77(e],e]) =11, n7(e], ;) =48, 17(e],€5) =33....

6.2. DANG TOAN PHUONG
6.2.1. Dinh nghia dang toan phuwong

Pinh nghia 6.3: Gid si 17:V xV —R i dang song tuyén tinh xdc dinh trén khong

gian véc to V. Anh xa Q:V >R xdc dinh béi Q) =n(V,V) duwoc goi la mot
dang toan phuong trén 'V .

Gia st B ={e,,....6,} 1a mit co s¢ ctia V; VVeV,V=xe +..+ X8, theo
cong thirc (6.7) va dinh nghia dang toan phwong ta c6 biéu thic toa do:

n n
Q) =n(v,v) = Z n(ei.e;)xx; = Z ajj X Xj -
i, j=1 i, j=1
Nhu vay dang toan phuong co biéu thic toa do 1a mot da thirc dang cap béc 2.
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Nguoc lai anh xa Q:V — R ¢o biéu thuc toa do trong co s& & nao d6 1a

mot da thirc dang cip bac 2 c6 dang
n n
i j=1 i=1
thi Q 1a mot dang toan phuong tmg véi dang song tuyén tinh 7 ¢6 7(e;,e i)=&
Vi du 6.4: Xét dang song tuyén tinh & vi du 6.1 véi 77: R? xR - R x4c dinh nhu
sau: U =(x%,%;),V=_(Y1,Y2); m(U,V) =2XY; —=5X Y, + X V1 + 7% Y.
Dang toan phuong trén R? twong tmg 1a Q(U) =7(u,u) = 2x2 — A% Xy +TX3 .

Ta c6 thé xay dung cac dang song tuyén tinh khac nhau xac dinh cing mot
dang toan phuong, chang han:

Xét cac danh xa 7 R*xR? > R; (U, V) =2X Y, — 2% Y, —2X, ¥, + 7% Yy
7, REXRE 5 R 77,(U,V) = 2XY; + 2%y, — 6% Y1 + 7%, Y,

73  REXRZ >R 75(U,v) = 2X0; — 4%, Y1 + 7% Yy
1a cac dang song tuyén tinh va
m(U,u) =17, (u,u) =75 (u,u) = ... = (U, u) = Q(u).

6.2.2. Dang cuc cua dang toan phuong

Vi du trén ching t6 cing mot dang toan phuong Q c6 nhiéu dang song tuyén
tinh 7 sao cho Q(v) =7(v,v). Tuy nhién chi c6 duy nhat mot dang song tuyén tinh
d6i xtmg n thoa man Q(v) =7(v,V). Dang song tuyén tinh d6i xing 7 nay duoc
goi la dang cuc cia Q.

Dang cuc cia Q dugc xac dinh boi cong thirc:
1
U(U,V)=§(Q(U +V) = Q(u) —Q(Vv)). (6.12)

6.2.3. Ma tran va biéu thirc toa dd ciia dang toan phuong

Ma trin cta dang cuc cua Q trong co s& 4 ciing dugc goi la ma trdn cia
dang toan phwong Q trong co s¢ . Nhu viy ma tran ctia dang toan phuong la
ma tran ddi xtng.

Ma tran trong co s¢ & = {el, ey en} cua dang toan phuong Q vdéi dang cuc 77,

ky hiéu A= [Q]ﬂ , duoc xac dinh nhu sau
A= |:aij }nxn , & =1(8;.€5) =n(ej.6) =aj. (6.13)
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Biéu thirc toa do (6.11) co thé viét lai dudi dang ma tran

Qv) = [V]T% [Q,4[v],- (6.14)

Vi du 6.5: Dang song tuyén tinh 7, 1a dang cuc cua dang toan phuong Q cua Vi

du 6.4. Do d6 ma trin cia dang toan phuong Q trong co s¢ chinh tic 1a

2 -2
A= :
-2 7
Nhén xét 6.2: Theo Nhan xét 6.1 ta c6 thé tim ma tran A trong co s& chinh tc cua
n n
dang toan phuong Q:R"— R, V V= (%,X%p,.... X,); Q(V) = ZZainin nhu sau:

j=li=L
A 1a ma tran d6i xing co6 cac phan tir trén duong chéo chinh la cac h¢ so a;;, phan

T PO S |
tor & hang | cOt | bang Eaij :
Vi du 6.6: Tim ma tran cua dang toan phuong Q co biéu thirc toa do trong co s

QW) = %7 = 2§ + X7 + 4% X +4%” +2X,%5.
S< S e \

S S
~ ~ \

Dang cuc tuong ting S~ol AT \
7(U,V) = X1 Y1 = X1Y2 = X Y1+ Xo Y + 2% Y3+ 2X3¥t AXa Y A Ko Y3 + X3Y
-~ ~ - \v N
1 12
. A ) ) , L 1A <4
Do d6 ma tran A cua Q trong co s chinhtacla A={-1 1 1].
2 1 4

6.2.4. Biéu thirc toa d§ dang chinh tic ciia mot dang toan phwong
Biéu thirc toa d6 cta dang toan phuong trén Q trong co sd nao d6 cua V ¢6
dang
2 2 2
Q(V) = A" + X" +...+ A, X, (6.15)
dugc goi la biéu thirc toa dé dang chinh fdc cla Q.
Trong cac muc tiép theo chiing ta xét mot vai phuong phap tim co sé dé biéu
thirc toa d ciia dang toan phuong trong co sd nay c6 dang chinh tic.
6.2.5. Prra vé dang chinh tic theo phwong phap Lagrange
Gid str trong co s¢ % ={e,,....e,} cuia khong gian véc to V biéu thirc toa do
cua dang toan phuong Q c6 dang:
n n
Q(V) = Z a”XIXJ y au == aJI , V= inei .
i, j=1 i=1

Ta thuc hién céc phép ddi toa do sau:
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¢ Truong hop 1: Gid st c6 a;; =0, chang han a;; #0,taco thé sap xép lai:

n n
Q(v) = all(xl2 + 2xlzﬂxi]+ > %X

i=2 1 i,j=2

N a. 2 n n 4. 2
:all(xl+zixij + Zaijxixj—all[zixiJ (6.16)

i—2 A1 i j=2 i—2 1

n a 2 n
_ hj :
=ay | X+ x|+ D alixX;.

i—2 1 i j=2

N a
_ i
Y1=X+2 —X%

i—2 1 (6.17)
Yi=X;; ]=2,..,n

n
thi Q(v) =ayy,” + D a5y
i, j=2

n
Tiép tuc qua trinh nay vai biéu thic z a% vy -
i, j=2
¢ Truong hop 2: Néumoi a; =0 va ton tai q; # 0, chang han a;, #0.
bit
X=Y1tY

X=Y17Y2 (6.18)
X =Y i=3un

n n
thi QW)= D ay%Xx; =D a% V-
i, j=L i, j=1
cO a'y; =ap, #0, vi vay ta c6 thé dua vé truong hop 1.
Tiép tuc qua trinh trén, gia sir cudi cung ta nhan dugc:
X &1 v G4 || 4

= ¢t ] vAa QW) = Azt + Lzt e+ Az,

Xn Ay @nn ] Zn
Xeét hé véc to co toa dd l1a cac cdt cua ma tran trén:
ey = ay), - € =8, A) -
Khi d6 véi moi vécto VeV : v=xe + -+ X6, =21+ -+ 2., va

Q(v) = 2,1212 +/12222 +...+ﬂnzn2.
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N6i cach khac {e',...,e",} 1a co s¢ can tim dé biéu thire toa do cua Q trong
co s& ndy c6 dang chinh tic.
Vi du 6.7: Cho dang toan phuong Q cua R3¢ biéu thirc toa do trong co s¢ chinh
the Q(V) = X% +4Xy% + Xg* + 4Xq Xy + 2X Xg + 2XoXs.
Taco Q(V) = X2 +2X (2%, + X3) +4%o2 + Xa? + 2XoXq
_ 2 2 2,2
= (X + 2%, +X3)" — (2% + X3)7 +4X," + X3° + 2XyXg
= (X + 2%y + X3)2 — 2%, Xs.

Yy =X+ 2%y 4+ X3 X\ =Y1—2Y, =Y X4 1 -2 1|y,
Dat 1y, =X, =1% =Y =% |=]0 1 0]y,
Y3=X3 X3=1Y3 X3 0 0 1]y

Khi d6 Q(v) = y;* —2¥,Ys.

Y3=12,-173 Y3

Z,|=|0 1 1]|z]|.

Yi=4 Y1 100
Pit {y,=2,+2=>|Yy,|=[0 1 1 thi Q(v) =22 —22,° +22,°.
0
1
1 -1]| z; 0 1 -1|z

X3 0 O

Vay trong co sé moi e, =(1,0,0), e', =(-3,11), e'; =(-11-1);
W EeR?: V= (X, Xy, X3) = 18"+ 2,85+ Zo€'y thi Q(V) = 2,2 —22,% +22,°.
Vi du 6.8: Cho dang toan phuong Q c6 biéu thirc toa do trong co so chinh tic cta
P,; V=a,+at +a,t?, Q(v) =a,? —2a,a, + 2a,° +4aya, +4a, + 2a,a,.
Tacé Q(v)=a,” +2ay(—a, +2a,) +2a,° +4a,” + 2a,a,
= (ay —a, +2a,)* — (—a, +2a,)° +2a,” +4a,” + 2a,a,
= (ay —a, +2a,)° +a° +6aa,
= (ay —a, +2a,)% + (a, +3a,)* —9a,°.

bit {b=a+3, ={a=b-3b, =Q()=b’+b’-9b7°.

b, =2, a, =h,

a 1 1 -5]hb 1 1 -5
a |={0 1 -3|b |= matranchuyéncosé T=[0 1 -3|.
a, 0 0 1jhb 0 0 1
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Vay trong co sé mé1 e’ =1, e', =1+t, e'3=-5-3t +t2;
W eP,:v=a,+at+at? =by +b (1+t)+b,(-5-3t +1t%); Q(v) =by? +b? —9b,%.
6.2.6. Prra vé dang chinh tic theo phwong phap Jacobi

Cho dang toan phuong Q trong khong gian véc to V voi dang cuc tuong tiing
7, cO ma tran trong co s6 % ={el,...,en} la A:[a-j]: a; =n(e,€;); i, j=1..,n.

Gia st cac dinh thirc con chinh cia A déu khac khong

Q1 - gy
D —a A1 @ N
h=ay, %20, D2—a \ #0,.., D,=|: . |#0. (6.19)
21 922
anl al’\l’l
Khi d6 v6i mdi j =1,...,n; hé phuong trinh
aj1 % +ajX +...+a5X; =1
13 hé Cramer do d6 c6 duy nhét nghiém, ky hiéu 13 (aj, ajs s @jp)-
Tir diéu kién (6.19) va nghiém cua hé (6.20) ta co:
e -
aj = D. 0 V]j=1..,n.
]
Xét hé véc to
1
fi=c=—¢
11

f, =08 +aop8y +..+ 8,
Ta s& chirng minh hé véc to %'= { e fn} 1a mot co s& ctia V. ma biéu thic
toa do ciia Q trong co s& ndy c6 dang chinh tic.
Dinh thirc ciia hé B'={f,,..., f,} trong co s¢ {e;,....e,} 1& o 0pp...a, #0
nén hé 4" doc 1ap tuyén tinh vi vay 1a mot co s cia V .
T (6.20) va (6.21) suy ra:
{n(fj,ei) = 80 +.. + g =0; Vi=1,..,j-1

n(fJ,eJ):ajlalj +aj2a2j ++a”a” =1
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Do d6 ta ciling co6:
n(fj, fi)=0; Vi<j
{n(fj,fj):n(fj,aljel+...+ajjej):ajjn(fj,ej):ajj'
Mit khac dang song tuyén tinh 7 dbi xtmg nén 7(f j» fi)=0 voimoi i>j.
Vay
0 néu i # |

n(fi, f;)= Dj.

.. ;voimoii, j=1..,n. 6.22
néu i< | voimoi i, j n (6.22)

J
Goi A' 1a ma tran ciia Q trong co s& #'. T 1a ma tran chuyén tir co so &
sang A" thi:
oy oy Xy o
11
a a :
T = 2o TP TAT = A= p(f f) | = g O

O O  a,
Cnn |

Vay biéu thirc toa do cia Q trong cosd ' c6 dang chinh tic:

1 D D,_
v=y f+..+y,f,=Q(v) =Eyl2 +Fly22 +.ot D” Ly 2, (6.23)
1 2 n

Vi du 6.9: Cho dang toan phuong Q cua R3c6 bidu thic toa do trong co so chinh
tac

Q(V) = X —4Xo? + Xg” — A¥q Xy + 2XyXg + 2% X3 .

1 21
Ma tran ctia Q trong co sd chinh tic A=| -2 -4 1.
1 1 1

Co cac dinh thirc con chinh:
D=1 D,=| . |- 8, D;=|Al=-9
1~ 2 _2 _4 - ) 3 — .
Xét cac h¢ phuong trinh (6.20):

) j=1 taco an:i:l; (6.24)
Dl

¢) j=2:H¢ phuong trinh (6.20) c6 dang

X — 2%, =0 A 1 1
= nghiém ¥ =—=, X, =—=. (6.25)
—2% — 4%, =1 4 8

¢) j=3: H¢ phuong trinh (6.20) c6 dang
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X|—2X,+%X3=0

X (6.26)

©| o

2% —4X, + X3 =0=x :—g, X, =%
X+ X +X3=1
Ta chon co so dang (6.21) :
(6.24) = f,=¢,=(10,0),
(6.25) = f, =—1/4e —1/8e, =(-1/4,-1/8,0),
(6.26) = f;=-2/9¢, +1/3e, +8/9e; =(-2/9,1/3,8/9).
Trong co sé m&i nay biéu thirc toa dd ctia Q c6 dang:
WV = (X Xp) Xg) = X8 + X8y + Xg€3 = V1 T + Yo Fo + Y53
Q(v)=Dily12+B—zyzz+%§y32 =y12—%y22+gy32 -
Vi du 6.10: (Xem Vi dy 6.8) Cho dang toan phuong Q c6 biéu thirc toa do trong

co s6 chinh tic cta P,, v =a, +at + a,t’:

Q(V) = ay° —2aya, +2a,° + 4a,a, + 4a,% + 2a,a, .

1 -1 2
Ma trén ctia Q trong co sd chinh tic A=[-1 2 1
2 1 4

1 -
c6 cac dinh thie con chinh: Dy =1, D, :‘ ) j =1, D;=|A=-9.
Xét cac h¢ phuong trinh (6.20):

1

¢) j=2:H¢ phuong trinh (6.20) c6 dang
X — X =0 .
= nghiém X =X, =1; (6.28)

¢) j=3: Hé phuong trinh (6.20) c6 dang

—x1+2x2+x3=0:>x1=§, Xp ==, Xg=——. (6.29)

1
3 9
2X, + X, +4%3 =1

Ta chon co so dang (6.21) :

(6.27) = f,=1; (6.28) = f, =1+t : (6.29) = T, =g+%t—%t2.

Trong co s& mdi nay biéu thure toa do cia Q co6 dang:
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v=a,+at+at’=h +bl(1+t)+b2(g+%t—ét2j;

ﬂblz +&

1 2 2 2 2 12
V)= b2+ 0,2 =b,2 + b2 — b2,
Q(v) D10 D, D32 b +by 92

Nhan xét 6.3:

1) Moi dang toan phuong luén c6 thé dwa vé dang chinh tic theo phuong
phap Lagrange. Tuy nhién chua chic c6 thé dua vé dang chinh tic theo phuong
phap Jacobi, vi chi dwa duoc vé dang chinh tic theo phwong phap Jacobi khi moi
dinh thttc con goc bén trai D, #0,Vk =1,2,.... Ching han dang toan phuong Q cua
R3 (xem Vi du 6.7) c¢6 biéu thuc toa do trong co so chinh tic

Q(V) = X% +4Xy2 + Xg” + AXqXg + 2% Xz + 2Xo X

1 2

=0.
2 4‘

khong stir dung phuong phéap Jacobi duge vi D, = ‘

2) Cac vi du 6.8, 6.10 cho thdy rang cing mdt dang toan phuong ta c6 thé
dua vé cac dang chinh tic véi cac hé sé khac nhau. Tuy nhién sb cac hé s6 duong
va hé s6 am 1a nhu nhau. Ta s& ching minh diéu nay qua luat quan tinh.

6.2.7. Luat quan tinh
Giasu A= [aij] = [Q]ﬁ A= [a'“} = [Q]ﬁ la hai ma tran cia Q trong hali
co SO .%’:{el,...,en}, I ':{e'l,...,e'n} cutaV.Goi T :[tij ]ﬁ 13 ma trdn chuyén

tir co s¢ 4 sang ', theo cong thirc (6.9), (6.10) ta c6 A'=T'AT .
Theo tinh chat hang ctia ma trin ta c6 r(A") =r(T'AT) <r(A). Mit khac T

-1
kha nghich nén A:(Tt) AT 1= r(A) <r(A). Vay r(A) =r(A).

Do d6 ta c6 thé dinh nghia hang cta dang toan phuong Q 1a hang ctia ma
tran ctia n6 trong mot co sé nao do.
Pinh 1y 6.1 (Sylvester - Jacobi): S6 cdc hé sé dwong va sé cdc hé s6 am trong biéu
thirc toa do dang chinh tdc ciia mét dang toan phwong Q & nhitng bdt bién ciia
dang do (tiec la khong phu thudc vao viéc lwa chon co so).
Chirng minh: Gia st trong co s6¢ # = {el,...,en} biéu thirc toa do cua dang toan

phuong Q c6 dang:

n n
Q(V) = D aXX;; g =a;, Y V=) Xe.
i1

i j=L
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Gid st B'={e',...e",}, B"={e",....e",} 1a hai co s& sao cho bicu thirc toa

n n n
do cua Q co6 dang chinh tac: v = inei = Zyie'i = ZZie"i ;
i=1

i=1 i=1
QW) =Kpyy® + ..+ KpYp* —KpgVpur” ==K Ye” (6.30)
QW) =hz® +..+1,2,° — gz’ == 12,7, (6.31)

v6i r=r(A) lahang cia A, cic hésd k v K by I > 0.

Ta chimg minh p = q bang phuong phap phan chimg.

Gia st p<( (truong hop g < p dugc chiing minh hoan toan tuong tu).
Theo cong thure ddi toa do ta co

Y1 =bygX +. by X, Zy = Cp X +...+ Cp X,
.................................. D (6.32)

(6.30) va (6.31) =
kYo 4ot Ko Yol HlgaZaen” + ot 12,2 =2y 1027 + KV’ ot Ky, 2 (6.33)

Ta s& ching minh rang t6n tai mot véc to VeV :
n n n
V= inei = Z yie'i = ZZie"i E= 0
i=1 i=1 i=1
thoa man diéu kién:
(6.34)

That vay, cac diéu kién (6.34) két hop véi (6.32) xac dinh mot hé
N—q+ p <n phuong trinh tuyén tinh thuan nhat n an Xi, X, ooy Xp. Vi s6 phuong

trinh it hon s6 4n nén ton tai nghiém ch> ey X,? khong ddng thoi bang 0.
n
Xétvécto Vo= X6 #0.
i=1

Mit khac tir (6.33) va (6.34) =z, =...=2, =72 ~0.

q+1 = .=
n ~
=V = Zzie"i =0, miu thuan. Viy p=q(.
i=L
Vi du 6.11: Xét dang toan phuong Q cua R® (xem Vi du 6.9) c6 biéu thirc toa dd
trong co s6 chinh tic Q(V) = X;% —4X, + Xg” — 4X,Xy + 2% X5 + 2%, Xs.

Str dung phuong phép Jacobi ta dugc co s&
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f,=(10,0); f,=(-1/4,-1/8,0); f,=(-2/9,1/3,8/9).

Trong co s& mdi nay biéu thurc toa dd cua Q co dang:
WV = (%1, Xp, Xg) = X8 + X085 + Xa€3 = Vi Fy + Yo Fr + Y315,

1,2,0

QW)= D, D,

2 Dy o 21 5 8 5
+ ==Y =Y =Y, =Y, .
Y2 D, Y3 =% 3 Y2 9 Y3
Str dung phuong phap Lagrange:
Q(V) = X2 = 4Xy2 + Xg* — AXy Xy + 2% X5 + 2%y X3

Biéu thirc toa d6 dang chinh tic ctia dang toan phuong trong hai trudng hop
trén déu c6 hai hé s6 + va mot hé sb —.

Pinh nghia 6.4: S6 cdc hé sé dwong dwege goi la chi s6 qudn tinh dwong va sé cdc

hé s6 am dwoc goi la chi sé quan tinh ém cia dang toan phwong.
Gia stir (p,q) 1a cap chi s6 quan tinh duwong va 4m cia dang toan phuong Q
trong khong gian n chiéu V khi d6 p+q=r (hangcia Q).
= Truwong hop r=n: Q dwoc goi la khéng suy bién;
» Truong hop P=n: Q duoc goi la xac dinh duwong;
» Truong hop q=n: Q duwoc goi la xac dinh am.
R rang
+ Q xac dinh duong khi va chi khi Q(v) >0, véi moi v #0;
+ Q xac dinh am khi va chi khi Q(v) <0, véi moi v=0.
Néu 7 1a dang cuc cua dang toan phuong Q thi:
+ Q xac dinh duong khi va chi khi 7 xac dinh duong;
+ Q xac dinh am khi va chi khi 7 xac dinh am;
+ Q khong suy bién khi va chi khi 7 xéac dinh.
Vi du 6.12: Dang toan phuong Q ¢ Vi du 6.7. 6.8, 6.9 ¢6 chi s6 quan tinh duong 1a
2 va chi s6 quan tinh am 1 1. Vay Q 1a dang toan phuong khong suy bién.
Dinh ly 6.2 (Sylvester): Gia su dang toan phwong Q co ma trgn la A trong mot co
so nao do cua N . Khi do:
(1) Q xac dinh dwong khi va chi khi cac dinh thirc con goc trdi cua A ludn
duong.
(ii) Q xdc dinh dm khi va chi khi cdc dinh thite con géc trdi cdp chan la

dwong va cdp lé la dm.
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Chirng minh: (i) Gia sut A= [aij] la ma tran cua dang toan phuong Q trong co s&
B = {el,...,en}. Xét V, =span {el,...,ek} va dang toan phuong thu hep vao khong
gian véc to con V., Q‘Vk 'V, > R ¢ ma tran trong co s& 4 ={ej,...e} la ma trén
con A cap k nim & goc trai cia ma tran A. Néu Q xéc dinh dwong thi Q‘vk cling
xéac dinh duong. Mat khac theo ludt quan tinh ta suy ra rang cac gi tri trén dudng
chéo cua ma tran dang chinh tac cua dang toan phuong xac dinh duong 1a luén luén
duong nén dinh thirc ciia n6 ciing duwong. Vay det A, >0, véimoi k=1,...,n.

