Lé Thi Thanh Hai Chuwong 4: Phwong trinh vi phan

Chuong 4
PHUONG TRINH VI PHAN

4.1. Mot sb khai niém co ban vé phwong trinh vi phan

Xét mot bai toan dan dén phuong trinh vi phan sau : Tim phuong trinh
duong cong sao cho moi doan cua tiép tuyén chan trén 2 truc toa do déu bi tiép
diém chia thanh 2 phan bang nhau

A

\%

v

Goi M(x,y) la diém tuy y trén duong cong. Khi d6 hé sd goc cua tiép tuyén

) R MP
taiMla y'(x) =tga =———
. y'(x) =tga AP

Vi MA=MB= PA=PO=x; MP=y=y'= —% duoc goi 1a phwong trinh vi
phan.

D& thiy ham y =% Vi C I3 hiing sb bét ky déu thoa méan phuong trinh va
né duoc goi la nghiém ctia phuong trinh vi phan trén. Vay chung ta c6 mot ho
duong cong y = % thoa man yéu cau dé bai.

Néu thém diéu kién dudng cong phai di qua diém (2,3) nghia 1a y(2) =3 thi

\ , N \ A s 6
C =6 vata c6 dugc mot duong cong can tim la y = —
X

Phuong trinh vi phan thuong (goi tit 1a phuong trinh vi phan PTVP) Ia
phuong trinh biéu thi mi lién hé giita mot bién doc 1ap x, ham can tim y va cac dao

ham cta no.
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Lé Thi Thanh Hai Chuwong 4: Phwong trinh vi phan

Néu ham phai tim y ¢6 nhiéu bién sb va phuong trinh chita cac bién doc lap
nay, ham y va cac dao ham riéng cia no thi goi la phuong trinh vi phan dao ham
riéng (goi tat 1a phuong trinh dao ham riéng PTDHR). Trong chuong 2 nay ching ta
chi khao sat nhitng PTVP thuong.

Cép cua PTVP 1a cp cao nhat ciia dao ham c6 mit trong phuong trinh d6.
Vidu4l xy'+y=3I1aPTVPcap2

y=Y 1APTVP cép 1
X

(x+ y)dy—2ydx =0 laPTVP cép 1

U ya—“ —u 14 PTPHR cép 1
OX oy

Nghiém cta PTVP 1a tat ca cac ham s y=y(x) sao cho khi thay vao
phuong trinh ta dugc mot déng nhat thirc.

Thong thuong PTVP ¢6 vo s6 nghiém goi 1a ho nghiém, nghia 1 biéu thirc
nghiém co chira mot hodc nhidu tham sb (tuy vao bac ciia phuong trinh).

4.2.  Phwong trinh vi phan cap 1
4.2.1. Pinh nghia

Phuong trinh vi phan cip 1 1a PTVP ¢6 dang F(x,y,y') =0 hodc y'= f(x,y),
trong d6 x 1a bién doc 1ap, y 12 ham can tim theo bién x.

Nghiém tong quat (NTQ) ciia PTVP cép 1 1a ho duong y = ¢(x,C) voi C 1a
hang s6 bat ky thoa min phuong trinh. Néu C = C, thi duong cong y = ¢(x,C,) goi
la nghiém riéng cua phuong trinh.

D61 khi ching ta khong c6 dugc nghiém tuong minh y = ¢(x,C) ma dugc
mot hé thire dang ¢(x, y,C) =0 thoa PTVP thi hé thirc d6 goi 1a tich phan tong quat
cia PTVP. Néu C = C, ta c6 tich phan riéng ¢(x,y,C,) =0

Vé mit hinh hoc, d6 thi ciia nghiém tong quét hay tich phan tong quat déu
cho ta mot ho duong cong goi la cac duong cong tich phan cia PTVP.

Tuy nhién, khdng phai bat ky nghiém riéng nao cia phuong trinh ciing dugc
suy ra tir ho nghiém tong quét bang cach thay hang s C nhimg gia tri cu thé.
Nhimg nghiém do6 duoc goi 1a nghiém ky di.
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Vi du 4.2 Xét phuong trinh y*—xy'+y=0 c6 nghiém tdng quat y=Cx—C? la

2
mot ho duong thang. Tuy nhién parabol y = XT cling 1a nghiém cua phuong trinh

va dugc goi la nghiém ky di.
4.2.2. Pinh Iy tén tai va duy nhat nghiém — Bai toan Cauchy

y'=f(x,y)
Y(Xo) =Y .