Nguoc lai, gia st D, =det A, >0, véi moi K=1...,n. Theo phuong phap
Jacobi (Muc 6.26) ton tai co s B'= { fien fn} sao cho biéu thirc toa do cua Q
trong co s& A" ¢ dang chinh tic:

1 D D,
V=y fi e+ Y, L, 2QW) =—y 2+ Ly,  +..+—Ly 2,

Dl D2 Dn
Vay Q xéc dinh duong.
Truong hop (i) duge chirng minh twong tu.
6.3. TICH VO HUONG VA KHONG GIAN VEC TO EUCLIDE

6.3.1. Pinh nghia va tinh chat cia tich vo huéng

Pinh nghia 6.5: Mot dang song tuyén tinh doi xitng xdc dinh dwong dwoc goi ld

tich vo huong.
Mot khong gian véc to co tich vo huong dwoc goi la khong gian véc to
Euclide.

Vi du 6.12: Xét khong gian véc to R" = {(Xl,..., Xn)‘xi eR;i=1,..., n}
Véi X= (X, %)y Y = (Yoo ¥Yyy) €R", ta dinh nghia:
(X, Y) =X Yp + oot X Y- (6.35)
C6 thé kiém tra duoc cong thire (6.35) xac dinh mot dang song tuyén tinh ddi xtng
xac dinh duong. Vay (]Rn,< , >) la mdt khong gian véc to Euclide.
Vi du 6.13: Tich vé huéng c6 trong sé ciia khéng gian véc to R" iing véi cdc hang
s6 duwong C,...,C, dugc dinh nghia
(X, Y) =CXyYy + .o+ C X Yy -

Vi X= (X, %)y Y= (Ypreen V) €R™.
Chéng han

(U,V) = 2upV; +5U,V, , trong d6 U = (Uy,Uy) , V= (Vy,V,)
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1a mot tich vo hudng c6 trong sb cia R?.

Céc hang sb C; >0 la céc trong s, trong sb C; lon thi s6 hang thu i trong
tich vo huéng ciing 16m theo. Tich vo hudng cé trong s6 duoc ing dung trong thong
ké va xir Iy dir liéu, khi ta mudn nhdn manh mot thanh phan nio dé so véi cac thanh
phan khac.

Vi du 6.14: Xét khong gian véc to C[%,b] cua cac ham lién tyc trén doan [a;b].

Tich phén
b
(f,g)= j f (t)g(t)dt. (6.36)

Xéc dinh mot tich vé huong cua khong gian véc to C[% b]-

Pinh nghia 6.6: Gia su (V,< , >) la mot khong gian véc to Euclide.

Voi moi véc to VeV ta dinh nghia va ky hiéu chuan hay médun cua véc to

V qua biéu thirc
IV = {v,v) . (6.37)

Néu ||v|| =1thi v duoc goi la véc to don vi.

Vidu6.16: X= (%, %) €R", [x]|= /X2 +---+ %2,

v=(1,-2 3) e R3=|v| =12 +(-2)% +3 =14,

f(0) €Cly = F )] =1/jab| £ 2 dx .

Tinh chit 6.3: Bdt ding thirc Cauchy-Schwarz

Vi moi u,veV, lubn co
) = Jul- ] o fuv)f < (uu)- () (6:38)

Pang thirc xdy ra khi va chi khi u,v phu thudc tuyén tinh.
Chirng minh: Néu mot trong hai véc to bang 0 thi ca hai vé cua bat dang thirc trén
déu bang 0, do d6 bat dang thirc nghiém dung.

Gia sir v#0, v6i moi teR tacé: (u+tv,u+tv)>0.

Mit khac F(t) = (u+tv,u+tv) =t?|v|* + 2t (v,u)+|u|* 1a mot tam thirc bc

S TR " A A A p 2 4

hai d6i voi t va luon luon khong am. Vi vay Ag =|(v,u) — M ul? <0. Tir d6 suy
ra bat dang thirc Cauchy-Schwarz.

Khi u,v phu thudc thi u=kv (hodc v=ku):
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[ v)] = [k, v)] =Kl = ]l =l V]
Nguoc lai néu [(u,v)| =|Ju]- V| thi A% =0.
Do d6 ton tai t; € R sa0 cho (U+tev,u+tpV) =0=>u=—tev.

Ap dung bt dang thic Cauchy-Schwarz vao khong gian R" véi tich vo huéng
(6.35) ta co bat ding thirc Bunnhiacopsky:

2
(X Yy + et X Yn )~ < (xl2 Fot xnz)(yl2 Fot ynz). (6.39)
Ding thirc xay ra khi va chi khi cac thanh phan cua (Xgyeer X)) VA (Yp,-0 V) tHE.

6.3.2. Truec giao - truwc chuian hoa Gram-Shmidt

Pinh nghia 6.7: Hai véc to u,veV goi la truc giao nhau, ky hiéu ULV, néu
(u,v)=0.

Hé cacvecto S = {Vl,...,vn} cua \V dwoc goi la hé truc giao néu hai véc to bat
ky ciia hé S déu truc giao nhau.

He¢ truc giao cac véc to don vi dwoc goi la hé truc chuan.
Dinh ly 6.4: Moi hé truc giao cdc véc to khac 0 la hé doc lap tuyén tinh.
Chirng minh: Gia su h¢ S :{Vl,...,vn} truc giao cac véc to khac 0, khi do néu
XV + ...+ XV, =0 thi

X; <vi,vi> = <x1v1+...+xnvn,vi>:0 = X =0 voi moi i =1,...,n.
Do d6 S doc lap tuyén tinh.
Pinh 1y 6.5: Gia s S :{ul,...,un} la mot hé cac vec to doc ldp tuyén tinh cua
khong gian Euclide V. Khi dé ta c6 thé tim dwoc hé truc chudn S' = {Vl,...,vn} sao
cho
span{vy,...,Vy } =span{uy,...,u}; véi moi k=1,...,n.

Chitng minh: Ta xiy dung hé truc chuan S' theo cac budc quy nap sau day va goi
|a qua trinh tryc chuian hoa Gram-Shmidt.

u
o) k=1:Vih¢ S doclapnén u, #0.Pat v; =1

Jua]

) k=21 X8t V, =—(Up,V; )V +Uy,, ta cd v, %0 (vinu v, =0 thi u, = kv,

Ay R S A 1 - \Y N 2
diéu nay trai voi gia thiethé S doc lap). bat v, = HTZ , hé {vl,vz} truc chuan va
Vs

span{vy,V, } =span{u;,u,}.
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+) Gia sir da xay dung dugc dén k —1. Nghia 1a ton tai {V, ..., V,_; } truc chuén
sao cho span{vy,...,V,_y} =span{uy,...,u,_ } . Tuong tu trén ta xét
|
Vie == (U, Vi)V, + Uy (6.40)
i=L
ta ciing c6 Vv, #0 (vinéu v, =0 thi u, 1a t& hop tuyén tinh cia vi,...,V,_;, do do
1a t6 hop tuyén tinh cua Ugyeeny U1 diéu nay mau thuln véi gia thiét hé S doc 1ap).

Pat

vy = ‘T (6.41)

thi v, Lv;;i=1..,k—-1. Vayhé {Vl,...,vk} truc chuén va
span{vy, ..., Vi } =span{v1,...,vk_1,v_k} =Span {Uy, ..., U_y, Uy}

Vi du 6.15: Trong R3xét hé 3 vée to doc lap: uy = (1L11),u, = (-111),uy = (1L, 2,1).

Hay truc chuan hod hé S ={u;,U,,Us}.

[EEN

Buse 1: |uy|=vB=v, =~ -

1 1
. — 1
Budc 2: v, = —<U2,V1>V1+U2 = —_(
— 2
\ :E(—2,1,1)2>V2 :(—

Bude 3: Vg = —(Ug, vy )y —(Ug,V, )V, +Ug
Sl Al

— 1 1 1
Vg =E(0,1,—1):>v3 :(O’ﬁ’_ﬁj'

{V1,V5,V5} 14 hé véc to truc chuén hod ctia hé {uy, Uy, Uz}

Vi du 6.16: Trong khong gian véc to P, cac da thitc bac <2 vdi tich vo hudng xac
dinh theo cong thuc (6.37),

1
(p.a)=[ pHa(t)dt
0
co s& chinh tic 1,t,t2 khong phai 1a mot co so truc chuén. Thuc vay,
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1

(Lt)=[tdt = % (117)= itzdt -

1
1
, <t,t2>:_([t3dtzz

Wl

Truc chun héa Gram-Shmidt co s& nay ta dugc hé truc chuin
u(t) =1, uy(t)=+/3(2t—1), us(t) =/5(6t> -6t +1).

6.3.3. Co s6 trwe chuin

Pinh nghia 6.8: Mot co so ciia khéng gian véc to N dong thoi la hé truwc chudn

dwoc goi la mot co so tryc chuan.

Vi du 6.17: Co s chinh tic ctiia khong gian R" 13 co s& truc chuan.

Pinh li 6.6: Moi hé truc chudn cia N déu cé thé bo sung thém dé tré thanh co sé
truc chuan.

Chirng minh: He gém k véc to truc chuan S 1a hé doc lap tuyén tinh nén ta co thé
bo sung thém dé duoc mét co s cua V. Truc chuin hoa Gram-Shmidt co s& nay
dé dugc mot co sé truc chuan cua V . Trong qua trinh truc chuan hod k véc to cua
hé S khong thay ddi vi vy thuc chit ta di bd sung vao hé S dé c6 co so truc
chuan cia V .

Hé qua 6.7: Moi khong gian véc to Euclide déu ton tai co s6 truee chuan.

Dinh ly 6.8: Giad su {el,...,en} la mét co sé& true chudn cia ', véi moi u,v eV ta

co
) v=(ve)e +..+(v.e e, (6.42)
i) (uv)=(ue)(v.e)+...+{ue )v.e,). (6.43)
i) V[*=(v.e) +.+(ve,)’ (6.44)

Chirng minh: Céc ding thuc trén duogc suy ra tir cac khang dinh sau:

Néu V=x8€ +...+ X.€,, U= Vi +..+ Y€,

thi  (v,6) = (X +...+ X,€,,& ) =% v6i moi i =1,...,n

VA (V,U) = (X8 +..c® X € V1€ + ot Y€)= X1 oo+ X Vi
Nhin xét 6.4: Trong khong gian vé6i hé truc toa do truc chuan Oxyz cO cic véc to
don vi trén cac tryc tuong ung la T,],R . Véc to don vi n=xi+ y]+ zk bt ky c6
X=ni=cosa, y=n.j=cosfB, z=n.k=cosy; nghia la n=(cosa,cos,cosy),

trong d6 a, B,y 1an luot 1a gbc cua véc to N voi céc truc toa do.
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6.3.4. Khong gian con truc giao, phin bu trie giao

Dinh nghia 6.9: Véc to VeV truc giao véi tdp con SV, ky hidu VLS, néu v
triec giao voi moi véc to cua S . Vay

vLlS<(v,u)=0,VUues. (6.45)

Tap con Sy truc giao voi tap con S,, ky hieu S; L S,, néu moi véc to cua S,

déu tryc giao voi moi véc to cua S,. Vay

S$1LS, <ovlu;we§,Vues,. (6.46)
Dinh 1y 6.9:
1)vLS<v.lispanS. (6.47)
Noi riéng néu {€,....6 } 1a mot hé sinh cua W, khi do:
viW evle; Vi=l..,k. (6.48)
2) V6i moi tap con S <V . Ky hiéu
st ={veV|vLluvueS}. (6.49)
Ta co:
tap S 1a khong gian véc to con cia V | (6.50)
st =(span$)", (6.51)
V =(spanS)®S™, (6.52)
() =spans. (6.53)

3) V6i moi khong gian con W cua V . Ta co:
L 1
V=Waew", (WL) =W . (6.54)
Hai khong gian con W, W dwoc goi la phéan bir truc giao ciia nhau.

4) Néu h¢ véc to {€,....8} 1a mot co s truc chuan ctia W va {11 i |

14 mot co so tryc chuan ciia W thi {el,...,ek,ek+1,...,ek+m} 1a co s6 truc chuan cua
V.
5) Trong khong gian véc to Euclide R" véi tich vo hudng (6.35) xét hé véc
tor Uy =(84q,..s &4p) s -ovs Uy = (@pgseesy 8p) -
bat S ={u,...,u,}, khi do:
X+t X, =0
S+ 1a khong gian nghiém ctia hé: < ..oocovevvvverererrernnens, : (6.55)
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= (V,u) = (V, XUy + ...+ XU ) = X (VU )+ o+ X (VU ) = 0.
2) 0eSt =St =@, Véimoi v;,v, €St, o, BeR, ueS:
(avy + By, u) = a{vy,u)+ B{vy,u) =0 => av; + BV, € ST
Vay S* 1a khong gian véc to con ciia V .
1) = S =(spanS) .
Gid sir {e,,...,, } 1a mot co s6 truc chuén cua spansS .
VveV, dat u=(v,e;)e +..+(v,e e, espans.
Taco: (v—u,g)=0,Vi=1..,k=v-ue(spanS) =S .
Vay V =(spanS)+S™.
Ngoai ra Vu e (spanS)NS™ thi (u,u)=0=>u=0,doddV =(spanS)®S™.

Theo cong thirc (6.49) ta dé dang co S < (SL)L = spanS c (SL)L.
1
Nguoc lai véi moi VE(SL) cV,(6.52) = v=Uy +U,, U espanS, u, € S+
= 0=(V,Up )= (U +Uy,Up) = (Uy,Up) + (U, Uy ) = (U, Uy)
= U, =0=v=u, espanS :>(SL)L cspanS. Vay (SL)l =span$.

3) Cong thirc (6.54) suy ra tir (6.51), (6.52) va W =spanW néu W 1a khong gian

véc to con.

Vi du 6.18: Xét W ={(0,0,z)|zeR}. Taco

W ={(x,y,0)|x,y R} va R® =W oW,

Nhin xét 6.5: Goi W 13 khong gian nghiém cua phuong trinh thuan nhat dudi dang

téng quat
amX + apX + o+ aX, = 0

hodc viét dudi dang ma tran AX =0.

Trong chuong 5, theo cong thirc (5.28) ta c6 thé xem W 12 nhan cta anh xa
tuyén tinh c6 ma tran trong co s& chinh tic 1a A. Mit khac theo cong thic (6.55) ta
cling c6 thé xem W 13 tip tit ca cic véc to truc giao voi moi véc to hang cia A, do
d6 W 1a phan bu truc giao ciia khong gian véc to sinh boi cac vée to hang cia A.
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Theo (6.52), (6.55) ta c6 dimW =n—r(A). Két qua nay cho mét cach chirg minh
khac cta PBinh 1y 4.5 va cong thuce (5.13).

6.4. MA TRAN TRUC GIAO VA ANH XA TUYEN TINH TRUC GIAO

6.4.1. Ma tran truc giao

Pinh nghia 6.10: Ma trdn vudng A duwoc goi la ma trdn truc giao néu AlA=1.

Nhu vay ma tran truc giao A la kha nghich va cé A=Al
Ma trdn A= [aij } la ma tran tryc giao khi

n
Zaijaik =0k :{
i-1

1 néu j=Kk
R (6. 56)
0 néu j=k
O 18 ky hi¢u Kronecker.
Vay ma tran A truc giao khi va chi khi cac véc to ¢ot tao thanh hé truc chuén.
Mat khac vi A=Al AAl = , do do6 cac véc to hang cia A cling tao thanh hé

true chuan.

det(AtA):detI =1 = det A=+1. (6.57)

Y3 -2/J6 0

Vi du 6.19: Ma train A= ]/\/§ 1/\/6 1/x/§ co cac cOt 1a hé truc chuan
Y3 Yo -y\2
(xem Vi du 6.15), do d6 A la ma tran truc giao.

Vi du 6.20: Moi ma trdn vuéng cdp 2 truc giao déu cé dang

cos sin coS sin
A{ > ﬂ hoiic A{_ ¢ (”}. (6.58)
—sing Cos@ sinp —Ccos@

That vay, ta d& dang kiém chimg hai ma trdn A ¢ trén thod mén A'A=1.

, b b] [1 0
Nauoe laindu A=| & > |va AA=1 i | °|® Pz |
c d b dic d 01

a’+c?=1 )
Dodo <Jab+cd =0 (2)
b®+d*=1 3)
Tir (6.57) = det A=+1 va (2) & (3) suy ra b,d 1a nghiém duy nhat cia hé
ax+cy=0
phuong trinh Cramer y b= —L, d= 2
bx+dy =1 det A det A
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£ N a bl .,
¢)Ncu det A=1thi A= va a“+b =1= A=

cose Sing
b a '

—sing Ccos@

. a
¢) Néu det A=—1thi A:{
b -a

b coS sin
}vaa2+b2=1:>A:{ 14 (p]

sinp —cos¢@

Pinh 1y 6.10: Ma trdn cua mot co so truc chudn viét trong co so truc chuan la mot
ma trdn truc giao. Nhu vdy moi ma trdn chuyén twr co so truc chudn sang co SO
truc chudn la ma tran tryc giao.

Chirng minh: Goi A= [aij] 12 ma tran cla co sé truc chuin {Vl,...,vn} viét trong

co s& truc chuan B =1{e,,....e,}.

n n
i=1 i=1

Tur (6.43) va gia thiét {Vl, ...,Vn} 14 co s6 tryc chuan ta co:

n
zaijaik =<Vj,Vk> - 5Jk .
i=1

Vay A la ma tran truc giao.

6.4.2. Anh xa tuyén tinh truc giao*

Dinh nghia 6.11: Gid sir (V,(,),) va (V'(,),.) la hai khong gian véc to

Euclide. Anh xa tuyén tinh TN =V dwoc goi la dnh xa triec giao néu véi moi

uveV:
(f(u), f(v)),. =(uv),. (6.59)

Néu f(u)=0 thi O=<f(u), f(u)>v. =<u,u>v = Uu=0, do d6 moi anh xa
tuyén tinh tryc giao déu don cau. Vi vay moi ty dong cu tuyén tinh truc giao la
dang ciu.

Pinh 1y sau chi ra rang, néu diéu kién (6.59) thoa mén d6i véi moi véc to cla
mdt co s tryc chuan nao d6 thi f ciling 14 anh xa tuyén tinh tryc giao.

Pinh Iy 6.11: Gid siv f la tuw dong cdu tuyén tinh ciia khéng gian véc to Euclide V .
P = {el,...,en} la mét co s6 truc chuan cia N . Khi @6 | truc giao khi va chi khi

{f(el),..., f(en)} la mét co s6 triee chudn ciia V. N6i cach khac:

{{f(u),f(v)>v,=<u,v>v - {(f(ei),f(ej)>v,:<ei,ej>v'

(6.60)
Yu,veV vi,j=1..,n

Chiing minh: (=): Hién nhién vi e, ej€V.
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(<): Gia st { f(e,),..., T (6,)} 1a co s6 true chuan thi véi moi u,veV :
V=XE +..t X.8p, U= Y€+t V€, -
< f(v), f (u)> = <X1f e)+...+x,f(e). v f(e)+...+y,f (en)>
=X Yp o XYy =(V,U).
6.4.3. Ma tran ciia ty dang cau truc giao*

Gia st A= [aij] 12 ma tran cua ty dang cu f trong khong gian Euclide V
v6i co s¢ true chuan 8 ={e,,...,e,}. Theo dinh 1y 6.10 va dinh 1y 6.11 thi ty ddng
cau f 1a truc giao khi va chi khi A la mot ma trén truc giao.

Vay ma tran cua ty déng cAu truc giao trong mdt co so truc chuan 1a mot ma
tran truc giao. Nguoc lai, néu A 13 ma trn truc giaova f 1aty déng cau tuyén
tinh c6 ma tran trong co so truc chuan 1a A thi f 13 4nh xa truc giao.

Vi du 6.21: Phép quay xung quanh truc z mot géc quay 6':
f :R® >R3 x4c dinh boi 7 4
f(X,y,2) =(xcos@—ysing, xsind+ ycosd, z)

C6 ma tran trong co s& chinh tac

cosd -sin@ O
A=|sind cos@d O
0 0 1

A 13 ma tran truc giao do d6 f 1a 4nh xa truc giao.
Dinh 1y 6.12: Moi ma trdn truc giao chi co cac gia tri riéng la —1 hay 1.
Chirng minh: Gia st f 1a ty déng cAu truc giao ¢6 ma tran trong mot co so truc
chuén nao d6 1a A.
Gia str V# 0 1a mdt véc to riéng gia tri riéng A . Khi d6
(f(v), f (V) ={Av, V) = 2% (v,v).
Mitkhic  (f(v), f(v))=(v,v)=2%(v,v) =(v,V).

Vi (v,v) = 0= A% =1. Vay 1=+1.

6.5. CHEO HOA TRUC GIAO, TU PONG CAU POI XUNG

6.5.1. Bai toan chéo hoa truc giao

Cho ma tran A tim ma trén truc giao T sao cho T'AT 1a ma tran chéo.
Pinh 1y 6.13 (diéu kién can): Néu A chéo hod trie giao dwoc thi A la ma trdn déi
xung.
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Chirng minh: Néu T'AT 1a ma tran chéo thi (TtAT ) '=T'AT.

t
Mit khac (TtAT) =T'A'T, do d6 T'A'T =T'AT. Ngoai ra T kha nghich nén

A=A,
Nguoc lai, ta s& chimg minh néu A d6i xtng thi chéo hoa truc giao dugc
thong qua tu dong cu di xtng sau.

6.5.2. Tw dong ciu dbi xirng

Pinh nghia 6.12: Ty dong cau f:V =V dwoc goi la doi ximg néu:

vu,veV;(fu),v)=(u, f(v)). (6.61)

Dinh ly 6.14: Gia sir B = {el,...,en} la mét co so cia N, khi do tw dong cau f 1a

doi xung khi va chi khi voi moi i, | =1,...,n,

(f(e).ej)=(e. f(e))); Vi, j=1,...,n. (6.62)
Chirng minh: Néu f thoa man (6.61) thi duong nhién thoa man (6.62).
Nguoc lai, gia st f thoa man (6.62): V v=xe€ +...+ X,8,, U= Y, +...+ ¥,&,"

(FVLU)=0xf(e)+...+ X, T (&), ya&r +...+ Ynn)
n n n n
=33 xy; < f (ei),ej> =" xy; <ei, f (ej)> =(v, f(u)).
i=1 j=1 i=1 j=1
Nhu vay dé chimg minh mot ty dong cau la ddi xtng thi thay vi chimg minh
cong thire (6.61) ding véi moi v,u eV ta chi can ching minh cong thic (6.62)
ding vé1 mot co sé nao do.
6.5.3. Ma tran ciia mét tw dong cau doi xing trong mét co’ sé trire chuin
Gia st A= [aij] la ma tran cua tu dff)ng ciu f trong mot co so truc chuan
# ={e,,....e,}. Theo cong thirc (6.42) ta co:
n n
i=1 i=1
Vﬁy vol m01 i, J :l,..., n: a” :<f (ej),e|> .
Tir dinh 1y 6.14 va cong thirc (6.63) ta c6 két qua sau.
Pinh Iy 6.15: f doi xitng khi va chi khi ma trén A cia f trong mét co sé truc
chudn nao dé la ma trdn doi xirng.
Vidu 6.22: Anh xa f :R® -R® xéc dinh boi
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f(X,y,2)=(X—y+22,—X+2y+2,2X+Yy+42)

1 -1 2
Ma tran trong co sé chinh tic: A=|-1 2 1
2 1 4

12 ma tran d6i xang nén f 1a mot tu dong ciu ddi xtng.
Ta ciing c6 thé kiém tra lai diéu kién (6.62) nhu sau:
fe)=@1-12), (&) =(-121), f(&)=(214);
(f(e).e)=—1={(ey, f(e)): (f(e)). &) =2=(ey, f(&3));

(f(ep).65)=1={(e,, f(e;)).

Dinh 1y 6.16: Cdc gia tri riéng cua mot ma tran doi xung la cac 6 thue. Noi cdch
khdc, da thire ddc trung ciia ma trdn doi xvimg vuéng cdp N ¢6 ding n nghiém
thue.

Chitng minh: Gia st f 1a ty dong cau d6i xting c6 ma tran trong mot co sd truc
chun nao d6 12 ma tran d6i xtmg A cip n. Gia st A=a+ib 13 nghiém cua da
thirc dc trung #(1) =|A—Al|. Khi d6 theo Pinh ly 5.17, cong thirc 5.37 ton tai

hai véc to doc 1ap tuyén tinh u,veV sao cho {f(v) =av-bu :
f(u)=bv+au

Do d6 ( f(v),u)=a(v,u)—b(u,u), (v, f (u))=a(v,u)+b(v,v).

Vi f déi xtng suy ra —b{u,u)=b(v,v)>0=b=0.

Vay moi nghiém cua da thirc dac trung 1a nghiém thuc.

Pinh Iy 6.17: Hai véc to riéng vmg véi hai gid tri riéng khdc nhau ciia mét tw dong
cdu doi xvmg la triec giao nhau.

Chirng minh: Gia st f(v)) =A4vy, T(v,) =4V, vi,Vv, #0; 4 # 4, khi d6
/71<V11V2> = < f (V1)1V2> = <V1’ f (V2)> =4, <V11V2>
= (A4 =) (v, Vo ) =0=>(vy,V, ) =0.

Dinh IV 6.18: Véi moi tw dong cdu doi ximg f trong V déu ton tai mét co so truc
chudn ciia N gom cdc véc to riéng cia f . N6i cich khdc moi tw dong cdu doi
xitng déu chéo héa triee giao deoe.
Chirng minh: Theo Pinh 1y 6.16 f c¢6 véc to riéng u, tmg véi gia tri riéng 4, eR,
Ju =1. Dat W, ={Au; |2 eR} =span{u, }.

vYveW, (Fv),u)=(v, f(u))=(v,4u)=0= f(v) eW .

Vay W, bét bién d6i voi f va VvV =W, ®W," nén ta c6 thé xét:
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fy = |, W W, dimwt =dimv -1,
1

Quy nap theo sb chiéu cua khong gian thi c6 co sé truc chuan {uz,...,un} cua
W, gdm cac véc to rieng ctia f,. Do d6 {Uy,Up,..., Uy} 14 co s& truc chuan cia V
gdm cac véc to riéng cia f .
Hé qua 6.19: Moi ma tran doi xung déu chéo hod truc giao duoc.
Chitng minh: Gia st f 13 ty dong cu ddi xtng c6 ma tran A trong co sé truc
chudn #={e,...,e,}. Theo Dinh Iy 6.18 ton tai co s¢ tryc chuan B'={e',,....e",}

gdm cac véc to riéng ctia f . Goi T 13 ma trén chuyén tir co s¢ & sang B'thi T

truc giao va

px
O (6.64)
O 4

trong d6 Ay,..., A, 1a cac gia tri riéng cia A.

TIAT =

6.5.4. Thuat toan chéo hoa truc giao

Dé chéo hoa truc giao mot ma tran ddi xtrng A, nghia la tim ma tran truc giao
T saocho T'AT ¢o dang chéo, ta thuc hién cac budc sau:

Budc 1: Tim cac gia tri riéng cia A (nghiém cua da thirc dic trung).

Budc 2: Véi mdi gia tri riéng tim dugc & budc 1, tim mot co sé cua khong
gian riéng tuong ing va truc chuan hod Gram-Shmidt co sé nay.

Budc 3: Gop céc co sé da dugce truc chuan hoa & budc 2 ta c6 mdt co sé truc
chuén cia V gdm cic véc to riéng cia A. Ma tran cic véc to cua co sO nay 1a ma
tran truc giao T can tim.

0 2 2
Vi du 6.23: Chéo hoa tryc giao ma tran d6i xing A=|2 3 -1|.
2 -1 3

DPa thirc dac trung
-4 2 2 4-1 2 2 4-1) 2 2

|A-All=[2 3-12 -1|=}4-2 3-2 -1|=| 0 1-2 -3
2 -1 3-2] 4-12 -1 3-2 0 -3 1-2
(4-2) 4 2| |4-2) 4 2
=l 0 —=2-12 3|=| 0 -2-1 -3|=—(4-2)*(1+2).
0 —2-21-1 | 0 0 4-2
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¢ Véc to riéng V=(X,Y,2) %0 Gng voéi gia tri riéng 4 =4 (nghiém kép) la
nghiém khac khong cta hé phuong trinh:

-4 2 2 1|x 0
2 -1 -1||y|=|0].
2 -1 -1||z 0

Hé¢ phuong trinh trén twvong duong véi phuong trinh 2x—-y—-2z=0.

Dodo v=(x,y,2)eV, &Vv=(y/2+2/2,y,2)=y(1/210)+2(1/2,0,1).
Chon v, =(1,2,0), u, =(1,0,2).

Truc chuin ho4 hai véc to nay ta co

vlz(]/Jg,z/Jg,O), sz(z/ﬁ,—]/\/%ﬁ/m)-

¢ Véc to riéng V=(X,Y,z) %0 tng véi gia tri riéng A, =—2 1a nghiém khéac
khong cta hé phuong trinh:

2 2 2||x 0
2 5 -1||y|=|0].
2 -1 5|z 0

2 2 2 1 1 1 11 1 1 2 0
Taco|2 5 -1|<|(0 3 -3|«<|0 1 -1|«<|0 1 -1|.

2 -1 5 0 3 3 0 0 O 0 0 O
h¢

H¢ phuong trinh trén twvong duong véi

X+2y =0 X=-2Yy
y—2=0 7=y

Dodo v=(xYy,2)eV, V= (-2y,y,y)=y(-2,11) chon uz =(-2,11).
Truc chuin hoéa duogc Vg = (—2/ \/6 ,]/ \/6 ,],/ «/6) .
Y5 2/J30 -2/\6

c6 nghiém {

4.0 0
vay T=|2/\6 -1/J30 1/J6 | va T'AT=|0 4 0
0 530 Y6 00 -2

6.5.5. Pwa biéu thirc toa dd ciia dang toan phwong vé dang chinh tic bing chéo
hoa truc giao

Gia st Q la dang toan phuong trong khong gian Euclide V véi co sé truc
chuan % = {el,...,en} co matran A= [aij] (ma tran d6i xtng). Theo Hé qua (6.19)
ta ¢6 thé hoa chéo truc giao ma tran A= [aij], nghia la ta tim dugc ma tran truc

giao T dé T'AT 1a ma tran chéo. T 1a ma tran chuyén tir co s & sang co so truc
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chuan #' gdm céc véc to riéng ciia A. Vi vay biéu thirc (6.11) trong co sd &' O
dang chinh tic (6.15).

Vi du 6.24: Cho dang toan phuong Q: R® — R xé4c dinh nhu sau:

Vi moi V= (X, Xy, X3) € R®: Q(V) = 3%,% +3Xa? + 4X;Xy +4X Xg — 2XpXg.

0 2 2
Ma tran cia Q co sé chinh tic cua R31a: A=[2 3 -1|.
2 -1 3

Theo Vi du 6.23 ton tai co s AB'= {e'l,e'z,e'3} :

ell = (1/\/512/\/5’0)’ el2 = (2/\/%1_1/\/%15/\/3_0) lel3 = (_2/\/611/\/6’1/\/6) '
V= (X, X0, Xg) = X' €4+ X5 €'+ X'58'5; Q(V) = 4x' 2+ 4x",5—2x "2,
Nhan xét 6.2: Khi st dung phuong phap Lagrange va phuong phap Jacobi thi ma
tran T nhan duoc noéi chung khong phai 1a ma tran truc giao, cac co so {e'l, e, e'3}

cta vi du 6.7, 6.9 khong phai 14 co sé truc chuén.

6.6. PUONG BAC 2 TRONG MAT PHANG VA MAT BAC 2 TRONG
KHONG GIAN*

6.6.1. H¢ toa dd trwc chuin trong mit phing va cic duong bic 2
6.6.1.1. Toa d ciia mdt véc to, toa dd ciia mot diém trong mit phiang

Trong mit phang ta xét hai truc vudng goc X'Ox va y'Oy cit nhau tai O
theo chiéu duong, tao nén mot hé truc Oxy goi la h¢ truc toa do vuong goc

Descartes (D¢ cac) trong mat phang. Trén Ox, Oy ta chon hai véc to don vi lan
luotla i va T Hé { i, ] } 12 mot co sé truc chuan.

Cap (v,,v,) dugc goi 1a toa dd cla véc to v néu v,,v, 1a hinh chiéu cia v
xudng hai truc Ox, Oy, nghia la V= VXT+ Vy] :

Theo céc phép toan cong véc to, phép nhan mot s6 véi mot véc to va tinh vo
hudng cua hai véc to uv = ‘ﬁ‘ . M COS(G,\?) thi
V=V,i+V ]_<* *>T+<\7 ]>].
Néu OM = xi + y] thi (X,y) dugc goi 1a toa d0 cua diém M, ky hiéu
M (X, y) . NGi cach khéc toa do cua véc to OM 1a toa d cua diém M .
Hai diém A, B c6 toa do 1an luogt 1a (X4, y,); (X, Yg) thi véc to AB ¢6 toa do

(Xg —Xa, YB = Ya) -
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y y
W
v y M
j 1 R _j A
Ol 7 W X o) :7 X X

6.6.1.2. Cac duong bac 2 dang chinh tic trong mit phing
Trong mit phang, ta xét 3 duong bac 2 sau:
a) Puwong Ellipse (Elip)
Cho F,,F, cb dinh. Duong ellipse nhén tiéu diém F,F, véi d dai truc lom
a la tap hop:
(E)={M|MF,+ MF, =2a}; a>c véi RF,=2c.
Néu F(-c,0), F,(c,0) thi phuong trinh cta ellipse (E) c6 dang:
X—z+y—jzlvéi a? =b? +c2. (6.65)
a b
a la do dai truc 16n, b 1a d6 dai truc bé.
Khi a=b=c=0:ellipse (E) tr¢ thanh duong tron tim O ban kinh a.

b) Hyperbol
Puwong hyperbol nhén tiéu diém F.. F, vdi do dai truc lon a 1a tap hop:

(H)={M| |MF, - MF,| = 2a},a<cvéi RF, =2c.
Néu F(-c,0), F,(c,0) thi phuong trinh ctia hyperbol (H) c6 dang:
2 2
Xy i m2 a2 a2
_2_b_2:1 véi b =c°—-a“. (6.66)

jo}]

¢) Parabol:
Cho duodng thang (A) va diém F . Parabol ¢ tiéu diém F Va dwong chudn

(A) 1a tap hop:
(P)={M|MF =d(M,A)},

trong d6 d(M,A) 1a khoang cach tir M dén duong thang (A).
Néu F(p/2,0), (A):x=—p/2 thi (P) c6 phuong trinh:
y? =2px. (6.67)
(6.65), (6.66), (6.67) 12 phuong trinh chinh tic cta 3 dudng conic
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(a) Y
\_/ a X P B X
2 2
Ellipse Hyperbol | Parabol

6.6.1.3. Phan loai dwdng bic 2 trong mit phiang
Trong mit phang cho hé toa do Descartes vudng goc Oxy . Mot duong cong
béc 2 ¢6 phuong trinh tong quat:
X2 + 280, XY + 8y Y2 + 28X + 28,y +8, =0, (6.68)
trong d6 a4, a;,, 8y, khong dong thoi bang khong.
Ta tim mot hé truc toa d§ Descartes vudong goc mai dé trong hé toa do nay
duong cong (6.68) c6 dang chinh tac.

G P)

Xét ma tran d6i xting A= { }, Ay = ayy .

a1 Ay
Ma tran A doi xung nén chéo hoa truc giao dugc, nghia la ton tai ma tran truc
giao T sao cho:

0
oletT:lvaTtAT:F1 }
0 4
cosp —sing
sing cose |
Cong thirc ddi toa do

X| |cose —sing || X'
y| |sing cose ||y'|

Nhu vay hé toa d0 mdoi Ox'y' ¢d duoc béng cach quay hé truc Oxy quanh

Theo vi du 6.20 ma tran T c¢6 dang {

géc O mot goc o .
Phuong trinh duong bac 2 ¢6 cong thirc (6.68) trong hé toa do Ox'y' la:
X2+ LyP+2a' x'+2a'y y'+a,=0. (6.69)
(Truong hop a,, =0 thi khong can budc nay).
Duya vao cac hé s6 A, 1,,a',a'5,8, ta co cac duong bac 2 sau:
1) Néu 44, #0 phuong trinh (6.69) viét dugc thanh
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L \2 D \2
ﬂi(x#%} +/12(y'+%j +a'y=0.

Tinh tién hé toa do Ox'y' dén hé toa do QXY :

X :x'+%, Y = y'+&,ta duoc:

MXZ+ Y% +a'y=0. (6.70)

a)a'y=0, 44,>0, A4a'y <0:(6.70) la phuong trinh mét Ellipse;

b) a', #0, 44, >0, 4a', >0: (6.70) 1a phuong trinh mét Ellipse do;

c) a'y #0, 44, <0:(6.70) la phuong trinh mot Hyperbol;

d) a'y=0,44,<0: Phuong trinh (6.70) c6 dang ‘Zi‘ X2 —‘AQ‘YZ =0 la
phuong trinh cdp duong thang cat nhau.

e) a,=0, A4, >0: Phuong trinh (6.70) c6 dang |4|X*+|4,|Y*=0 Ia
phuong trinh mot diém.
2) C6 mot trong hai gia tri A, A, bang 0:

a) 4, =0, 4, #0, a'; #0: Phuong trinh (6.68) c6 thé viét lai:

N2
L{y#%) +2a'(x'+a"y) =0. (6.71)

Pit X =x+a"y, Y = y'+ 22 tach: Y2=-221.

Z

Vay (6.71) 1a mot Parabol nhan truc QX 1am truc d6i xtmg.

b) 4, =0, 4 #0, a', #0: Buong cong (6.68) 1a m¢t Parabol nhan truc QY
lam truc ddi xtng.

c) 4,=0, ,#0,a’;,=0hay 4, #0, 4,=0, a', =0: Duong cong (6.68) la
mot diém.
Vi du 6.25: Cho dudng bac 2 c6 phuong trinh (G): 5x% —4xy +8y? =36.

Xét dang toan phuong: Q(X, y) =5x° —4xy +8y?.
) N 5 20 o
Ma tran trong co s¢ chinh tdic A= > g co gia tri riéng 4 =4,4,=9.

Chéo hoa tryc giao ta dugc:
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= Ma tran chuyén co s¢ T =

%ll—l
= &l
%“‘N%ﬁ‘l*

U

2 1
X=—4=X+—=Y
NG
1 2
Y= X Y

NG

Phuong trinh ctia (G) trong hé toa d6 mai:
2 y2

4X2+9Y2:36:>X—+—=1.
9 4

Vay (G) 1a mét ellipse c6 ban kinh truc 16n bang 3 va ban kinh truc nhé bang 2.

\
\
\
o)
rd
rd
P v

6.6.2. H¢ toa dd truc chuin trong khong gian va cac mit bac 2
6.6.2.1. Toa d ciia mdt véc to va toa do ciia mot diém trong khong gian

Trong khong gian ta xét ba truc vudng goc chung goc O: x'Ox, y'Oy, z'0z;
Tao thanh mgt hé truc goi 1a h¢ truc toa dd vudng goc Descartes trong khong gian,
viét tat Oxyz . Trén ba truc toa d0 nay ta chon cac véc to don vi lan luot 1a T, T ,
K . Ta chi xét hé truc Oxyz 14 hé thudn, nghia 12 néu dimg theo chiéu véc to K ta
s& thiy i quaysang j theo nguoc chidu kim ddng ho.

V61 moi véc to V taco thé viét

Vo Ty, T+ K= (V)T + (V. T) T+ (V. K)K

trong do Vi, Yy, V, lan luot 14 hinh chiéu cua v xuéng cac tryc Ox,0y,0z.

(Vy»Vy,V,) dugc goi 1a toa do cua véc to v, ky hiéu v = (Vi Vy,V,) -
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Toa d6 cua véc to OM = (x,y,z) duoc goi 1a toa do cua diém M , ky hiéu
M(X,Y,2).

6.6.2.2. Mt s6 miit bic 2 dang chinh tic thuong gip trong khong gian
a) Ellipsoid (Elipx6it) 1a mit (E) béc 2 c6 phuong trinh dang chinh tic:
2 2 2
X—2 + y_2 + 2—2 =1.
a®~ b® c
*) Néu 2 trong 3 s6 a,b,C bang nhau thi ta c6 mat ellipsoid tron xoay. Chang

han néu a=b thi ta c6 mit tron xoay quanh truc z2'Oz. Néu a=b=c =R thitaco
mit ciu tim O ban kinh R;

*) Goc O 1a tam doi xung, cac mat phéng toa do la mat phéng ddi xung;

*) Giao tuyén voi cic mit phing song song véi cac mit phang toa do 13 cac
ellipse.
b) Hyperboloid mot ting (Hypécholdit) 1a mat (H,) bac 2 co phuong trinh dang

chinh téc:
X2 N y2 ) 72 »
2" 2 2 :

QD
(@)

*) Goc O 1a tam ddi xtng;

*) Cac truc toa do la truc ddi xung;

*) Cac mat phang toa do 1a mat phing dbi xing;

*) Giao ctia (H,) v&i mit phang vuéng goc véi truc 2'0z 1a mot ellipse;
*) Giao ctia (H,) v&i mit phang chira truc 'Oz 1a mot Hyperbol.

Tuong tu c6 cac Hyperboloid mot tang:

2 2 2
x> y? oz x2 y? oz
X —1, XY
a’ b ¢ a’? b?> ¢?

¢) Hyperboloid hai ting 1a mat (H,) bac 2 c6 phuong trinh dang chinh tic:

X y2 o .
—2+———2——.

2
a? b? ¢
*) Mat phing vudng goc véi truc 2'0z ¢ phuong trinh z =h sao cho |h| >C
cat (H,) theo mot elippse;
*) Giao cia (H,) v&i mit phang chira 'Oz 1a mot Hyperbol.
d) Paraboloid elliptic (Paraboloit éliptic) theo truc Oz la mat (R) bac 2 co
phuong trinh dang chinh tic:
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2 2
Xy
XY _o
a2 b2

*) Giao tuyén ctia (P,) véi mat phang vuong goc truc z'Oz nam phia trén mit
phang Oxy 1a mot ellipse;

*) Giao tuyén ctia (P,) v6i mat phang chira truc z'Oz la Parabol.

z z

Ellisoid

Hyperboloid mot ting Hyperboloid hai ting
e) Paraboloid hyperbolic (mat yén ngua) theo truc Oz ¢6 phuong trinh
2 2
Xy
(R): Z I 27 .

*) Giao ctia (P,) v6i mit phang vudng goc vai truc z'Oz 1a mot Hyperbol;
*) Giao cua (P,) voi mat phang vudng goc voi truc x'OX 12 mot Parabol;
*) Giao ctia (P,) v6i mit phang vudng goc véi truc y'Oy la mot Parabol.

Tuong tu c6 cac mat paraboloid, hyperboloid theo truc Ox, Oy.

z z
P X
y
X
y
Paraboloid elliptic Paraboloid hyperbolic

g) Cac mat tru bac 2

Céc mit try bac 2 ddi xing qua mit phang xOy
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22
L X© Yy
*) Tru elliptic: —+--—==1.
P a’? b?
2 2
*) Tru Hyperbolic: X—2 — ;’—2 =1.
a

*) Tru Parabolic: x> =2py .