Xét bai toan Cauchy voéi diéu kién dau {
Néu ham f(x,y) lién tuc trong mién mé D R? va c¢6 dao ham riéng
%(x,y) bi chin trong D thi bai toan Cauchy trén c6 nghiém duy nhét xac dinh
trong lan can cua x,
4.2.3. Mot s6 phwong trinh vi phan cap 1
<% Phwong trinh tach bién
e Dang1: f(x)dx=g(y)dy|

f()dx=g(y)dy = [ f(x)dx=]g(y)dy
Vi du 4.3 Giai phuong trinh y'=xy(y +2) (1)

Giai:
Néu y(y+2) =0 thi () dy =xdx<:>J' dy =dex
y(y+2) y(y+2)
11 1 y , L o
<:>J.— = dy:J.xdx<:>In =x“ +C langhiém tong quat cia (1)
2y y+2 y+2

Ngoaira y=0 va y=-2 ciing 1a 2 nghiém riéng cuia (1).

y45x‘y? =0 (1)

Vi du 4.4 Giai bai toan Cauchy sau {
y@=1 (2

Giai:

Tir (2) tathdy y=0 nén (1) < d—)zl =-5x‘dx < jd—)zl = —J‘5x4dx
y y

o -—=-x+C hay y=—"—
y Yy=%_c

T (2) = C=-1
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Vay nghiém cua bai toan Cauchyla y =

x° +1

¢ Dang 2: M (x)N(y)dx + P(x)Q(y)dy = 0]

M OON (y)dx + P()Q(y)dy = 0 <> M gy + QU o~ 5 visi P(x) 0; N(y) =0
P(x) N(y)

Vi du 4.5 Giai phuong trinh x*(y +Ddx+ (x> -1)(y -1)dy=0 (1)

Giai:

2
Néu x =1 y = -1 thi (1) < ;( dx+y_1dy=0<:>J'
x* -1 y+1

x° y-1
dx=—-|—=d
x* -1 J.y+1 Y

1 1 2

S d - =—[|1-—|d
<:>3J.x3—1 (=) I[ erljy
@%In‘x3—q=2ln|y+ﬂ—y+c 1A NTQ cua (1)

Ngoaira x =1 va y = -1 ciing 1a 2 nghiém riéng cta (1)

e Dang3: y'= f(ax+by+c)‘

bat u=ax+by+c:>%=a+bﬂ:>ﬂ=l %—a
dx dx dx b\ldx

Thay vao phuong trinh 3—u =a+bf (u)
X

Vi du 4.6 Giai phuong trinh y'=cos(x-y-1) (1)
Giai:
du

bat u=x—y—1:>ﬂ:1_y'3 y'=1-—
dx dx

Thay vao (1) ta cé % =1-cosu (2)
X

Néu cosu = -1 thi du =dx<:>I du =Idx
1-cosu 1-cosu

<:>1_|. du =J.dx<:>—coth=x+C
27 ginz Y 2

Hay x+ cotg X‘2y‘1+czo la NTQ cia (1)
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Ngoai ra néu cosu=1< u=k2z < y=x-1-k2z 12 mot nghiém riéng cia (1)

% Phwong trinh dzzlng cf’lp

' y
® : =f —
Dang 1: Yy (XJ

bat u=Y = y=UX=Yy'=u+uU'X
X

Thay vao phuong trinh u+u'x = f(u) = u'x = f(u)—u (tach bién)

x> =Xy +y?

Vi du 4.7 Giai phuong trinh y'=
Xy

@

Giai:

Tu()taco y=2-1+7, xy=0
Yy X

bat u=Y= y'=u+u'x. Thay vao (1): u+u‘x=£—1+u<:>u‘x=£—l
X u u

xQ_178 )

dx u

Néu u 21 thi @) 4 du=F o (L—ljdw &
1-u X 1-u X

< —Infl-u[-u=I|x+C

Y
X

+ Y4 c=01ANTQ cia (1)

Hay In|x|+In
X

Ngoai ranéu u=1< y=x,(x=0) ciing 1a mot nghiém riéng cua (1)

aX+hy+c j

e Dang2: y'= f(

a,x+b,y+c,
z a, b .. [ X=&+X, , 5 o \
> Néu A= =0, dat trong d6 (x,,y,) 1a nghiém cuia
a, b, y=n+Y,

ax+by+c =0
a,x+b,y+c, =0

Suy ra dx =d¢&; dy = dn . Thay vao phuong trinh ta co j—g = g{gj (dang 1)