A
LN\
\J

.......
.
of

N

.........
--------
o o

-
-----
wns

. o
. o
------------

—_———

Tru elliptic Tru Hyperbolic Tru Parabolic
h) Cac mat nén

Cac mit non ddi xing qua miat phang xOy c¢6 phuong trinh

X2 y2 72

—Sti5-—5=0.
a~ b” c

*) Giao v&i mit phang vudng goc vai truc z'0z 1a mot ellipse;

*) Giao v&i mit phang chira truc 2'0z cap dudng thang.

Tuong tu c6 cdc mat try, mdt non doi xing qua mat phéng xOz, yOz.
Z

<y
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6.6.2.3. Phan loai cac mat bac 2

Trong hé toa d0 Descartes vudng goc Oxyz xét mat (Q) bac 2 c6 phuong
trinh:

X2 + 8y, Y2 + gz’ + 28y, XY + 28,3XZ + 28,57 + 20X + 20,y + 2b,7 +¢ =0. (6.72)
Xeét dang toan phuong

Q(x,y,2) = allx2 + a22y2 + a33z2 + 28y, XY + 2843XZ 4 28,37 .

Ma tran chinh tic A= [aij } 3 Vo1 jj = a;i 12 ma tran doi xirng nén tdn tai
i j=L,
A4 0 0
ma trin tryc giao T sao cho T'AT =| 0 A 0. Co thé chon T thoa mén
0 0 4

detT =1 (dé hé truc toa d6 mdi tao thanh tam dién thuan).
Tuong trng v61 ma tran chuyén co sO T 1a chon hé truc toa d0 mai béng cach
quay quanh gdc toa do.

X X'
Cong thirc dditoa dd |y |=T|y'

z z

Mait bac 2 (Q) c6 phuong trinh trong hé truc toa d6 mai:
WX+ Ay 24 A2 2+ 20" X'+ 2b", y'+ 2b'5 7'+ = 0. (6.73)
Tuy theo cac gia tri cua 4, 4,, A3, b}, b'5, b';, ¢ mat (Q) co cac dang sau:

a) Cac gia tri riéng Ay, A,, Az khac 0 (44,43 #0)

Bﬁng céch tinh tién hé truc toa do ta c6 thé dua phuong trinh (6.73) vé dang:
WXZ+ Y2+ 2,22 =C". (6.74)

*)Néu C'#0

o A, 2,,2,,C'" ciing ddu: (Q) la Ellipsoid;

o A, A, A5 ciing dau, C' trai diu: (Q) 1a Ellipsoid 4o;

e A, A, A3 chi c6 hai s6 cung dau: (Q)la Hyperboloid mét ting hodc hai

tﬁng.

*)Néu C'=0

e A, A, A5 chi co hai s6 cuing déu: (Q)1a nén bac 2.

o A, A, cung dau: (Q)lanén do (mot diém).
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Cac truong hop con lai sau ddy ta chi xét mdi truong hop mot loai dai dién,
cac loai khac co6 két qua tuong tu.
b) C6 diing mét gid tri trong ba gid tri 2y, 2,3 bang 0.
Chang han 1, =0,11, #0.
*) b'y % 0: Tinh tién hé toa d¢ ta duge: 4 X% +A4,Y%+2b',Z =0.
Pay la phuong trinh Paraboloid elliptic néu 4.1, >0 va Paraboloid hyperbolic
néu 44, <0.
*) b'; =0: Tinh tién toa d6 ta dwoc: 4L X%+ A,Y*=C".
e Néu C'#0: Pay la phuong trinh cac mit tru.
e Néu C'=0: Pay la phuong trinh cac cip mit phang cit nhau hodc tryc
Z'Z.
¢) C6 diing hai gid tri trong ba gid tri A, A, A3 bang 0.
Chang han 1, =0, A4, =0, 4 #0.
*) b',,b'; khong dong thoi bang 0.

Bing cach quay h¢ truc toa do

X'y = b'3x" + b’y X3
o240 (b2 +b
X'y = b’, X, + b’ X"3
Joi2+b'? (b2 +b

Phuong trinh trén tr¢ thanh

1 2

2
Z Z
Thuc hién tinh tién truc toa do ta dugc phuong trinh dang:
X2 +b",Y =0: (Q) 1a mit try Parabolic.

*) b', =b'y =0: Tinh tién hé toa do ta c6: 4 X 2=C". Do d6 (6.72) la phuong

trinh cap mit phang song song néu C'# 0 va tring nhau néu C'=0.

Vi du 6.26: Trong khong gian vo1 hé toa d0 Oxyz cho maét bac 2 ¢c6 phuong trinh
(Q): 7X? +7y? +102% + 2Xy + 4xz + 4yz 12X +12y + 722 = 24.
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Ma tran ctuia dang toan phuong tuong ing A =

N R

1 2
7 2
2 10
Da thirc dic trung: |A—Al|=(6-12)*(12-1).

Tim co s6 cta cac khong gian riéng va truc chuan hod Gram-Shmidt ta c6 ma
tran truc giao

~12 -3 16 6 0 O
T=| V2 -13 1/J6|codetT=1vaT'AT=0 6 O0].
0o 13 2/\6 0 0 12

Poitoadd |y |=T|y'| thi phuong trinh ciia mit (Q) trong toa do méi:

YA z

6x'2+6y'2+122'2—12(—— _ 1y

1x— +iz'j
NZAN RN |
1,1 , 1 1 . 2 _ )
+12($x——3y—£zj+72(ﬁy+%zj—24
:>6(x'2+Zﬁx')+6(y'2+4\/§y')+12(z'2+2\/62')

Tinh tién toa do: X =x+/2, Y =y'+2J3, Z=2++/6. Suy ra:

24.

X? y? 7?2
P —+—+—=1.
@ 30 30 15

Vay (Q) 1a mot Ellipsoid tron xoay theo truc Z'QZ .
Q 6 toa do (—2,-243,~6).

Vi du 6.27: Trong khong gian v6i hé toa dd Oxyz cho mat bac 2 ¢6 phuong trinh
(Q):2xy+2xz+2yz—6x—6y+62=0.

011
Ma trén cua dang toan phuong twongung A={1 0 1].
1 10

Pa thirc dac trung: ‘A—/ll ‘ =(1+D%(@2-1).

Tim co s cua cac khong gian riéng va truc chuin hoa Gram-Shmidt ta c6 ma
tran truc giao
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~1/2 -6 13 -1 0 0
T=| V2 -1/6 1/3|codetT=1vaT'AT=| 0 -1 0].
0 26 Y\3 0 0 2

X X

Poitoadd |y |=T|y'| ta duoc phuwong trinh ciia mit (Q) trong toa d6 méi:

z YA

1 1 1
—x"2— '2+22'2—6[——x'—— '+—z'j
! NZAN RN
1 1 1 1
-6 =X'-——F=Yy+—F7=2'|+6| =y+—=2'|=0.
(«E NN J (Gy 3 J
:>—x'2—(y'2—4«/5y')+2(2'2—«/52'):0.
Tinh tién toa do: X =x', Y :y'—2»\/€, Z=Z'—x/§/2.5uy ra

2X? 2% 4z
45 45 45
Vay (Q) 1a mot Hyperboloid mot tang.

1.

Q):

BAI TAP CHUONG 6
6.1. Xét anh xa 7: M x-A . —> R xac dinh béi n(A,B) =tr(B'A). Trong d6
Al 13 khong gian cic ma trdn ¢c& mxn va trA la vét cia ma trin vuéng A.
Chting minh 7 1a moét tich vo hudng.
6.2. Trong khéng gian R? xét dang song tuyén tinh xac dinh bai:

77((X1’ Y, (X2, Y2)) = XX — 2% Y, — 2Y1Xp +3Y1Y;-

a) Chiing minh (]Rz,n) a khong gian véc to Euclide.
b) Truc chuin hoa Gram-Schmidt co s¢ {(1,0),(0,)} ciaR?.
6.3. Gid str U= (X, Y;), V=%, Y,) 1 hai véc to thuoc R”.
a) Ching minh ring dang song tuyén tinh sau 1a mot tich v6 hudng trén R?:
T (U,V) = XX —2X Y5 = 2Y1Xp + 7YY, -
b) Tim cac gia tri k dé dang song tuyén tinh sau 13 mot tich vo hudng trén
R2:
17 (U,V) = XX —3%Y, —3Y1X, +Ky1 Y, -
¢) Tim cac diéu kién cua a,b,c,d eR dé dang song tuyén tinh sau 13 mét tich
v0 hudng trén R?:
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175(U, V) = XX, +bxgY, +Cy; X, +dy; Y, .
6.4. Chimg minh rang:
(i) Tong cua hai tich v hudng 1a mét tich vo hudng.
(ii) Tich ctiia mot s6 duong voi mot tich vo hudng 1a mot tich vo hudng.
6.5. Trong khdng gian véc to Euclide V' véi tich vo huéng (,).
a) Chung minh bat dang thire hinh binh hanh

Ju-+vI +u =V = 2Ju + 2"
b) Cong thire dang cye (u,v)=]u-+v|f -2 Ju-v[’
) |l = V] Khi va chi khi (u+v,u—v)=0.
d) Ju+v|* =|u +|v|* khi va chi khi (u,v)=0.
6.6. Trong khéng gian véc to Euclide V. Chting minh rang: v6i moi u,v,weV,
Ju=vI? < 2(Ju - wif + jw—v).

6.7. Hai hé véc to{uy,...,U,}, {Vi,...,V,} clia khong gian véc to Euclide V vdi tich

{Oné'ui;tj___

vO hudng <,> duoc got la tuong hd néu <u- v->:5ij = ,j=1..,n.

) 1 néui=j’

Chting minh: a) Néu {ul,...,un}d(f)c lap tuyén tinh thi moi hé {Vl,...,vn}tu’O’ng hd
ctia né ciing doc lap tuyén tinh.
b) Véi moi co s¢ {e,...,e,} déu ton tai duy nhat mot co s¢ {V,...,V,} twong
N , n n n
hd ctia nd. Khi do néu u=>xe, v="> yie thi x =(u,v;) va (u,v)=>"xy;.
|:1 |:1 :1
6.8. Cho W la khéng gian véc to con cua khong gian véc to Euclide V. Ching
minh rang: v6i moi vV €V , ton tai duy nhat véc to Uy €W sao cho:
2 2 ..
Huo —VH < Hu —VH voimoi UeW.
Up dugc goi la hinh chiéu cua v xuéng W.
6.9. Cho W;,W, la hai khong gian con cua khong gian véc to Euclide V thoa man
dimW, <dimW,. Chirng minh tdn tai véc to khac 0 cua W, truc giao voi moi VEC

to cua W, .

6.10. Xét anh xa 7:. M x. Ay —R xic dinh boi 7(A B)=tr(A'MB), trong do

1 2 . .
M = 3 5| A, 1a khong gian cac ma tran vudng cap 2.
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Chung minh rang 7 12 mot dang song tuyén tinh.

. o 112 0rj0 1y(0 0|0 O
Tim ma tran cua 77 trong co so , , , .
O 0/]|0 Of|1 0|0 1

6.11. Gia sir 77 1a mot dang song tuyén tinh trén R? x4c dinh bo1:
77(()(1' X5), (Y1, Y2)) =2XY1 —3% Y2 + X Y5-
a) Tim ma tran A cta 77 trong co sO {ul =(1,0),u, = (1,1)}.
b) Tim ma tran B cta 7 trong co sé {v; =(2,1), v, = (1, -1)}.

c) Tim ma tran P chuyén tir co s& {u;} sang {v;}, va nghiém lai ring

B=P'AP.
6.12. Tim ma tran truc giao P sao cho P'AP ¢6 dang chéo:

7 -2 2 0 2 2]

a|-2 5 0f, b)|2 3 -1],
2 0 5 2 -1 3]
(5 -1 2] 2 -1 -1]

c)|-1 5 2f, d-1 2 -1|.
2 2 2] -1 -1 2|

ay Ay | . o N
6.13. Az{ 11 712\ 1a ma tran ddi xtng bac 2 c6 hai gid tri riéng 1a «, . Tim gia
8y Ay |

tri 16n nhat va gia tri bé nhat c6 thé c6 cta aj,.

6.14. Gia st Q la mot dang toan phuong trén khong gian véc to V véi dang cuc
twong ting 14 77 . Nghiém lai rang 7(u,v) = %(Q(u +Vv)—QU)-Q(v)), u,veV.
6.15. Gia sir 77 1a mot dang song tuyén tinh trén khong gian véc to V . V&i moi tap

con S cV, ky hi¢u:
St={veVi(u,v)=0vueS}; ST ={veV p(v,u)=0,vueS}.

a) Chimg minh rang;
i) ST, ST 1 hai khong gian véc to con cua V .
i) S,cS,thi Sy cSfvas, cs/.
iiiy {01 ={0}" =V

b) Gia sit U, W 13 hai khéng gian véc to con cua V . Chirng minh rang
) U+W)r=utnwt.
i) U~W)r=ut+wt,
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6.16. Tim mot co s cua khong gian véc to con W cua R* truc giao voi hai véc to
u=00-2,34) vau, =(3-57,8).

6.17. Gia st W la khong gian véc to con cua R® sinh boi U =(12,3-12) va
v=(2,4,7,2,—1). Hiy tim mdt co s& cta phan bu tryc giao W+ ctua W .

6.18. Trong khong gian véc to P, cac da thuc bac < 2, xét twong ting

1
(p.g)=] paat.
0

a) Chimg minh rang (,) 12 mot tich v6 huéng.
b) Tim mdt co s cua khong gian con W true giao véi q(t) =2t +1.
¢) Truc chuan hoa Gram-Schmidt co s& chinh téc {1,t,t2} :

6.19. Khong gian véc to .4/, cac ma tran vudng cap 2 v6i tich vo huéng

n(A B) =tr(B'A).

) , 5 1 0{|0 1|0 0|0 O o )
a) Chung minh rang 0 ollo oll1 ollo 1 la mot co s& truc

chuan.
b) Tim mdt co s& cua phan bu truc giao cua:
(1) Cac ma tran duong chéo.
(ii) Cac ma tran ddi xung.
6.20. V&i mdi dang toan phuong Q sau hdy viét ma trn trong co s& chinh tic va
tim co s¢ dé biéu thic toa dd ctia Q trong co sé nay cd dang chinh tic:
b) Q(X, Xy, %3) = 4x12 + x22 + x32 — A% X, + A% X3 —3Xo X3
d) QX Xp, X3) = 3% +2Xy7 — Xg® —2X,” + 2XyXp — AXyXg + 2% Xy -
€) Q(Xy, Xo, Xg) = 2% +3%,% + 4%g” — 2%, Xy + 4% X3 — 3Xp X .
) QX Xp, Xg) = 3%,% — 2%o% + 2Xa° + AX Xy — 3% Xg — X Xs.
6.21. Vi mdi dang toan phuong Q sau hdy dua biéu thirc toa d6 vé dang chinh tac
bang phuong phap chéo héa truc giao.

8) Q(Xy, Xo, Xg) = 6% +5%,% + TXg” — 4XyXo + 4% Xs.
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d) Q(Xy, %o, Xg) =17%2 +14X,2 +14%5% — A¥ Xy — AX Xg —8XoXs .
€) Q(X, Xy, Xg) = X;% —5Xo7 + Xa? + AXy Xy + 2% Xg + AXoXs .
6.22. Tim A tuong ung dé mdi dang toan phuong sau xac dinh duong:
b) QX X0, Xg) = 2X2 + X% +3Xg” + 2% Xy + 2% X3.
€) Q(Xg, Xp, X3) = XgZ + Xo2 +5Xa” + 24X Xy — 2% X3 + 4XpXg.
d) Q(Xy, Xo, Xg) = X2 — 4Xo7 + 2X” + 2% X + 4¥qXs.

6.23.*) Hay dua cac dudng bac hai c6 phuong trinh sau vé dang chinh tic va viét
tén ching:

a) 3x? +8xy —3y? +180=0.

b) 17x2 +12xy +8y? —80=0.

C) 7x% +6xy — y* +28x +12y + 28 =0.
d) 19x% +6xy +11y? +38x+6y —18=0.
e) 4x% +9xy +12y? —4x+6y+1=0.

6.24.*) Hiy dua cac mit bac hai c6 phuong trinh sau vé dang chinh tic va viét tén
ching:

a) 7x% +7y? +102% —2xy —4xz + 4yz —12x+12y + 60z = 24 ;

b) 2xy —6x+10y +z =31,

C) 3y?+322 +4xy +4x2—2yz +8x+8y+82=0;

d) 2x? +2y? +322 —2xz —2yz =16;

e) 2Xy +2xz+2yz—6x—6y—122=0;

f) x> —=5y? + 2% +4xy + 2xz + 4yz +18x+18y +45=0.
6.25.*) Cho f tuy dong ciu tuyén tinh cta khong gian véc to Euclide (V,<,>).
Chting minh 3 ménh dé sau twong duong:

(i) V&i moi veV, (f(v),v)=0;

(i) V6i moi v,u eV, (f(v),u)=—(f(u),v);

(iii) Ma tran ciia f trong co s& truc chuan 13 phan déi xang.
6.26. a) A B 13 hai ma trin vudng cip n. Ching minh:

Véimoi X,Y eR", XAY! = XBY' = A=B.

b) A B 1 hai ma trdn d6i xtng cip n. Chtng minh:
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Véimoi X e R", XAX'=XBX'= A=B.

¢) A la ma tran vudng cap n. Ching minh A phan d6i xtng khi va chi khi
Véimoi X eR", XAX"'=0.

6.27. *) Gia st Az[aij] la hai ma trdn tryc giao cap n. Ching minh ring

P

I<i, j<n

<n. Khi nao thi c¢6 dang thirc.

6.28.*) Gia sit 4 1a mot co so truc chudn cia khong gian véc to Euclide n chiéu
V. {V,...,V, } 1a mdt hé véc to cua V :

a) Chirng minh ‘det% {Vl,...,vn}‘ < lﬂ[HVi H,
i=1

b) Xét trudng hop dang thic.
6.29.*) a) Chiing minh rang véi moi hé véc to {Vl,...,vn} cta khong gian Euclide

V taludn co:

(Viv) (Vv e (L)
(Vo vp) (Vp, V) .. <v2,vk>20.
Vi) (ViaVa) e (Vi V)
b) Néu {e,,...,e, } ddc lap tuyén tinh thi:
0 b .. b
by
(e.e)
by

(v,v)>-

véi by =(v,e) .
(o)
Nguoc lai, voi moi by,...,b, cho trudc, t6n tai duy nhat v sao cho b, = <V, ei>
va bat dang thirc trén trd thanh dang thic.
¢) Ching minh rang néu A 1a ma trin cia mot dang toan phuong xac dinh
0 X .. X

n

X
duong thi Q(X,.... X,) =| * xé4c dinh am.

Xn

6.30. Cho 7,9 1a hai tich vo6 hudng trén khong gian véc to n chiéu V sao cho
vu,veV :n(u,v) =0= ¢(u,v) =0. Ching minh ton tai k e R: ¢@(u,V) =kn(u,v).
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6.31. Cho Q la mot dang toan phuong trén khong gian véc to n chiéu V ¢6 chi s6
quan tinh (p,q). W 1a khong gian véc to con cua V . Chirng minh:

a) Néu Q| xdc dinh duong thi dim(W) < p.

b) Néu QJ,, xéc dinh am thi dimW)<gq.

¢) Néu dim(W) > max(p,q) thi Q|,, khong xac dinh, nghia la ton tai mot véc

to veW, v=0 sao cho Q(v)=0.
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CHUONG 1
1.1. a) A:{XER‘X2+2X—1>O}:(—OO,— 2 -)UN2-1), B=(2-1x).

b) A=B=R, .

c) neB=n?-1=24k=n 1¢, n khong chiahét3 =neA.
(n—=1)(n+1):3 (Vvinkhong chia hét cho 3)

ne A= ) . .
(n=1)(n+1):8 (Vi4so lien ti€p chia hét cho 8 va n 1¢)

—=n°-1:24 =neB.

12. a) AABxJ < IxeA\B<Ixe ArxgB< Az B.
b) xe AUC=XeAvxeC=xeBvxeD=xeBuUD.
Xe ANC=xe AAxeC=xeBAaxeD=xeBnD.
c) xeC: ¢ Néu xe Athi xe ANC=xecANB=xeB.
¢ Néu x¢ Avi xe AUC=xeAUB = xeB.
1.3. Su dung ldgich ménh de.
1.4. St dyng Idgich ménh de.

1.5. az{x eR

x%a}={XGR‘(a—x)(a2+x2+ax—1):O}.
{a} néu ‘a‘>2/x/§
{a,—2a} néu |a|=1/«E
{a,(—aix/4—3a2)/2} néulal < 2/\/3 vala|=1/\3’
{a,~a/2) néu |a|=2/3

1.6. a) Khong ddi xtng.
b) Khong bic cau.

o |
I

3
1.7. a) Xéthamsé f R >R, f(x):xz+i. XAy <= F(x)= (y).
X"+

b) Khéo sat sy bién thién va vé d6 thi cia ham s6 f(X) suy ra:

Lop twong duong a:iecol phan tir néu a<—% hay a>2;

e ¢6 2 phan tir néu ae{—%,l} hay a{0,2};

e c6 3 phan tir trong cac trudng hop khéc.
1.8. Khong phan xa, khong béc cau.
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1.9. Quan hé thir tw khong toan phan.

1.11. b) Xét tap cac sb hiru ty Q véi quan hé thir ty thong thuong < :

1) A={xeQlx<l}, B={xeQx’<2|.
2) A:{XEQ‘X2<2}, B={XEQ‘X<2}.

3) A={xeQx<2}, B={xeQx<2}.
X

1.12. a) f song anh co f—l(x)zi-

2
b) f khong toan 4nh khong don anh;

¢) f songanhcd f1(x)=1+1+x;

X néu x>0

d) f songanhco f*(x)= ,
) J 0 {X/S néu x<0

e) f khong toan anh khong don anh (d0 thi cia ham so 1a parabol).
1.13. a) f don anh khong toan anh, g khong toan anh khong don anh;

Imf =R*, Img=[-3/2,3/2].

b) go f(x)= =g(x), VX#0.Nhung gof #g.

X2 +1
1.14. a) f don anh khong toan anh, g toan 4nh khong don anh;

n néu n chén
b) f°9(“)={

Nn—-1 néun 1é
go f(n)=g(2n) =n; véi moi sé nguyén n.
1.17. a) Phuong trinh  (X,Y) = f(X,y) = (ax+by,cx+dy) twong duwong voi hé

ax+hby =X
cX+dy=Y

. i x=dX —bY
c6 nghiém
y=—-cX +aY

= 3f(x,y) = (dx—by,—cx+ay), da—(-b)(—c) =1= f e F.
a b

1
go f(xy) =(a(ax+by)+b(cx+dy),c; (ax +by) +d; (cx +dy))

=((aa+bgc)x+(ab+bd)y,(ca+dic)x+(cb+dyd)y)
aa+bc ab+bdl |ya bd| [bc ab
ca+dc cb+dd| |ca dyd| |dc cb

b) g(x,y) = (ax+by,cx+d,y) thoa diéu kién =1.

=ad —bhc=1.
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1.18.
a)E—f> F Néu 3h:F —>G saocho g =ho f thi vx,x'eE

f(x) = f(x)=h(f(x))=g(x) =h(f(x))=g(x).
g < 3h Nguoc lai: VyeF:

¢ Néu ye f(E)=3IxeE saocho y=f(x),
tadat  h(y)=g(x);
o Néu y= f(X) VxeE

ta dat h(y) =z, cb dinh thuoc G, thi h 4nh xa can tim.

1) J SEE— > F Néu 3f :E — F saocho g=ho f thi VxeE
Ay = £(x)=g(x) =h(f (x)) =h(y).
g h Nguoc lai: VxeE, 3y e F saocho g(x)=h(y), VxeE,

chon ye F,tadit f(X)=y thi f 1aanh xa can tim.
G
1.19. Céch 1:Quy nap theo n.
Céch 2: Sir dung cong thirc nhi thirc Newton va sd cac tip con p phan tir ciia
tap X ¢O N phan tir bang CP.
Céch 3: Chimg minh tuong tmg Ar> 1, 1a mot song anh tr A(X) Ién

1 néu xe A

{ f:X—> {0,1}} trong do 1, (x) :{ la ham déac trung cua A.

O néu xg A
1 2 3 4 1 2 3 4
1.20. cou= , HoO = :
2 4 31 1 3 4 2

L1234 1234
o= , M= .
341 2 3241

1.21. a) S6 cac doan thing bang sb cac té hop n chap2: Cr% =n(n-1)/2.
b) S céc véc to bang sé cac chinh hop n chap2: A? =n(n-1).
31
1.22. (37+19)% = €k 3719%%; Pat a, =C§ 374 .19% .
k=0

k k1 31—k
3y _ &31 19 . k+1 19 L, 1128 o0,
a,, CS137v19 31-k 37 56

Xet

=Vk <20 taco: a, <a 3 = a <ay.
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Vk>21taco: g, <a = a, <ay.

Vay ., =ay, =C437%.19" =C037%.19" .

n+l n+l
1.23. a) S 4(n+1) = kaﬂ >k = Z(]+1)P+l
k=1 j=0

n(p+ n p-+1
—Z(ZCMJ J ZCpH(ijj:chgﬂsk(n).
=0 =0

j=0\ k=0
n+l

b) Sp.a(n+1) =Y kP = kaﬂ+(n+1)'°+l Spa(n)+(n+1)°*.
k=0 k=0

p+1 p
Mitkhac: Sp, (n+1)=> CK, S, (n)=D CK, 1S (n)+Sp,.(N).
k=0 k=0

=(n+)" = Zp:C:;ﬂSk (n) .
k=0
c) p=0:(n+1)'=ClSy(n)=S,(n) =n+1;
p=1:(n+1)? =CIS,(n) +C3S;(n) = S;(n) =n(n+1)/2;
p=2:(n+1)%=CJS,(n)+C38,(n) + C2S,(n)=S,(n) =n(n+1)(2n+1) /6 ;
p=3:(n+1)*=C? So(n)+C481(n)+C4SZ(n)+C S;(n)=

S3(n)=(n(n+l)/2) :
1.24. 1:a,b © fc,d = fac,ad+bc; f, Id (fa b)_l 1 b f11O f20 - 1:21’

a'a
fo00 fia=fas.

1.26. abab =aabb = ba=ab.

1.27. xeS < x=x". Tap G duoc phan hoach thanh cac 16p tuong duong:

G={ejulJ{xtu U {x,x_l}. Suy ra sd phén tir cua S 1.

xeS XeS x=e
1.30. a) vx,yeC:a(x—y)=ax—ay=xa—ya=(x—-y)a=>x—-yeC.

b) (x+¥)? —(x+y) = (x* =X) +(y* = Y) + Xy + yx = Xy + yxeC.

€) X(xy +yX) = (xy + yx)x = Xy = yx* V& (x* =X)y = y(x* —X) suy ra xy = yx.

MM _0néu x"=0va y" =

1.31. a) Quy nap. b) Ap dung a) suy ra (x+ )
) (xy)"=x"y"=0y"=0.d) X" =0 =1 X)A+X+---+x"1)=1-x"=1.
1.32. a) Tr Xv(XAz)=x va (Y'Anz)v(yaz)=z
= mang tuong duong don gidn hon c6 dang Xv z.
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b) y'v(yaz)'vz'=y'vz'
= mang tuong duong don gian hon c6 dang xv y'vz'.
1.33. a) A=xa[{ya(zvw)}vw]
= mang tuong duong don gian hon c¢6 dang A=XA(y Vv W).
b) B=(xAyAz)v(XA[(y'rD)v(yaz)])
= mang tuong duong don gian hon c¢6 dang XA (Y Vv 2).
CHUONG 2
2.1. a)Tiéndé 5; b) Tién de 7,8 ; c) Tién dé 5,8 .

2.2. a,b, c,d) la khong gian véc to ;
e, f) khong phai 1a khong gian véc to.

2.3. a, c,e) lakhong gian véc to con cua R3;
e, f) khong phai 1a khong gian véc to con cia R® vi véc to (0,0,0) khdng co
dang nay.
24. (2,-3,4)=(x+y+z,x+y,2) =>X=4y=-7,2=5.
20+3p+ y=17
2.5. a) Giai hé phuong trinh {3 +75 -6y =-2.
Sa+8f+ y=15
=a=11 f=-5y=0=x=11u+(-5)Vv+0w ;
b) Twong tu X=3u+5v+(-Dw .

2.6. a) Bai toan twong dwong véi viée tim gia tri ciia A dé hé phuong trinh sau co

nghiém
2+3p+ y=171
3a+7p—-6y=-2=A=15.
S5a+8p+ y=21

b) A=12.

2.7. p=-3p,+2p, +4p,.
a+ p+ y=0
2.8. a) H¢ phuong trinh <o+ S+2y=0 coénghiém a=pf=y=0.
a+2p+ 3y=0
= (Vy,V,,V3) doc 1ap tuyén tinh nén 1a co sé clia R3; X =V + 2V, +3v;.
b) X=v,+V,+V;.

2.9. Céch 1: Thyc hién cac phép bién doi so cap va ap dung Dinh 1y 2.16 suy ra:
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a) 1a hé sinh cia R®; b, c) khong phai 12 hé sinh cia R3.

a+2p+ 3y=a
Céch 2: Hé phuong trinh { o + 23 =b ludn c6 nghiém v6i moi (a,b,c) e R®
3o =C

con hé phuong trinh twong ting vo1 truong hop b, ¢) khong phai luén cd nghiém voi
moi (a,b,c) e R®.
2.10. a) Hai véc to U,V ti 1 voi nhau nén phy thudc tuyén tinh;
Bang hai phwong phap nhu cau 7) suy ra:
b) doc 1ap tuyén tinh;
¢) d) phu thudc tuyén tinh.
2.11. a) (a,b,c,0)=4a(10,0,0)+b(0,1,0,0) +¢(0,0,1,0);
b) (a,b,a—b,a+b)=a(1,0,1,1)+b(0,1,-11);
c) (a,a,a,a)=a(,1,11).
2.12. a) Céch 1: {vl,vz} doc 1ap vi khong ti 1€.

{V1,V,,V3} doc 1ap vi khong ton tai @, B sao cho v; =av, + v, .

2 3 -1 -1 0 O
Cach2: |14 6 2 ..o 2 8 0
1 -2 -1/2 -1/2 0 -7/2

Do d6 hé {v;,V,,V3} doc 1ap tuyén tinh nén 1a co s¢ cia R

2.13. f'+4f :O:>fT=—4:>In%=—4x:> f(x)=Ce™, CeR

2.14. a) a(vi+V,)+ (v, —V,) =0=(a+ )y + (- PV, =0=a = =0.
b) a(vy+Vy)+ By +V5) + (v +V3) =0

=S(@+yV+(@+ PV, +(B+y)V;=0=a=L=y=0.
2.15. Ap dung Pinh 1y 2.17.
2.17. Chung minh u; eV va v; €U .

218.V ={(-y-2,y,2)|y,Z€R} c6 mdt co s& 1a {(-1,1,0),(-1,0,2)};
W ={(y+2,y,2)|y,zeR} cé mot co sé 1a {(1,1,0),(10,1)};

VW = {(0, y,—y)‘y ER} c6 mot co so 1a hé mot vée to (0,1,-1).
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2.19. V ={(0,y,2)|y,zeR} c6 mot co s6 1a {(0,1,0),(0,0,1)} ;

W ={(x,0,2)[x,z € R} c6 mdt co s&r1a {(1,0,0),(0,0,1)} ;

V AW ={(0,0,2)|z eR} c6 mot co s6 1a hé mét véc to (0,0,1);

V +W =R3, tdng nay khong phai 1a tdng truc tiép vi V AW = {(0,0,0)}.
2.20. dimV =3,dimW =2; V +W =span{v;,V,,V3,V,, Vs }

=dimV +W =4=dimV "W =1.
2.21. 2x—-4y-3z=0.

2.22.2) (X,¥,0)=xu+(y—2x)v_b) (x,y,0) = 3X7_ Y +72y) V.

2.24. a) —3u, +2u, b)Khong thé. c) k=—8. d) x—-3y—-5z=0.
2.25. W, "W, ={t(2,~5,0)|t eR}.
2.26. b) va c) 1a téng tryuc tiép.
2.28. Cosd cua W, : v, =(1,0,0,0), v, =(0,-1,1,0), v3 = (0,—1,0,1).
CosocuaW, : u,=(-110,0), u, =(0,0,21).
Cosocua W, W, : e=(3,—-3,2,1).

2.31. Giast W, #V =3Ju eV nhung ueW, =ueW,.
Véimoi veV =W, UW,:
¢ néu veW,=veW,.
o néu veW,=v-ugW,=v-ueW,=veW,
=V W, = W, =V,

2.32. Ap dung Pinh 1y 2.16.

2.33. Gid stt {ey,...,6} 1a mdt co s¢ ciia W, bo sung thém dé {e;,...,€,....6,n} 12
mét co s& cia V. Dat Z =span{e,,y,...,6 | thi V. =W @Z; Phan bu truc tiép
ciia W trong V khong duy nhat.

2.34. Ap dung truc tiép Dinh nghia 2.6, 2.7.

2.36. b) Gia su k; #0 thi Vv eW,v:(—ﬁxz—...—ﬁxn,xz,...,xn]
Ky Ky

=[—ﬁ,1,0,...,OJx2+...+[—k—”,0,...,0,1jxn:>dimW =n-1.
kl kl
2.37. W, =span M, =span {el,...,ep}, W, =span M, =span{u1,...,uq}

dimW, =m, dimW, =n.
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r(M) =dimspan(M; UM, ) =dim(W, +W,)
= dimW, +dimW, —dim(W, "W, ) <m+n .
2.38. a, b) Ap dung Tinh chit 2.7-2) , ¢) Hién nhién tir b).

CHUONG 3
31 -
3.1. a)(A+B)+C=A+(B+C)=|3 6|, d)A‘B{ , 19},
5 6
3 2 -
e)BC'=| 0 7 10
-13 4 -11
10 -25 -5
3.2. 3A+4B-2C = .
7 -2 10
3.3. Boc lap.
3.4. [A]=(-7,11,-21,30).
5 -1 -1 _ -13 -3 18
35.a) A+B= , A+C khong xac dinh, 3A—-4B = .
-1 1 7 4 17 0

_ 5 2 4 5 9
b) AB, CD khong xac dinh, AC = , AD=| |,
11 -3 -12 18 9

11 -12 0 -5 -1
BC = , BD= .
-15 5 8 4 9

1 0 4 -7 4
c) A'=|-1 3|, A'C khong xac dinh, D'A'=[9 9], B'A=| 0 -6 -8,
2 4 -3 12 6
4 -2 6
D'D=14, DD'=|-2 1 -3|.
6 -3 9

2602 37 3][E pmna- :Ms Lo o7 S
o 2o e w2
R (] {; ’]
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_{2 3} 2> 0 {—7 3}_ 15-3°-14-2°  6(2°-3°)
5 7]lo |5 -2] |35.(F-25 15.25-14.3°|
, ,17—6523320 0 0\-7 3
Céch khac: = +

35 -12 5 7|1l|0 32| |0 211])|5 -2

[32 0 N 0 633][-7 37 [3197 -1266
10 32| |0 1477|| 5 -2| |7385 -2922|

~13 52
3.7. f(A):{104 _117}; g(x)=x*+2x-11, g(A)=0.
3.8. Q) A+B={9 0}. b) AB={14 0}. c) A2={4 0}.
0 14 0 33 0 9
12" o p2) 0
d) A" = . A) = ,
) [ } TCHLSINN

3.9. Quy nap theo n.

5 1 -2 2 2| . ’
3.10. a) bat A= , B= thi A=—1+B, B °=-B.
3 4 3 -3

A d a 3) > =—| 318 = .
ung cau Suy ra A + .
-1

) _

2 1 -1
b) Dat A= , B= thi A=1+B, B2=-2B.
3 3 -3

Ap dung cau 3) suy ra

n_ nk_k _10 _n+11_1
A _|+[k§cn( 2) jB{o 1}rz(u( 1) ){3 _3]

499
4

o 1]'_ [0 1f*® ([0 1 0 1T [o -1
L Y e o} - {—1 o} '{—1 o} _L o}

0 ‘cosa —sina |" [cosna —sinna
'sine cosa | [sinne  cosna |
) ] )
ﬁi. ’11. R LY L
o _ 3 d) - |
0 A 0 a0
i A A"
3.11.a) J?=1.
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) A" = (al + A)" = 3 CE (@l (83)"
k=0

[n/2 [n-4/2]
{Zczk n- ZkﬂZkJI_l_[ S gt rtgicd |y

k=0 k=0
0 21 00 O
3.12.a) A=1+B,véi B=|-1 0 0|,B?>=|0 2 -1|, B®=0.
2 0 0 0 4 -2
oy ckBk =1 +n+ =D g
k=0
0 1 0
b) A=21+B,vsi B=|0 -1 0|, B*=—@)*B,
0 0 0

n n
A" =3 Ch2" B =1 - Cck2" (- B =1+ (2" -1B.
= k=1
, 2 2]
c) A=21+B,véi B= , B?=B,
-3 3

n n
A" =3 Ck2" B =2"1+> Cck2"*B=2"1+(3"-2")B.
k=0 k=1

-1 1 n
d) A=21+B, véi B{ . J, B?=0=A"=>CK2"*B"=2"1 +n2""'B.
- k=0

3.13. A%= , P2 = a® A% + 2a5A+ 51 .

n-2 n-2 .. n-1]
NN A IO
(N—2)a®+2af =0 (**)
a=0
) < n—-2 thay ﬁ=—n;22a vao (*) dugc azziz.
=——0 n
2
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K
I
+ ©

1

|
Vay Pzzlc{azz/n
|

R
Il

B=-(n-2)/n’
a=-2/n
B=n-2)/n

3.14. b) tr(AB) = Zn:(zn:aikbki ) = i(zn:bkiaikJ =1tr(BA).

i=1\ k=1 k=1\li=1
c) trB =tr(P‘lAP):tr((P‘lA)P):tr(P(P_lA)) =tr((PP)A)=tr A.
d) Khong ton tai A,B vi tr(AB—BA)=0 nhung trl =n=0.
3.15. a) A> —(a+d)A= A(A-(a+d)I)=(bc—ad)l
— A% —(a+d)A+(ad —bc)l =0.
b) Néu A2 =0 thi véimoi k>2: A =0.

Nguoc lai, gia sir ton tai k sao cho AX =0 thi detA=ad —bc=0 va theo a)
tacd AZ+(a+d)A=0=A* =) a+d)*?A, vk=2.

enéu a+d=0thi A>=0.

enéu a+d=0thi A=0= A?=0.
3.16. DA=3A va BD=3B.

a b
3.18. Chi cac ma tran dang {0 a}.

3.19. Xét cic ma tran dbi xting cap N c6 dang Ejj = [ak,] trong do
L _JU méuk=il=j hoe k=jl=i
“o trong cac truong hop khac '
Hé {Eij |1£ i<j< n} 12 mot co sé cuia khong gian cac ma tran dbi xtmg cdp n, do

d6 co6 s6 chiéu bang n(n+1)/2.

, [a blfa b] |a?+bc ab+bd
3.20. A% = - _
¢ djjc d] |ac+dc bc+d?
a) A>=0<a’+bc=(a+d)b=(a+d)c=bc+d?>=0
) a=-d
<a“+bc=(a+d)pb=(a+d)c=(a+d)(a-d)=0<=7 , .
a“+bc=0
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) a=-d
2 pobord?ot | o a+bc=1
b)N:I@{%+£_C+d_ o l(@a+db=(a+d)c=0< .
ab+bd =ac+dc=0 (a+d)(a—d)=0 a=d=+1
b=c=0
2 n
a® b(a+d a =
) Khi c=0= A% = (a+d) téng quat hon A" = :
0 d° 0 d"
A=l = a"=d"=1 = a=+1 d=+I1.
. |1 %nb
a=d=t1=>A" = =b=0.
0 1
2 10 \
¢ a=—d=+41=>A"= =b tuyy.
01
3.21. (A+B)>=A+B < A%+ AB+BA+B?=A+B<AB+BA=0.
3.22. span{V, +Uy,...,V, + U, } =span{vy,...,V,, } +span {u,...,u, }
r(A+B) =dimspan{v, +uy,...,v, +U,}
<d|mspan{v1, LV +d|mspan{u1, LUy p=r(A)+r(B).
10 0 2
3.23. a) A= B= .b) A= , B= .
0 0 0 0 0
1 0 0
c) A=
0 0 1
ER ES4FT 9 12 15 3+1 9 12 15 4
3.24. AB= T2l 26 33| |7]7|o||=|19 26 33 7|.
0 GT
[0 0 0] [2] 0 0 0 2
325 yoeu |t 2 345 12345
IO 25 3 47715 2 4 3
L1 2345
o = .
4 1 5 2 3

b) sgno = (-1)°, sgn = (~1)°, sgn(o-o ) = (~1)?,
sgn(uo o) = (<1)*, sgno* = (-1)°.

3.26. a) 1. b) 21. c) 100. d)o .

3.27. a) -3. b) -9. )-10 . d) 100 .
-b —b

3.28. |° 2 =(- ) b IS
a a+b -b a+b 1 a+b
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3.29.a) (t-5)(t+2) , b) (t+2)(t-4).

k k 11
4 2k 2 k

3.31.a) 6-4|/A/=28=|A|=7/6 b)|B|=-54 c) |C|=(t+2)(t—2)(t+4).

3.30. ‘sz‘ ‘:2k(k—2)=o.

3.32.a) |[Al=(t+2)(t-3)(t—4) b) [B|=(t+2)*(t—4) c) |C|=(t+2)*(t—4).
3.33. Céch 1: Khai trién theo hang thr nhét ta dugc da thic bac 3:
—2x3 + a,x? +ayX+ay = 0co cac nghiém X, =2,X, =3, X3 = 4.
Céch 2: Pinh thtc trong bai c6 dang dinh thirc Vandermonde bang:
2-x)(B-x)(4-x)2.
2 9 9 2 9 299 2 9 kK

334.19 6 6/=9 6 966/=239 6 Kk, =23k.
1 6 1 |1 6 161 1 6 kg

1 a be|] L a bcta(@a+b+c)—(ab+bc+ca) [ a a°

335.¢)[L b caj=[l b ca+b(@a+b+c)—(ab+bc+ca)|=[L b b?|.
1 ¢ abl 1 ¢ ab+c(a+b+c)—(ab+bc+ca)] 1 ¢ 2

1 a a’ 1 a a*+a(ab+bc+ca)—abc 1 a a?
d)l b b=l b b®+b(ab+bc+ca)—abc|=(a+b+c)[L b b?.

1 ¢ ¢} 0 ¢ c+c(ab+bc+ca)—abe 1 ¢ c?

1 a?2 &% |1 -a® a? 1 -a*-a’h-a’c+a’b+a’c a?
e) [l b*> b}=f1 -b® b* = -b®-b%a-b’c+bla+b’c b?.

1 ¢> ¢ 1 —c® c¢? 1 -c*-cfa-c’b+c’a+c?h c?

1 a(ab+bc+ca)—abc—a’(a+b+c) a2 1 a a?

=l b(ab+bc+ca)—abc—b?(a+b+c) b? =(ab+bc+ca)l b b?|.

2

1 c(ab+bc+ca)—abc—c?(a+b+c) c 1 ¢ c?

3.36. Nhan —x; voi hang j—1 va cong vao hang j voi j=2,3,...,n suy ra:

1 1 .. 1
X X X
2 3 n
Dy = (X2 =%)...(%, = %)
n-2 n-2 n-2
X, X3 o X,
Tiép tuc qua trinh nay v&i —X,, — Xg,...,— X, 4 ta duoc
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Dy =ﬁ[ ﬁ (% ‘Xi)jzlﬂ[[ﬁ(xk ‘Xi)j-

i=1 \k=i+1 k=2\'i-=1
8 X X X 2 X X X
X a, X X| |X—a a,-x 0 0
337.Cach1l: |x Xx a4 X|=|x-a 0 a3-x 0
X X X a,| [X—a 0 0 a, — X
) X X X
y—X a-—-X az3—X a, — X
@@= T T X
= (g = X)(a, = X)...(a, = X) =
: ? " -1 0 1 0
-1 0 0o .. 1
1 1 1 . a X
= X(a; — X)(@, — X)...(a, = X)| =+ +.ot (vi ——=1+ )
X a-—X a, — X  —X a —X
& X X .. X| [X+a-x x+ O x+ 0 X+ 0
X a X .. X| |[x+ 0 X+a,-X X+ 0 X+ 0
Cach2: |[x X a4 X[=|x+ 0 x+ 0 X+ag—X x+ 0
X X X a,| [x+ 0 X+ 0 X+ 0 X+a, — X

= (8 — X)(8, — X)...(a, —X) + Zn: X(ay —
k=1

= X(a, — x)(a, — X)...(a, — X)[%-F

x)(@, — X)...(a, —X)

(a —X)

1

+..+

a — X a,

—X.

3.38. a) |A :‘AAt‘:(aZ +b? +c2+d2)4; Véi b,c,d tuy y 6 dinh khong ddng

thoi bang 0, xét f(a)=|A = Va, f(a) =0 valién tyc. Mat khac

f(0)=(b®+c®+d?)?>0= f(a) 20 =|A/= f(a) =(a° +b* +c* +d*)* 2 0.

b) |A|2 :‘AAt‘ :(4(a2 +b?)(c? +d2))2. Chirng minh tuong tu trén ta duoc

|A|=4(a° +b*)(c® +d?).

3.39. Céch 1: Cong cac cot vao cot thur nhét, dat thira sb chung cét thur nhét ra
ngoai ddu dinh thirc. Nhan —1 véi hang thir nhét va cong lan lugt vao cac hang
khacsuyra: D=1+a +...+a, .
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Céch 2: Tach theo timg cot thanh tong ctia hai dinh thirc, nhung cac dinh thirc trong
d6 c6 it nhat hai cot chira 3y, a; thi hai ¢t nay tao thanh hai c6t ty 1€ véi1 nhau nén

bang 0.
3.40. Tacé D,(mod p) = det[éij](mod p) s6 nguyén moduld p.

1 .1
a) D, =|.. .. ..]=0(mod2)= D, chin.
1 .1
-1 1 1
b) D; khong thé bang 6 =Dy <4; D=|1 -1 1|=4 =D, =4.
1 1 -1

c¢) Chtrng minh quy nap theo n. Gia su D, <(n-1)(n-1)!.
Dhg=81A1+..+8,,1A <(+D)D, <(h+D)(h-D(n-D!<n-n!.
3.41. a) Trr cot 1 vao cac cot khac taco D, =D, ;= D, =1.

1 0 .. 0)y1 1 .. 1

1 1 .. 0|0 1 .. 1
Hodc D, = =1.

11 .. 1){0 0 .. 1
b) Trir cot j—1 vaocdt j (j=2,..,n) suyra D,=(-1)""n.
¢) Trirhang j—1vaohang j (j=2,...,n) va cong cot cudi vao mdi cot suy ra

D, = (-1)"}(n-1)2"2.

c ¢ .. Cf
—pr.a|ez, ¢, ..o cho
d) Dn — n('n (;-)n_i)' n+1 n+1 n+1 Vi C#]:%_:Crﬁ"'crl;-’_l
Coa Coa - Cod
c: ¢ .. Cf
_ (h-nL.1 cz cd .. c _ (L1)0b2 (n-1)!..1!
"onl.@n-DY . L L nl.(2n-1)!
Cn Cn+1 C2n—1
n n n

3.42. Cong tat ca cac cot vao cOt ther nhat va dat thira sb chung ra ngoai dau dinh

thirc. Trir hang j vao hang j+1 xong khai trién theo cot thir nhat. Nhan hang tht

nhét véi -1 va cong lan luot vao céc hang con lai. Khai trién theo cot cudi ta duoc
n+1 1

D, =T(—n)” :
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‘a,J (X)‘ { ZS: SN o8y (1) (X).. ana(n)(x)j

- Z zsgnaalcr(l)(x) (;j ( |a(|)(X)) na(n)(x)

o€, i=1

= Zn: D S9N Gy gy (X)-. c(Ijx( |a(|)(X)) A (n) (X) -

i=1 oe§,

Khai trién theo hang thir i ta duoc

2 SgN 68y (X).- d ( IU(I)(X)) Ano(my (X) = 2”' d (aij(x))pﬁ'j(x)-
dx
j=1

oeS,
‘alj(x)‘ Zzsgnaala(l)(x) (IG(I)(X)) no-(n)(X) ZZ (aij(X))Aij(X)-
i=1 o€§, —1]—1
3.44. Céch 1:
A -1/2 -1/2 1 1 1 1 1 1
“1/2 A -l2=(A-1]-1/2 1 -1/2[=(1-D|0 A+1/2 O
-1/2 -1/2 A -1/2 -1/2 A 0 0 A+1/2

=(A-1)(A+1/2).Hé doc lap khi A =1, A= -1/2.
Cach 2: Ap dung Dinh ly 2.17
A =12 -1/2 A =Y2-1 -12-2

~1/2 1 -1Y2|e| =12 A+1)2 0
-1/2 -1/2 2 -1/2 0 A+1/2
A-1 -1Y2-1 -12-4
(néu A #-1/2) | 0 A+1/2 0
0 0 A+1/2

Vay hé véc to phu thudc tuyén tinh khi A =1 hodc A =-1/2.

3 0 3 néu m=1
3.45.a)r(A)=2 b) r(B)=3 c) r(C) = { neéu m= , Or(D)= { new m=2
& 4 néu m=l
2 -2 4 2 -8 4
3.46. a) at=lle 4 gl b) Bl-1|5 _1 _3|
4 14
2 0 2 2 6 4
1 1 1 1]
7 -4 -5 9 7 -4 L1 1 4
c)C?*={4 -2 -3|. dD'=4 -3 2] ¢ g1l .
41 -1 1 -1
-1 1 1 3 21
1 -1 -1 1|
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10 -15 15

3.47. a) |A=(t+2)°(t-4). b) A—lzis 15 —-20 15/|.
30 -30 25

6 25 -17

3.48. 2) |Al=(t+2)(t-3)(t—4). b) Alzé 2 -3 3

4 -18 10

Iy
3.50. det
A

o

K

-1
o} {up 0
I, -A 1,

351. it U=P1AP=0QBQ=A=PlUP,

bit R=PQ,

352. |A” =|AA| = ()"

¢ Néu n 1¢ thi |Al=0;

¢ Néu n chén thi c6 thé

Al=-A= (A‘l)t = (At )_1 = (~A) " =—Al= A ciing phén ximg.

3.53. Bang cach giai hé phuong trinh (xem nhan xét 5.1 va cong thirc (5.8)) hodc

R|= (0" | A

A| =0, chang han

dung phép khir Gauss duogc:
2-n 1 1 1]
1 -1 0 0

A= 1 0 -1 0 |.b) gl-_1

n-1
1 0 0 .. -1

i -2 2 —1at a8

0 Yia -1/a% 1/2% -1/2°

oCct=l o0 0o yi Y2 Y
0 o0 0 Yi -1/A?
0 0 0 0 YA |

3.54. Néu A =0 thi (1+A) " =1—-A+ A2 4.+ (=D)AL,

n_ m _
3.55. A =0,B7=0
AB = BA

}.

B=QUQ.
S=QUP'=RS=A SR=B.

(1-A =1+ A+ A% 4.+ AT

1
0

[2-n 1
2—n
1
1 1
1
0
.dyD*=|0
0

n+m
= (A+B)"" =3 CcK AB"™™* =0.
k=0
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Theo 25) | + A+ B kha nghich.

K k-1
356. (1+A)=1+> ClA"=0= A{ZC.L“”AmJ:—l = det A=0.

m=0 m=0
3.57. Cach1: (1+BA)"=1-B(1+AB)A,
Céch 2: Ta ching minh ty dong cdu tuyén tinh c6 ma tran | + BA 1a don cu:
(1+BA)(V)=0= BA(V)=—v = A(BA(V))=-A(v) = A(v)=0.
i 3(1+AB)™) A(W)=0=>-v=BA(V)=B(0)=0= v=0.
. >0 néui=j
358. ¢ Néu A=[q;], g :{11 et =1
0 trong cac truong hop khac
thi ma tran nghich ddo cta n6 ciing c6 dang nay.

¢ Nguoc lai, gia sit A=|a; |, a;>0c6 A =]y [, b >0 thi
n n

Za”bjk = é‘lk ) ijiaik = 5]k (k},’ hléu KrOHeCker).

j=1 k=1

Do d6 trén mdi cot va trén mdi hang cia A chi c¢6 dung 1 phan tir khac 0.
1 néu k=i val=j

3.59. V6imdi i, je{l,..,n}, xét E. =[ey], ey =
J { } . [ kl] N {O trong céc truong hop khac

= (E;A)* =0=a;° =0=A=0.

a b
3.60. tr(AB—BA):O:AB—BA:{C a}

= (AB—BA)’ = (a +bc)l = (AB-BA)’C —C(AB-BA) = 0.
3.61. a) Quy nap theo k.
b) Tira) =|A-|B =|B[* -|A+kI|=|B| =0.
3.62. Khai trién Laplace.
CHUONG 4
41.8) x=X=1, X3=X,=-1.b) x=-2, X =0, X=1, x,=-1.
¢) Hé vo nghiém. d) x=-3, y=0, z=-1/2, t=2/3.
4.2.2) X =6—-26%X3+17X,, X, =—14+7X3—5X, .b) H¢ vo nghiém.
C) % =3, X, =2, X3=1. d) X3=6-15% +10x,, X, =—7+18% —12Xx, .
4.3.a) Khi m=0 h¢ v6 nghiém; m =0 hé c6 nghi¢m:

X_4—m 3 X_9m—16_§x x—l
1 2 5m 5 %' T

5m 5 °'
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b) Khi m(m+3) =0 hé c6 nghiém duy nhat:

2-m? _ 2m-1 ~m*+2m*-m-1

X =—————, Xy=———, Xg=
! m(m+ 3) 2 m(m +3) 3 m(m+ 3)

Khi m=0 va m=-3 hé v0 nghiém.
¢) Ap dung dinh thirc Vandermond ta co:
D=(c-a)(b—-a)(c-b), D,=(c—d)(b—d)(c-b),
D, =(c—a)(d-a)(c—d), D,=(d-a)b—a)(d-b).
¢ Néu a,b,c tirng doi mot phan biét thi hé c6 nghiém duy nhat.
X_(b—d)(C—d) _(d—-a)d-c) Z_(d—a)(d—b)
(b—a)(c-a) (b-a)(b-c) (c-a)(c—b)
¢ Néu chi c6 hai sb trong cac sé a,b,c,d khac nhau va a=b hay a=c hay
c#b thi hé c6 nghiém phuy thudc 1 tham sb tuy y. Chang han: d =a=b=c thi
(b-d)_, ,_(d-0)
(b-a) (b-a)

¢ Néu a=b=c=d thi h¢ da cho twong dwong v&i phuong trinh:

nghiém tong quét c6 dang: X = Z, ztuyy.

X+ Y+2z =1 hé c6 vo s6 nghiém phu thudc 2 nghiém tuy y.
¢ Néu c6 2 s6 trong a,b,c bang nhau va khac d thi hé vo nghiém.

d) D=(c—a)(b—a)(c—b), D, =abcD,

D, =—(ab+bc+ca)D, D, =(a+b+c)D; (xem bai tdp 7 chuong 4).

¢ Néu a,b,c timg d6i mot phan biét thi hé c¢6 nghiém duy nhét:

x=abc, y=—(ab+bc+ca), z=a+b+c.
¢ Néu c6 2 sb trong a,b,c béng nhau thi hé c¢6 vo sb nghiém phu thudc 1

tham s6.

¢ Néu a=b=c thi hé di cho twong duong véi phuong trinh:

X+ay+ a’z =a® hé co vo sb nghiém phu thudc 2 4n tuy y.

4.4. Pinh thirc D = ‘A‘ ctia ma tran hé sb ctia hé phuong trinh thoa mén:

4
D2:‘AAt‘:(az+(1—b)2+c2+(1—d)2) £0 Vi a#20 = D=0 = hé¢ c6 duy

nhit nghiém.

4.5.Ta thuc hién cac phép bién doi twong duong sau 1én ma tran bo sung cua hé dé
dwa vé hé tuong duwong: cong tat ca cac hang vao hang 1 va chia cho n(n+1)/2
.Trirhang j+1vaohang j, j=2,..,n—1. Trirhang 1 vao hang j, j=2,...,n

ta duoc:

245



HUONG DAN BAI TAP

11 1 .. 1 1 1

0O -n O 0 0 -2

0 0 -n 0 0 -2
g

o 0 0 .. -n 0 =2

1 2 3 .. n-1 0 n-1]

=X =X3 =Xy =2/N=>X +(2+3+...+n=-1)2/n=n-1=x =2/n=>
X, =(2-n)/n.
4.6.a) i)m=-3,ii) m=2,iii) m=2, m=-3.
b)i) m#2, m=-5,ii) m=-5,iii) m=2.
¢) 1) luon ludén c6 nghiém, ii) m=3, iii) m= 3.
d) i) m=4, ii) m= 4, iii) khong thé c6 duy nhét nghiém.
4.7.a) c+2b—-5a=0. b) ludn cb nghiém.
c) 2a—b+c=0 d) luén c6 nghiém.

311—1/2 8.12 M aln
a a,—-1/2 - a
4.8. 21 22 , 20140,
ay a cean,—1/2

4.9. Giai h¢ phuong trinh suy ra: v =u; +3u, —2U;.

0 51 9
4.10. Nghiém X =A'B=0 3 1 7
1 -11 -3

4.11. Mot co' s¢ cua U : {(1,0,0,0),(0,-1,1,0),(0,-1,0,1)} .

Mot co s¢ ciia W : {(=1,1,0,0),(0,0,2,1)} . Mot co so cia U nW : {(3,-3,2,1)}.
4.12.V, = {X3(8,-6,1,0) + X,(~7,5,0,1)}; V, = {X3(3,1,1,0) + X,(-2,-2,0,1)} ;
VAV, = {X,(L-1L1)} . dimV; +V, =3.

4.13. v=(x,y,z,w) eW < 3r,s,t:v=r(1,-2,0,3)+s(,-1,-1,4) +t(1,0,-2,5)

Diéu nay twong duong voéi hé phurong trinh sau c6 nghiém

r + s + t = X

-2r — s =y
- s - 2t = 7

3r + 4s + 5 = w

Il
o

2X + Yy + 2z

Vay h¢ phuong trinh xac dinh W : :
5 + y — w =0
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5 + y -z - s =0

4.14. Hé phuong trinh xac dinh W : { :
X +y —z2 -1t =20

{a b}
4.15. Pat X =
c d

a’+bc—2a=-1 [b=0 b0
w2_oy |1 O] Jea+rd-2)=6 a=1 - a:1
|6 3 ba+d-2)=0 c(d-1)=6 -
boed? 2d=3 |d-2d=3 | o770
d=3c=3
X, =1993+t
X, =1994 — 2t

4.16.Twr vi du 4.12 va dinh 1y 4.6 ta c6 nghiém

X, =2003+10t; te R

CHUONG 5
5.1. a) ¢) e) la anh xa tuyén tinh.
5.2. a) 14 anh xa tuyén tinh.

1 3
10

5.4. f(x,y) = f(xe,+ye,) =xf (&) + ¥f (&,)
= X(ae, +ce,) + y(be, +de,) = (ax+by,cx+dy).

5.3. a) A:{ _47} b) f(x,y,2)=(x+3y+4z,x-7z2).

f:R" —» R"

(Xpsen X)) 2 F O X)) = (Voo Yi)

Y1 X
xéc dinh boi =[]
Ym Xp
5.5. a) (5,10) e Ker f .
s L j2X-y=a :
b) (a,b) eImf khi va chi khi hé phuong trinh c6 nghiém. Xay ra
—8Xx+4y=Db

khi b=-4a. Vay (1—4), (-3,12)eImf .

om0 )
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a o0 X Yy
b) Ker f = aeR;; Imf = X,yeR?.
0 -a y X+Vy
1 1 1 1]
) : . 0111
5.7. Cach 1: Goi T 1a ma trdn chuyén coso T =
0 011
0 0 0 1]
-2 0 1 0]
1 1 -4 -8 -7
= A'=T AT =
1 4 6 4
1 3 4 7|

Cach2: bat e, =e;, e, =¢ +€,, e'3=€+€,+6;, €', =€ +6,+6;+¢,.
= g =e', e =e,-€", g=e'3-¢,, g, =e,—¢€5.

f(e'y)="~f(g)=e+3e,+2e;+3e, =-2e"+e',+e'3+e',;

f(e',)=f(e +e,) =3¢ +3e, +7e;+3e, =0e',—4e',+4e';+ 3e',;

f(e's) = f (e, +e,+€;) =3e +2e,+5e; +4de, =e',—8e',+6e'5+4e',;

fe'y)="1(e,+e,+e;+e,)=4e +4e, +11e;+7e, =0e"',—7e',+4e'3+ 7e',.

1 -1 3
58.a) A=[5 6 -4
7 4 2

Ker f ={t(-14,19,11)|teR}, Im f ={a(1,0,2) +b(0,1,1)| a,b e R}.

2 0 -1
b) A=l-1 0 2|, Ker f ={t(0,1,0)|te R},
0 0 0

Im f ={a(1,0,0)+b(0,0,1)|a,b e R}.

2 2 -8]

16 1
c) A= 3 6 9 , Ker f ={z(5,-11)|zeR},

1 5 0|

mf ={b(-8,1,-9,0)+d(10,0,12,1)|b,d e R}.

1 4 5 9]

3 21 -1
d) A= ., Ker f ={t(0,-1,-1,-1)|t eR},
VATl 40 4 er f ={t( It<R)

2 3 5 8]
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Im f ={a(14,0,0,13) +b(0,14,0,5) +¢(0,0,1,0)| a,b,c e R}.

3 3 3 111 0 0 1

5.9. Cachl: A'=T!AT=|-6 -6 -2|,T=|1 1 0[,T'=/0 1 -1{.

6 5 -1 1 00 1 -1 0
e} =6 +e,+e; e, =6
Cach 2: (Xem bai tap 7) Xét <e', =¢, +e, =>ie,=e',—€'5.
e3=6 &3 =€—e)
f(e'y)="f(e+e,+e5) =3¢ —2e,+3e; =3e",—6e',+6e';5;
f(e',)="f(e+e,)=3e",—6e',+5e's;
f(e's)=f(g)=3e",—2e',—€'5.
5.10.8) {V;,V,,V5} doc 1ap tuyén tinh do d6 la mot co s
f(e)+2f(e,)+3f(e5) =e’
b) Tu hé phuong trinh <2f(e)+5f(e,)+3f(e5) =€’ suyra
f(e) +10f (e5) =€’
f(e)=(30,-9), f(&)=(-10,3), f(&) =(-31)
= f(X,y,2) =(30x-10y —3z,-9x + 3y + 2).

1 2 1 30 -17 -5
hoic A'=AT,Tl=|2 5 0|=T=|-20 7 2
3 3 10 9 3 1

5.11. p(f)(x,y) =(4x—y,—2x+5Y).
5.12. p(D)(v(x)) = —5ax? + (4a—5b)x + (2a+ 2b — 5¢).
5.13. a) [f ()], =126),[f(v)],=(30-2),[f(vs)],=(-154).
b) f(v,) =16+51x+19x?, f(V,)=—6—5x+5x
f(v3) =7+40x +15x%°.

c) f@+x2)=f(v,—V,)=22+56x+14x2.

5.14.2) Xét R"
ImM(AB) =ImA= r(AB)<r(A) (*)
Pit A'=A[, 5 IMB—>R" thi AB=A'B= ImAB=ImA'B
=r(AB)=r(A'B)=r(A") =r(B)—dimKer(A") (**)
(*) & (**) = r(AB) <Min(r(A),r(B)) va
r(AB) >r(B)—dimKer A>r(B)—(n—r(A)) =r(A)+r(B)—n.
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b) (A+ B)(R”) = A(R”)+ B(R”)

= dim(A+B)(R") < dim(A(R“)+ B(R“)) <dimA(R")+dimB(R")
=r(A+B)<r(A)+r(B).

515. Xét R'—C sR"_B Jpn_ A  pn
Pat A"=Al,gc thi AB=A'B va A"BC = A'BC = ABC

r(BC) =r(A")+dimKer(A") =r(ABC) +dimKer(A")
<r(ABC)+dimKer(A") =r(ABC) +(r(B) —r(AB))
= r(BC)+r(AB) <r(ABC)+r(B).
5.16. A>=1 = detA=0=r(A)=n va (A+1)(A-1)=0
=>n=rQCA)=r(A+1+A-1)<r(A+1)+r(A-1)=n.

B

5.17. Xét RP SR"—A SRM

a) Dit A':A‘,mB:ImB—HR” thi AB=A'B
{(BX)'eR"| A'BX = ABX =0} = Ker A
- dim{(BX)te R"| ABX =o} =r(B)-r(A'B)=r(B)-r(AB).
b) r(AB) =r(B) @dim{(BX)teR“‘ABX :0}:0
< {(BX)'eR"| ABX =0} = {0} < (ABX =0= BX =0).

5.18.Goi k, l1a sb nguyén duong bé nhét sao cho A% =0 = tdn tai veV sao cho

Ao (v) £0 = hé véc to {v, A(v),...,Ako—l(v)} doc lap = ky <n.
5.19. fl(e;)=0= f"(g;)=0.

2 0 -1
5.20. a)det(f)=|1 2 -4/ =-11. b)
3 3 1

det(f) = =a%d? +b%c? - 2abcd .

o O o
o 9 O

C
0
d

Q O O O

0 b O

5.21. a) Néu ton tai g:W —V saocho fog=1d, thi f toancau
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Nguoc lai, gia sit f toan cau, gid st {e,,...,e,} 1a mot co s¢ cua W . Ton tai
cac véc to {V;,...,V,} cua V sao cho f(v;)=e;i=1..,n. Theo Dinh 1y 4.3 ton tai
duy nhat 4nh xa tuyén tinh g:W —V sao cho g(g)=V;;i=1..,n.Khids fog
1a anh xa tuyén tinh thod man fog(g)=¢;i=1..,n = fog=Id,.

b) Gia st {V,..,V,} 1a mit co s¢ cia V. Néu f don cau thi
() T (V) 1@ mot hé doc l4p tuyén tinh cua W. B6 sung thém dé
{F () T (Vi) UpizsosUp ) 12 mOt co s& cia W. Xét 4nh xa tuyén tinh
h:W —V xéc dinh bi {h(f(\/‘))_\_/‘;i_l""’m thi ho f =1d, .

h(uj)=0; j=m+1..,n
5.22.2) Néu ton tai h:V, -V, saocho ho f =g thi
veKerf = f(v)=0= g(v)=h(f(v))=0.

Nguoc lai, gia su Ker f c Kerg, gia st {e,,.....} 1a mdt co s& cuia Ker f .
B6 sung thém dé {e,,...,€,6,1,.,€,} 1 mot co s& cuia Vy. Hé { f(g,),.-., F(€,)}
doc 1ap tuyén tinh nén ta c6 thé bo sung thém dé { f(e,1),-, T (€n), Un_ysareons U |
14 mot co s& cia V,. Theo Dinh 1y 4.3 ton tai duy nhét 4nh xa tuyén tinh
h:V, >V, xéc dinh boi
h(f(e))=9(e);i=k+1..,n, h(u;)=0; j=n-k+1..,m.Khid6 ho f laénh xa
tuyén tinh thoa man ho f(g)=g(g);i=1...,.n = hof =g.

b) g(Vy)=f (h(Vl)) c f(V,). Nguoc lai, gia st {€,....e,} 1a mot co s¢ cua
V, khi d6 ton tai h¢ véc to {Uy,...,u,} ctia V, sao cho f(u;)=g(g);i=L1...,n. Xét
anh xa tuyén tinh h:V; >V, xac dinh boi h(g)=u;;i=1..,n, .Khido foh Ia
anh xa tuyén tinh thoa man f oh(g,)=g(g);i=1..,n = foh=g.

5.23. Xét A:R" > R", B:R" > R" va ap dung cau a) ctia bai 18).
524.(1)=(ii): Cho f:V >V co6 Imf =W, Ker f =W,.

Gia st {e,..e,} la mdt co s& cia W, ta bd sung thém dé
{€n € Emypn€n) 1 mOt co sé cua V. Pat Wy=span{ey,q,...e,} thi
V =W, ®W; va f'= fl, Wy >W, la mot ding cu.

(i)=(i): Gia st V=W, ®W; va h:W; >W, la mot dang cu. Gia sir

{e..nen} 12 mot co so cua W,, {e;.,...6,} & mdt co s& cua W; va
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(€1, €m,Ema1,- 6y} 12 MOt co s& ctia V. Xét 4nh xa tuyén tinh  f 1V -V xac
0 i=1..m

_ co Imf =W, Kerf =W,.
h(g) i=m+1..,n

dinh béi f(g)= {

5.25.Cho f :V »>W, gia sir {ej,...e} 1a mot co so cua Ker f. B6 sung thém dé
(€118 Biar- B } 1 MOt co 86 clia V. HE { f(e,q),.... T(e,)} doc 1ap tuyén
tinh nén ta c6 thé bd sung thém dé {f(e1)s s F(Bn) UnszseonsUpypn ) 18 MOt co

s& ctia W . Theo Dinh 1y 4.3 ton tai duy nhat 4nh xa tuyén tinh g:W —V Xéc
dinh boi

{g(f(ei))zei; i=k+1..,n

Lo thi fogof(e.):f(e.);j:L
g(u;)=0; j=n+1..,n+m j j

va = fogof="* va

{go fog(f(e))="f(e);i=k+1..,n
gofog(u;)=0=g(u;); j=n+l..,n+m
gofog=g.

5.26. a) 2(1)=—-A(2-1)%; 2=0,v; =(L,-11);A=2,v, = (1,0,1).
b) cotl - cot3 — cotl = P(1) = (8— )AL+ A)?;
A=-1v=(1-20),v,=(0,-21);1=8,v;=(2,12).

C) - cOt2 + cot3 — ¢cot3 = 2(1)=—-(3-1)(2+A1)[1-1);
A==2v =(01-1); 1=3,v, =(51,4);1=1,v; = (3,-1,2).
d) hangl - hang2 + hang3 — hangl = 2(1) = (3— )1+ 1)?;
A=-1,v;=(1,21);2=3,v, =(1,2,2).

e) cotl - cot3 — cotl = 2(1) =—(1+ A)(L—2)?;
A=-1,v;=(3,56);1=1,v, =(2,1,0),v5 = (0,1,2).

f) 2(A)=(2-2)* 1=2;v,=(1,1,-1,0),v, =(0,0,1,2).

0 1 - 0]
527.a) A=| -~ |, det(D)=0, 2(1) = (-2)",
00 - n
_O 0 -
100
b) A=|0 2 0/, det(D)=6, #(2) =(1-A)(2—-A)(3-1),
0 0 3
c) A:LOl ﬂ det(D) =1, 2(1) =1+ A2,
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5.28.3) #(1)=(2-4)>; V, ={x(1,2,0)| xR} , dimV, =1<3.
b) 3¢Otl + cot2 + cot3 — cot3 = 2(A) =—(1+ A)°;
V, ={y(-210)+2(5,01)|y,zeR}, dimV; =2<3.
c) cOtl +2¢cot2 — cotl; -3¢ot3 +cot2 — cot2 = P(A) = 23
Vo ={x(1,0,6)+y(0,1,-3)|x,y e R} , dimV, =2 <3,
d) cotl + cot2 + cot3 — cotl = 2(1) = (1— 1) A?;
Vo={y@23)|yeR}, dimy, =1<2.

1 1 1 2 0 0
529.a) P=|1 0 1|, P*AP=|0 -2 0.
0 -1 2 0 0 4

b) |[B—A1|=(4-2)(2+2)?, khong chéo héa dugc.
5.30.a)h1 +h2-h3 > h3 = 2(1)=(1-)(2-1)B-1);

2 1 1 1 00
P=|1 1 -1, PlAP=|0 2 0].
3 2 -1 0 0 3

b) cl +c2+c3 — c3 = 2(1) =—(1+A)1-1)?;

2 -1 3 10 0
P=|1 0 5| P!AP=[0 1 0
0 1 6 0 0 -1
c)hl-h2+h3 > hl =2(1)=1-2)2-)B-A1);
101 1 1 00
P=(2 1 2|, P'AP=|0 2 0].
1.0 1 0 0 3

dyhl1-h2+h3 > hl = 2(1)=(@-21)(2+1)%;

110 4 0 0
P={1 1 1|, PAP=|0 -2 0
2 0 1 0 0 -2

e)cl+c2+c3 - cl = 2(1)=(1-1)(2-1)%;

11 3 100
P={1 0 1|, P'AP=|0 2 0].
13 -3 00 2
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1-14 -1 0 1-12 -1 0 1-14 -1 0
531.a| 2 3-41 2 |={0 3-4 2 |={0 3-4 2
1 1 2-2 41-1 1 2-2 0 0 2-1
V1:(1’0’_1)1V2 :(_21211)7V3:(:L_21_1) , f(Vl):Vli f(VZ):2V27 f(V3)23V3 '
3-4 1 1 1 1 1 1 1 1
byl 2 4-12 2 |=(6-4)2 4-4 2 |=(6-4)0 2-24 O
1 1 3-1 1 1 3-2 0O 0 2-2
v, =121),v,=(10,-1),v3=(01-1) ; f(v)=6v, f(v,)=2v,, f(v3)=2v;.
1-4 2 2 1-4 2 2 1-4 0 2
|1 2-24 -1|={1 2-2 -1(=B8-4)|1 3-1 -1.
-1 1 4-2 0 3-4 3-1 0 0 1
v, =(2,-11),v, =(110),v3=(101) ; f(vy)=v, f(v,)=3v,, f(v3)=3v;.
d)
1-2 1 1
2—-1
0 2-2 1 |=(1-2)
2 3
0 2 3-1
v, =(112),v,=10,0),v3=(01-1) ; f(v)=4v, f(v,)=Vv,, f(v3)=v;.
534. veKerf = f(g(v))=g(f(v))=0=g(v)eKerf .

4-1 4-2
2 3-1

1

o

‘: 1-2)%(4-21).

velmf =3veV:iu=1(v) .
=gu)=g(f(vV)=f(gW)eimf .
2 ab
5.35. Matran A codang A=|0 2 c|,tim a,b,c thoa man B=A%,
0 0 2
5.37.Véimoi veV:v=V +..+V,, V; eW,
veKerf < f(v)=f(v)+..+f(v,)=0.

n
< v eKerf,..,v, eKer f, & ve@PKer f;.
i=L

n
velmf < u=u +.+uyvi=fu)esve@Pimf; .
i=1
5.38.Pa thuc dac trung #(A)=—(6-4)(2—-A)Q—-A)QL+A) cbd cac gia tri riéng

phan biét nén ton tai ma tran P sao cho
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100 0 (f(-) 0 0 0

0 100 0 f® 0 0
PLAP = — f(A)= @

0020 0 0 f@ o

0 0 0 6] 0 0 0 f(@)]

= det f(A) = f(-1) f () f (2)f(6) = (2100 +1)(61°° +35).

5.39. A c0 3 gia trj riéng phan biét 1a 1/2,1/3,1/5 nén t6n tai ma tran P sao cho

Y2 0 0 ¥2" o o0
PAP=| 0 13 0|= A"=P| 0 (13 o [P
0 0 15 0 0 (y5)

P=It; |, P =[5 ]| = a;(n) =tys1; (1/2)" +1tip5,; (1/3)" +1ig3; (1/5)".

= lima;(n)=0 véimoii, j=123.

N—0
5.40. (1) =A% —(a+d)A+ad —bc . Néu A c6 hai gi4 tri riéng phan biét khi va
chi khi A=(a—d)?+4bc>0. Néu A ¢o hai gi4 trj riéng tring nhau biang A

o . . A 0| 4 1 0 a=d=A1
va chéo hoa duoc thi A=P P~=A4 = .
0 4 0 1 b=c=0

a=d
b=c=0"

Vay A chéo hod dugce khi va chi khi (a—d)®+4bc >0 hay {
541. Giastr f(v;)=4v;;i=1..,n; %4 #4; néui=]j
f(g(vi)) =9(f(v))=9(A4v;) =49(v).
=g(v;) e Ker(f -4 Id):V/Jti =g(vi)=qV; ;i=1..,n.
Vay {Vvy,...V,} cling 1a mdt co s& gdm cac véc to riéng ciia g nén g chéo hoa
duoc.
5.42. Gia st {e,...e,} 1a co s& chinh tic cia R". Dat W, =span{e,,...e,}
W, =span{ey,q,...6,} thi R"=W, ®W, va AW,) =W, AW,) cW, Gia su
A 1la mdt gia tri riéng cia A= 3v =V, +V, =0 sao cho
A(V) =Av = A(Vy) = AV,, A(V,) =Av;. Pat u=v; —v, =0 thi A(u)=—Au.
5.43.a) f(v)=e,,, (V) =€, ,,..., f" (V) =¢g.

b) Gia stt {V,...,V,} 12 mdt co s¢ gom céc véc to rieng: f(v;) = A4V,

V=XV H et XV, = FEW) =AY+ X A k=10,
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X, Xo o X

Xlﬂl XZ/LZ e Xn/ﬁtn

Q) = #0.

AT XA XA
Do d6 cac gia tr1 4; khac nhau tung d61 mot.

544. r(f+g)=dim(f+g)V) Sdim(f(\/)+g(\/))

<dimf(V)+dimgV)=r(f)+r(g).

f(V)ng(V)={0}  (batdang thic thi1)

Pang thirc xdy ra < .
(f+9)(V)=f(V)+g(V) (bt dang thic thi 2)

Im f NnImg ={0}
&
dimV —dimKer(f +g) =2dimV —dimKer f —dimKer g

Im f nImg = {0}
=
dim(Kerf + Kerg) + dim(Ker f nKer g) =dimV +dimKer(f +g)
Im f nImg ={0}
< :
Ker f + Kerg =V

vi Imf nImg={0} nén Ker f nKerg=Ker(f +g).
545. (I +AX =0= AX =X = (AX)'=X 'A'=-X'A
:>—x‘x=(Ax)‘x=(—x‘A)xz—x‘(AX)=x‘x:>X=0.
5.46.b) p:V -V saocho pop=p.DbatW, =Imp,W, =Kerp.
WeV:ip(v-pVv))=0=v-pV)eW, =V =W, +W,.
WeW,nW, = v=p\V)=0=V =W, ®W,.

11
5.48. A= {0 J chi c6 moét gia tri riéng 1a 4 =1, khéng gian riéng span{(l, 0)}.

10
Al = L J chi c6 mot gia tri riéng 1a A =1, khong gian riéng span{(0,1)}.

549.veW, f(g(v))=g(f(v))=g(Av)=4g(v) =g(v)eW.Vay gW)cW.
5.50. Hd: str dung bai tap 49.
552. A(g) =€ 4, 1=1...,n-1; Ale,) =—ay8, — &€&, —---—a,_4&,.
Ae)=e.q.,i=1...n—1; A'(e) =—ape, —ae, ——a, 4,

P(A)(e) = A"(e) +a, ;A" (&) +-+-+ 3y Ag;) +age, = 0.

P(A)ei,1) = P(AX(A'(e)) = A' (p(A)(e,)) = A'(0) = 0.
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0 1 0 0
00 1 0 0
L . 0 0 0 0
5.53. i) T (f'(v))= fi(v)=0, Vi>0. iv) | .
00 - . 01
00 0 -+ 0 0
a,+0 a,,-4 - a,,+0
5.54. A(A) =|A-al|=|" 0 TR T T
a,+0 a,,+0 - a, -4

Ap dung tinh chit cua dinh thirc, ta tich mdi cot thanh tong 2 dinh thic cudi cing

ta c6 dinh thirc can tinh bang tong cua 2" dinh thirc, trong dé:

2 0 .- 0
o L o -4 - 0 n
» Co mot dinh thire voi n cot chira A : : . : =(-1)".
o 0 - -4
» Co n dinh thirc voi N—1 cot chira A -
all 0 0 -1 312 0 -1 0 aln
ay —-A - 0 0O a, -+ 0 0O -4 - a
:21 S S :22 . S S ?n :(_ﬂ)n_ltr(A)'
anl 0 R — 0 an2 NP — 0 0 ann

* Co C,?_k dinh thirc voi K cot chira A :
Khai trién Laplace theo K cét chita A ciia tieng dinh thirc “logi K cét chita A 7, tir
do suy ra tong cdc dinh thirc “logi K cot chita A ” bang C,, (=A)¥, trong d6 Crk

la téng tat ca cac dinh thirc con chinh bic n—k cia A (dinh thtrc con chinh 1a dinh
thirc con ¢ cac chi s6 hang va chi sb cot bang nhau).
» Co duy nhat mét dinh thirc khong chita cot co A la dinh thicc ciia ma tran A.

Diéu nay suy ra dang thirc can chirng minh.

CHUONG 6
6.1.(i) 7(A,B) =tr(A'B) =tr(A'B) '=tr(B'A) = (B, A) ;

(i) n(A aB, + BB,) = an(ABy) + fn(ABy);
(iii) n(A A) :trAtA:iZn:aﬁ >0;7(AA) =0 af =0 A=0.

i=1 i=1
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6.2. b) n(e,e)=1,datv,=e =(10).
V, =—17(€;,8)V; +&, =2€ +€, =(21);
1V, %) =1=>V, =(2,1). H¢ {v;,V,} truc chuan ddi véi 7.
6.3.b) k>9 c¢)a>0,d>0,ad —bc>0.
6.6. Suy ra tir bat dang thirc hinh binh hanh:

2{Ju ) o v+ 20 P = v hose
=l < u = wf? o= wf? + 2Ju = w v -l < 2{Ju - wff + |- w)
6.7. @) XqVy +... XV =0 => X, =(Up, XqVy +... 4+ XV, ) =0
b) V6i moi k , xét W, =span({ey,...e, } \{e }); V =W, ®W, .

=V =av va (V&) =(av.e)=5; = a=1.
6.8. Néu veW chon uy=v.
Néu veW thi v=uy+ug;ug eW, i eW' = |v—ug|=|u.
i W vl == 2 - o]
Néu c6 u'y sao cho |v—up| =[v—u'e| thi [lug —u's]|=0=u'y =u,.
6.9. m =dimW,, m, =dimW, = dimW," =n—m, = W," "W, = {0}
Nguoc lai, dimW," +W,) =dimW,* +dimW, =n—m, +m, >n.

= 3veW," "W, 14 véc to can tim.

6.10.

2 -1 3 9 1 2
6.11. A= - B= P =  P'AP=B.
2 0 0 6 1 -1

Yv3 0 2/\6 300
6.12. a) P=| /B 1/\2 -1/J6], PlAP{O 5 o].
-1/\3 YNz Y\ 009
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2/6 0 Y3 -2

00
b) P=| /6 /N2 13|, P'AP=|0 4 0
-YV6 YNz 1/43] 0 0 4
V6 1Nz /B 0 0 0]
c) P=| /6 -1/V2 /3|, PlAP=|0 6 0]
BTG 0 0 o]
Y3 YNz /6 ] 0 0 0]
d P=|1/¥3 -1/2 1/J6 |, P*AP=|0 3 0.
Y3 0 -2/VB| 0 0 3]
. cosp sing ) (a 0
6.13. TontaleLSin(p cosw} sao cho PAP:_O ﬁ}'

= ap, =a21=¥(,8—a):> —|,B—a|£a12£|,8—a|.
6.16. {Vl =(1,2,1,0), v, =(4,4,0,1)}.

6.17. W 1a khong gian nghiém cta hé phuong trinh thuan nhét:
X+2y+3z—-s+2t=0
2X+4y+72+2s-t=0

co mot co so la e’} =(2,-1,0,0,0), e', =(13,0,-4,1,0), e'; =(-17,0,5,0,1).

6.18. b) {pl(t) = 7t? -5t pz(t)=12t2—5},

c) {el(t) =1 e,(t) = (2t —1) /2, &;(t) = (6t —6t+1)/J§}.

T

6.20. Ap dung phuong phap bién d6i Lagrange ta dugc:
x| [1 -1 52y

a) (%, |=|0 1 -12|ly,|; Q=y2+4yZ—9y2.
3] [0 0 1 |lys

x| [¥2 0 10y

b) [%|=| 0 1 1| y,|;: Q=y7-vi+V5.
X3 0 1 1|y,
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x| [1 1 -1y
0% |=[1 -1 -1|y,|: Q=¥ —y5-Vj.
X3 0 0 11|y,
_xl_ 1 —1/3 0 0__y1_
X 0 1 0 0}ly, 37
d)| %= C Q=3y2+2y2_y2_2y2,
)X3 0 2 10|y Q=3I+ ¥ ~Ys=2Ys
%] [0 -2 0 1]y,]
_Xl_ _1 0 _2 yl
. 2 21 5 2
€)% |(=|0 1 0 |y,|;: Q=2y; +€Y2—ZYS-
X3 | |0 Y4 1|y,

X 1 0 0 ||y

: 49 o 52,5 o

)% |=1910 1 -13|v,|; QZEV1—2y2+§y3-
X3 Y5 0 1 |y

6.21. Ap dung phuong phép chéo ho4 truc giao ma tran chinh tac ta duoc:
x| [2/3 Y3 2/3]X
a)|y|=| 2/3 —2/3 -13||Y |; Q=3X?+6Y?+9Z%,

z| |-Y3 -2/3 23]z

] [YVZ YNB 1/ X
b)|y|=|1/N2 -3 16 ||Y|; Q=-2X2+3Y2+622.
2 [ 0o Y3 2/\|LZ]

x] [YVB N2 1B | rx]
oly|=|1/V3 -1/V2 16 || Y |; Q=5x2-v2-Z%
1z |13 0 -2/\B|LZ]
x] [¥3 0 -4/\i8|x]
dyl|=|2/3 1/J2 1/{18 ||Y |; Q=9X2+18Y2+18Z2.
(2] |23 -Y2 1/\18 |LZ]

x] | VN2 23 /I8 |rx]
e)|yl=| 0 13 -4/\i8|lY |; Q=3v2-62%
2] |-YN2 23 Y18 |LZ]

6.22. a) A>2. b)[4<\5/3. ) —4/5<1<0. d)|i<2.

N T
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[ VE AN v
o[y ey e
'x] [Y<i0 3/4i0] —x—_5(X+2/E)2 20(Y+8/E)2_1.H ol
c) _y___—3/J1_o ﬂJl_O__Y_’ 2 - 2 =1: Hyperbol.
NGRS 3\i0|[x 7 (X 40" (v+3iio)
MR E NN R 2
|| 382 2/ x] 2, 10y + arabo
e)_y____z/J_ 3/\/_ Y| ; 13Y \/_ \/_X 1=0: Parabol.
STNCRETN- TR o .
6.24.2) | y|=| Y6 1N2 13| Y ;M+Y—+le:
A 125 o 14|z 17 34 34
Ellipsoid.
x] [0 YN2 12 |[x
i3
z) |10 0 |LZ

1= —(Y +J§)2 +(Z +4J§)2 : Paraboloid hyperbolic.

x] |-2/<6 0 Y3
C){y} YJ6 1Nz Y\B {Y];
yve6 -1z Y3 Z
—X?Z+§+(Z+T\/_3) =1 : Hyperbolic 1 tang.
x| [VB W2 WX L L
d|y|= 1/«@ —]/\/E ]/«/6 {Y ’)1(_6+Y?+ZT_1 Ellipsoid.
2] YN8 0 2/l Z]
x] [YV3 YN2Z YB |[x]
o) |y|=|YN3 -1J2 16 {Y;
2] |[Y¥3 0 -2/6|Z]

(x28 v (2

9

18

18

2

=1: Hyperbolic 2 tang.
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x] | YN2 23 1/V18 |[X
filyl=| 0 13 -4/18|Y |;
2] |-YN2 23 Y18 | Z

3(Y +4)° —6(2 —\/1_8/6)2 =0: Cip mit phing.

6.25. )=2): (f(u)+ f (V) u+v)=0= (f(u),v)=—(f(v),u).

2)=3): Giast A= [aij} 1a ma trn cua f trong co s& truc chuan { el,...,en}

= f(ei):iajiej =a :<f(ei),ej>=—<f(ej),ei>=—aij = A=-A
i

N N Y1 X
)=1): v=>xe: fWM=Dye;=| .. :[aij] |
= = Ya Xy
n X X
(FV).V) =YX = (e X)) AT e | ==X X)) A| e [==(V, (V).
= Xy Xy

6.26. a) =): Véimoi X eR"; (XA—XB)Y'=0, VY eR"
= XA-XB=0= A-B=0.

b) Str dung gia thiét cho X,Y,X +Y = YAX'+ XAY' =YBX'+ XBY"
‘ t
Mit khac A, B déi ximg = YAX! =(XAYt) = XAY"

= XAY'=XBY', VX,Y = A=B.
c) ap dung bai 14)
6.27. Gia st f 13 tu dong céu tuyén tinh cuia R" c6 ma tran trong co sé chinh tic

la A thi f 1a anh xa truc giao. Xét v=(1,...,1) e R", ta co:

n n

(f(v),v) =Zz<f(ei),ej>:i ay; (T(v), f(v))=(v,v)=n

j=1i=1 i,j=L

2
n

2

i, j=L

=[(F @) < (F W), F@){v.v)=n?,

=

Ding thie xay ra khi f(v) =kv. Matkhac f truc giao = k ==+1.
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Vay ding thirc c6 duoc khi va chi khi

n
T == (Vo Ui ) Uy + Vi 5 U =T /[ |
i=1

Hé¢ g)":{Ul ..... U,} truc giao va hé ?]3":{1,11 ..... u,} truc chuan.

Z<Vk Ui >Ui

i=1

Mit khac |v,| = o | + > | = et { Uyt ) < g

Ding thic xdy ra khi | | =[O | v6i moi k=1...n={v,..,v,} 1a mot h¢

truc giao hay tdn tai mot véc to v; =0.

6.29. a) Dit D, =‘<Vi,v.>‘

i) — . Néu {v,.., v} phu thudc tuyén tinh thi D, =0.

i,j=Lk
Néu {v,..,V} doc 1ap tuyén tinh thi né 12 mét co s¢ cia khong gian con
W, =span { Vi Vk} va D, la dinh thic cia dang song tuyén tinh xac dinh duong
thu hep vao W, nén D, >0.

b) V6i moi veV

(v,v) (ve) .. (v.g) 0 (vie) .. (v&)

0 (epe) ... (en&)

0 (oe) -~ (eee)| [BY) (o) - (eos)
el - ), <elt,)le1> <efkek>

=) . =

<ek’91> <ek,ek> bk <ek.:.e1> <ek,ek>

Dang thirc xay ra khi va chi khi v 1a mot t6 hop tuyén tinh ciia ej,...,€, .

Nguoc lai, cho by,...,b, ; Mubn c6 dang thirc thi v =X +...+ X8, .
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k
Vi D, #0 nén hé¢ phuong trinh ij <ej,ei>=bi :1=1...,k 1a hé Cramer do
=1

d6 ton tai duy nhat nghiém. Vay ton tai duy nhat v .

c) Gia st <,> la dang cuc cua dang toan phuong xac dinh c6 A= [<ei €] >] ,
nxn

theo b) V(X X,); Q(Xg,-er X)) = —<v,v>det[<ei,ej>] V= Zn:ajej :
=i

n
v=0 < >, <ej,ei>=<v,ei>:xi,i:1,...,n = QX Xy) <0, V(X0 X, ) 20 .
i

6.30. Gié sir {e,...8} la mot co s6 truc chuin ctia V déi véi tich vo huong 7.
n(e;.€) =0= (e, e;) =0, Vi j.
n(ei +e),6—€)) =0=0=0(¢ +e;,& —€;) = (e, &)~ p(e;,€;).

bat k=¢(e,e) =...=¢(e,,e,) thi Yu,veV : o(u,v) =kn(u,v).

6.3L. Gid S {€},...,€,,€0,1,,€p.qr € | 12 MOt cO 50 d€ bicu thirc toa df cua Q
0N , , < . _y2 2 2 2
trong co s nay c6 dang chinh tac: Q(V) =X +...+ X5 —Xg g —.. = Xp.q-

bat W, :span{el,...,ep}, W, =span{ep+1,...,ep+q}.

a) WeW,v=0 = Q(v)>0 = WnW,"={0} = dimw < p.

b) WweW,v=0 = Q) <0 = W nW; ={0} = dimW <g.

¢) Néu dimW > Max(p,q) = 3u,veW \{0}:Q(u) <0, Q(v) 0.
Gia str Q(u) <0, Q(v) >0.
Xét f(t)=Q(tu+@A-t)v)=(tu+@L-t)v,tu+1-t)v)

=t?Q(u) + 2t —t){u,v) + (L-1)°Q(v).

f(t) 1a ham sé lién tuc c6 f(0)>0, f(1)<0 = 3t,,0<ty <1 sao cho

f(ty) =Q(tu+A—to)v)=0 = tou+(1—t)veW \{0}.
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PHU LUC 1
SO PHU'C

Ta biét rang binh phuong ctia mot sé thyc 13 khong am, vi vy trong truong s6
thyc phuong trinh x? +1=0 v6 nghiém. Tuy nhién néu ta dwa vao sb 4o i sao cho
i2 =—1 thi phuong trinh trén tré thanh x? —i? = (X—i)(x+i)=0. Do d6 phuong
trinh ¢6 hai nghiém X =+i. Téng quat hon ta c6 thé md rong truong sd thuc lén
mot truong s6 rong hon d€ moi phuong trinh bac hai déu c6 nghiém.
1.1. Dang dai s6 ciia s6 phirc

S6 phirc viét dudi dang dai s6 7=a+ib, trong d6 a,beR , i? =-1.

a duoc goi 14 phan thie cua sb phirc z, ky hiéu a=Rez

b goi 1a phdn do cia sb phic z, ky hiéu b=1Imz.

Hai s6 phirc z =a, +ilby, z, =a, +ib, bing nhau duogc djnh nghia nhu sau:

=12, {al % (7.1)
b =b,
Tap hop cac sb phire ky hiéu 1a C.
1.2. Cac phép toan trén so phirc
Cho hai s6 phitc z =& +ib, z, =a, +ib,, ta dinh nghia:
) +2,:=(a +a,)+i(b, +b,) (7.2)
212, = (843, —bib,) +i(ab, +ab). (7.3)

Noi cach khac cac phép toan cong va nhan cac s6 phic duoc thuc hién giéng
v6i cac phép toan d6 d6i voi sb thuc.

Ta c6 thé chimg minh dugc (R,+,-) 1a mt trudng con cua (C,+,-) .

Sé phitc z=a—ib duoc goi 1 s8 phitc lién hop voi s phie Z=a+ib.

. a—i . a—ib . . ;
SO0 phttc ——— ¢06 tinh chat | —— [(a+1ib)=1 nén duoc goi 1a so phirc
p 22 + b2 (a2+b2j( ) g p

nghich dao cta sd phitc z=a+ib, ky hiéu 71 hay 1 . Vay
z

g 1 a—ib A
7t=== = 7.4
z a’+b® (74
Ta dinh nghia: 7z, -2, =2 +(-2,) =(a —ay) +i(, —b,);
4. Zli _ (aya, +bby) +i(ayhy —aghy) Zlé _ (7.5)

2 2
Z, z, a,” +b, 2,2,
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1.3. Biéu dién hinh hoc ciia s6 phirc

Trong miat phang voi hé toa do vudng goc Oxy. Mdi diém M trong mat
phang hoan toan xac dinh bdi toa do (a,b) cua nd. Mit khac mdi sé phirc
z=a+ib ciing dugc xac dinh boi phan thuc a va phan 4o b. Vi vy ta ¢ thé
ddng nhét sé phirc z=a+ib voi diém M (a,b) . Do d6 cac sb phirc duoc dong nhat
v6i cac diém cua mit phang ma ta goi 1a mit phing phurc.

Phép cong clia s6 phitc: z, +2, = (a, +a,)+i(b, +b,) tuong ting véi phép
cong hai véc to OM; +OM,, ; M, (ag,1,),M,(a,,b,).

Hai s6 phtrc lién hop v6i nhau dbi ximg nhau qua truc OX.

\O—M’\ — a2 +b? duoc goi 1a médun ciia s6 phirc 7=a+ib va ta ky hiéu 1
|z| =+/a® +b*.

S6 do ¢ cua goc (OX,W) xéac dinh sai khac boi s6 cua 27 dugc goi l1a
argument ciia sé phirc 7, ky hiéu Argz.

Néu -7 < @< thi ¢ dugc goi la argument chinh, ky hiéu argz.

( \z\,arg Z) la toa d0 cuc cuia M véi truc cuc OX.

Tuong tng gitra toa do Descartes va toa do cuc

a=rcos
{ e (7.6)
b=rsing
y A
z=a+ib
Z
\°
0 X
Nguge lai  |z|=+a® +b?, COS(sz, sin(sz. (7.7)
va? +b? va? +b?
S6 phie z =a+ib dugc viét lai dang lrong gidc
z=|z|(cosp+ising). (7.8)

Tinh chat:

- — —— [z Z
1) z+2,=4+2,, 2,-2,=2-2,, | > |==;
L) 1
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2) Rez=i22, Imz:%; zeCez=7=Rez;

3) Gia st p(z)=ag+az+..+a,z", a,..,a, R la da thic voi hé s6 thuc

(xem Phu lyc 2) thi p(Z)=ay+aZ+..+a,Z" =p(z). Vi vay néu Z, 1a nghiém

cua phuong trinh p(z) =0 thi z, ciing 12 nghiém.

0(2),0(2) 14 hai da thirc v6i hé s6 thyc thi 22 =( p(z)j .
a(z) \a(2)

4) vzeC, |7/20; |7|=0<2=0;

5) |2+ 2| <[a|+|z] i [az|=|allz]  |a]-|z] <[z -2l

6) ﬂ:ﬂ; |Z|2=ZE; ‘z‘:]_<:>l:2;
Z, \22\ 7
7) Arg(ziz,) =Argz; + Arg z,; Arg(%jzArg z,—-Argz,;
2

8) ‘E‘ =|7| ; Argz=-Argz.
Cong thurc Euler

e =cosg+ising.

Cong thuc (7.8) duoc viét lai z =|z|€'” goi 1a dang mii ciia s6 phire.

1.4. Luy thira ciia s phtrc - Cong thirc Moivre

(7.9)

Cho s6 phic z=|z|e". Tich n 1an z-....-z dwoc goi 1 luy thira bdc n cia z,
%,_/

nlan

ky hiéu z". Ap dung phwong phép quy nap va céc tinh chét 5), 7) & trén ta c6

2" =|z|" (cosng +isinng).
Khi ‘Z‘ =1 ta cb cong thirc Moivre:
(cosp+ising)" = (cosng +isinng).
Vi du 7.1: Tim céc s thyc X,y thoa mén:
3i(X+1y)+(L+21)(X+2y) =2+1.

Khai trién va dong nhét phan thyc phan 4o ta dugc:
X—y=2 x=1
Y = .
{5x+4y:1 {y:—l

, et . ooz 2Z+iw=3
Vi du 7.2: Giai h¢ phuong trinh voi an s6 phttc z,w:

3z+w=1-2i

(7.10)
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Nhan i vao hai vé cta phuong trinh thir nhat xong cong vao phuong trinh thir

hai taduoc 2=+t =2 1 -2 29

3+2i 13 13 13 13

Vidu7.3:

a) Quy tich céc diém z sao cho |z —2i| =3 1a dudng tron tam 2i ban kinh 3.

b) Quy tich cac diém z sao cho\z — Zi‘ = ‘Z —3‘ la duong trung truc cuia doan
thang ndi hai diém 3 va 2i.

¢) Quy tich cac diém z sao cho ‘Z+3‘+‘Z—3‘ =10 la duong ellipse co tiéu
diém F(-3,0),F,(3,0) do dai truc 16n 2a=10.

Vi du 7.4: Theo (7.10): (cos@+isin@)® = (cos3p+isin3¢p). Mt khac
(cos+isinp)® = cos® p—isin® ¢+ 3icos? psin ¢ —3cos psin®
Viy {cosS(p = cos® ¢ —3c0spsin® ¢ = 4cos® 9 —3c0s @ |
sin3¢ = 3cos? psin g —sin® ¢ = 3sinp —4sin® ¢

Vidu 7.5: Tinh (—1+J§i)10.

10
10
(—1+\/§i) = 2(cosz—ﬂ+isin2—”j =21°(00320”+isin20”j
3 3 3 3
=21°(cosz—ﬂ+isin2—7[)=21° —£+iﬁ =29(—1+x/§i).
3 3 2 2

1.5. Ciin béc n ciia s6 phire

Can bdc n ciia s6 phire 7 14 s6 phirc W sao cho w" = z. Ky hiéu w= Yz hay
1
w=z",

Cho z =|z|(cosg+ising) =|z|e".
*) Néu z=0thi w=z=0,vn=12,....
**) Néu z#0. Xét w=|w(cosy +isiny)=|wle" thi
wr=pg M
w'=z&

=

(7.11)
w=prker  |y=2+kZE k=01..n-1
n n

Vay c6 dang n can bac n cua z Gng véi cac gia tri k=0,1,...,n—1. Cac cdn
bac N nay la cac dinh cia n gidc déu noi tiép dudong tron tim O ban kinh ,\”}|Z| .

Vi du 7.6: Tinh can bac n cua don vi.
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Tacéd 1=cos0+isin0. Vay cac cdn bac n cua 1 la:

k2z
gk—coskz—ﬁﬂsmkz—ﬂ—eI n o k=01..,n-1
n n

- 3T
Vidu7.7; Tinh 3/(-2+2i). TacO -2+2i=2 cos—+|sm—
Vidu7.7: Tinh {2+ 2) 7| “).
Vay 3(—2+2i):\/E(cos%(‘%ﬂ+k2ﬁj+isin%(37”+k27rD;

k=0: w, :\/E(cos%ﬂsin%j:lﬂ :

(7.12)

A
11z 11z ’
k=1: w =+2]|cos=——+isin=—/— | ; .
A
k=2: WZZﬁ(COS]f—Zﬂ+ISIn119—2ﬂj ] >
ol IR,
57 4 S
cos——lsm— Pt >
-7 =) -
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PHU LUC 2
PA THUC

2.1. Pa thirc trén mgt vanh nguyén

Cho K 1a mot trong cac tap s6: K =7, Q, R, C hay Ly

V6i mdi diy (ag,&,...,a,,...) cac phan tir a, € K. Biéu thic

p(x) =a, +ax+..+a,x", a, #0

dugc goi la da thic bac n cua bién (hay én) X. Céc s6 ag,&y,...,a, duoc goi la cac
hé s6 cua da thire.

Néu a,=a,=..=a,=0 thi ta dugc cic da thic khong, ky hiéu 1a 0. Tap
hop céc da thirc bién X véi hé s6 thude K duge ky hiéu 1a K[x].
Cho hai da thuc

p(X) =ay +ax+..+a,x", a, =0; q(x) =by +bx+...+b x", b, #0.

Hai da thire p(X),q(X) bang nhau dugc ky hiéu va dinh nghia nhu sau:

p(xX) = q(x) @{m_ " . (7.13)

ag =hy,...,a, =D,
2.2. Vanh da thirc
Trong tap K[X] , gid st p(X) =ag +aX+...+a,x", a, #0;
q(x) =by +bx+...+b x™, b, =0.
Ta dinh nghia tong p(X)+q(x) vatich p(x)q(x) cua hai da thirc p(X), q(X)
nhu sau: p(x) +q(X) == (8 +by) + (a +by) X + (8, +by)x* +....

k
P()A(X) = Co + X+ ...+ Co X ™, G =D ajb_;, k=01..,n+m. (7.14)
j=1

Véi quy uée a; =0 néu j>n va b; =0 néu j>m.
Ta c6 thé chimg minh duogc (K [X] ,+,-) 12 mot vanh nguyén.
bac( p(x)+q(x)) < max(bac p(x),bacq(x)). (7.15)
bac(p(x)g(x)) <bac p(x) +bacq(x). (7.16)
2.3. Phép chia da thirc - Nghiém
Pinh Iy 1: Véi hai da thire bat ky p(x), (X); q(X) =0 déu ton tai duy nhdt hai da
thirc s(x), r(x) sao cho p(x)=q(x)s(x)+r(x) , trong @ hoac r(x)=0 hodac
r(x) =0 va bacr(x) <bacq(x).
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Vidu 7.8: 2x° +3x% = (x* + 2x+5)(2x° —4x* —2x + 27) —44x—135 .
Pinh nghia 1: 1(X) duwoc goi la dir ciia phép chia p(X) cho q(X). Néu r(x) =0 thi
tan6i p(X) chia hét cho q(X) hay q(X) la wéc cia p(X).

Pinh nghia 2: S6 ceK thod man p(c)=ay+acC+..+a,c"=0 dwoc goi la

nghiém cua da thirc p(X) =ay +ayX+...+a,x".
Pinh Iy 2: Phan dir ciia phép chia p(X) cho x—c 1a p(c).
Hé qui 3: C la nghiém cia da thire p(X) khi va chi khi X—c la wée cia p(X),
nghia la p(x) = (X—c)*s(x) .

Néu p(x)=(x-c)s(x) (k nguyén, k>1) va s(c)=0 thi ¢ duoc goi la
nghiém boi K cua da thirc p(X).

Dinh nghia 3: Pa thirc p(x) e K[X] dwoe goi la bat kha quy néu bac p(x) >1 va

néu P(X)=q(X)s(X) thi mét trong hai da thirc q(X), S(X) la hang sé khéic 0 ciia
K, nghia la p(X) chi chia hét cho kp(X), véi k € K\{0}.

Chang han: Moi da thirc bac nhét 1a bat kha quy. Pa thirc bac > 2 bat kha quy khi
va chi khi n6 vo nghiém trong K.

Pinh Iy 4: Moi da thirc bac >1 trén truong sé phirc C déu c¢é nghiém.

Hé qua 5: Moi da thirc p(X)=ay+aX+..+a,X" € C[x]déu c6 thé phan tich
thanh p(x) = a, (X —X)...(X—X,), trong dé cdc s6 phirc X, cé thé tring nhau.

Hé qud 6: Moi da thirc hé s6 thuc P(X) =8g +8X+...+a,X" € R[X] cd thé phdn
tich thanh tich cdc da thire bat khd quy la da thirc bdc nhat hay da thire bic 2 ¢6
biét thirc A &m: p(X) = a, (X +bx+ L) .. (x% + b X+, )™ (X = X)) ... (X — %)

VO bj2—4cj<0, i=1..m; 2k +..+2k, +h+...+1l, =n.

2.4. Uéc chung 16n nhét, nguyén to cung nhau

Pinh nghia 4: Néu hai da thirc P(X), (X) cing chia hét cho da thirc d(X) thi

d(X) duoc goi la wéc chung ciia P(X), q(X). Ngoai ra néu moi wéc cia p(X), q(X)
déu la wéce cia d(X) thi d(X) goi la wde chung 1om nhdt cua P(X), q(X). Ky hiéu:
d(x) =UCLN(p(x),q(x)).

Néu d(X) Ia hang s6 khdc khong thi p(X), q(X) dwoc goi la nguyén t6 cing
nhau. Ky hiéu (p(x),q(x)) =1.

Cha y rang d(x) =UCLN(p(x),q(x)) xac dinh duy nhit sai khac mot hang s
khac 0. Nghia la

d(x) =UCLN(p(x),q(x)) < kd(x) =UCLN(p(x),q(x)) , véi k € K \{0}.
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PHU LUC
Pé tim UCLN(p(x),q(X)) ta thuc hién phép chia Euclide nhu sau:
> Gia st bac p(x) >bacq(x) thi p(x) =q(x)s,(x)+r;(x), bacr(x) <bacq(x).
> Néu r;(x)=0 thi q(x)=UCLN(p(x),q(x));
> Néu r;(x) =0 ldp 1ap qua trinh trén d6i voi q(X) va r(x)
q(X) = R(X)S,(X) + (%) ;
> Néu r,(x) =0 thi 0 bacr,(x) <back(x).
> Tiéptuc... h_o(X)="h_1(X)s (X)+1 (X)),
i (¥) =1 (XS 1 (X) +C.

= UCLN(p(X),q(x)) =UCLN(q(X), (X)) =... = UCLN(r, (X),c).

= Néu ¢ =0 thi r,(x) =UCLN(p(x),q(x));

= Néu c=0 thi (p(x),q(x))=1.

Dinh 1y 7:

1) d(X) =UCLN(p(x),q(X)) khi va chi khi ton tai cic da thire U(X),V(X) sao
cho p(x)u(x)+q(x)v(x)=d(x).

2) (p(x),q(x)) =1 khi va chi khi ton tai cic da thire U(x),v(X) sao cho
POU(X) +a(x)v(x) =1.
Dinh ly 8:

1) Hai da thire p(X),q(x) € C[X] ciia trieong sé phirc la nguyén té ciing nhau
khi va chi khi khong co nghiém chung nao.

2) Hai da thirc  p(X),q(X) € R[X] trén trieomg s6 thwe nguyén té ciing nhau
khi va chi khi chung khong co nghiém thuc hay nghiém phirc chung nao.
Heé qua 9: p(X),q(X) la hai da thire trén truong sé thwe hay sé phirc thi:

(p(x),a(x)) =1<:>( p™ (), qn(X)) =1, vdi moi s6 nguyén dwong m,n.

Nhan xét 7.1: Cac da thic bat kha qui voi hé sb Gmg véi bic cao nhét bang 1

(chang han: x—c; X2 + pPX +q, p2 —4q <0 ) dong vai tro nhu cac s nguyén to trong
vanh Z. Vi vay ta c6 thé chuyén mot cach tuong tu cic két qua trong vanh s
nguyén Z sang vanh nguyén cdc da thic K[x]. Ching han dé tim
d(x) =UCLN(p(x),q(x)) ta phan tich p(X) thanh tich cac da thirc bat kha qui. Khi
d6 d(x) bang tich cac da thirc bat kha qui c6 mit ddng thoi trong p(X) va g(X).

Vidu 7.9: p(x) = (x—2)3(x +1)2(x2 +2x+3)3,

q(x) =(x—3)2(x+1)5(x2 +2x+3) = d(x) =(x+1)2(x2 +2x+3).
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