> Néu A=0 thi izs—lz/l.})ét u:a1x+b1y:u‘:a1+b1y':>%=a2x+b2y
a‘Z 2
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Thay vao phuong trinh ta dugc phuong trinh tach bién
Vi du 4.8 Giai phuong trinh (2x -4y +6)dx+ (x+y-3)dy=0 (1)
Giai:
2X— 4y +6 =
X—4y+6 O<:>x0 1oy, =2
X+y-3=0
Dt x=§+1: dx=d¢&
y=n+2 [|dy=dp
Thay vao (1): [2(& +1) - 4(n +2) +6]dE + (6 +1+n+2-3)dn =0

o (28 -dn)dé+(E+n)dn=0 (2

Giai hé {

d 26— 4 2-47
Néu &+n=0thi (2) &-L=- c-4n_ _ 3
¢ &+n 147
2
Détu=13d—n:u+u'§:_2_4u@u'gz_u_z_d'u:_u +3u-2
dg 1+u 1+u 1+u
Néu u=Lu=2 tacd U—Hduz—d—g@j(__erijdu:_jd_f
u-DHu-2) & u-1 u-2 &

< -2Inu-1+3Inju-2/=-In|g[+C

<:>—2Iny;Z—J.‘JrSIn}1;2—2‘=—In|x—]4+cl

x-1 x-1
< -2In y_X_l|+3ln y_2)(|=—In|x—Jj+Cl
x-1 | x—1|

<:>In| (y=2%)° +Inx-1=InC
[(x=1)(y - x~1)° ?

S (y-2x)°=C(y—x-1?%, V6 xzLy=x+Ly=-x+3y=2x la

NTQ cua (1)

Ngoai ra y=x+1 va y =2x ciing la 2 nghiém riéng cuaa (1).

< Phwong trinh vi phan toan phan |P(x, y)dx +Q(x, y)dy = 0|

Néu P(x,y) = f(x); Q(x,y)=g(y) thi phuong trinh tré thanh dang tach bién

Néu % = E;—Q thi phuong trinh tré thanh dang vi phan toan phan.
X
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u'.=P(xYy)
u', =Q(x,y)

Khi @6 du = P(x, y)dx+ Q(x,y)dy =0 = u(x,y) =C la NTQ cta phuong trinh

Céch giai : Tim ham thé vi u(x,y) thoa mén {

Vi du 4.9 Giai phuong trinh (x+ y)dx+ (x+y*)dy =0 (1)
Giai:

P(x,y)=x+Yy P _Q

Taco = —1= (1) 1a phwong trinh vi phan toan phan
{Q(x,y) =x+y’ oy &

_— U,=x+y  (2)
Tim ham u(x, y) sao cho {u‘y x4 y? 3)

2

Tu (2) ta co u(x,y) =j(x+y)dx=x?+xy+ ag(y) =u',=x+g'(y)

3

Tu(3)tacd g'(y) =y’ = g(y)=jy2dy=y?
XZ y3
u(X, =—+X -—
= U Y) =+ xy+

3

2
Vay NTQ cua (1) 1 X?+xy+y?=c

e Thira s6 tich phan: Trong mot s6 truong hop phuong trinh vi phan dang
P(x, y)dx+Q(x, y)dy = 0 khdng phai 1a PTVP toan phan. Nhung t6n tai ham u(x, y)
sao cho u(x, y)P(x, y)dx+ (X, y)Q(x, y)dy = 0 1a PTVP toan phan. Khi d6 ta goi ham
u(x,y) 1athira sb tich phan cua PTVP ban dau.
Vi du 4.10 Ching minh rang x° |a thira s tich phan cua phuong trinh
2sin y2dx + xycos y’dy = 0

@)
o
=

op = 4x°ycosy?
3 - 2 _— =
P(x,y)=2x"siny oy

= dfcm
Q(x,y) =x"ycosy? E;_Q — 4x*ycos
X

That vay, ta co

e Cach tim thira sd tich phan: Vi u(x y)P(x y)dx+ u(x y)Q(x,y)dy =0 I

PTVP toan phan nén %(uP) = %(uQ) Sy P+uP' = p', Q+uQ',.
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Tuy nhién tim u(x,y) tir diéu kién trén kha phic tap. Do d6 ngudi ta thir tim thira

s6 tich phan chi phu thuéc mot bién sb.

> N&+mmw=uU)mimm=uuQ+qu:i;=éﬁm—QJ:Ru>

jl

S up-e @

néu %(P‘Y—Q'X) chi phu thude x

A N 1 1 1 u‘ 1 1 1
> Neu pu(x,y) = u(y)thi ', P+uPy=uQx:>—uy =;[QX—P y]i= R(y)
j%(Q'x_P'y)dy X 1( ' ' ) hq h h ~
= u(y)=e neuFQX—Py chi phu thuoc y

Vi du 4.11 Giai phuong trinh (1-x*y)dx+ x*(y-x)dy=0 (1)
Giai:
Taco P(x,y)=1-x’y=P' =-x*

Q(x,y) =x*(y —x) = Q', = 2xy — 3x*

Vi i(F"y—Q'X )= Z;QX2 —2Xy) = r? nén ta co thira s tich phén 1a
Q x“(y—X) X
2
u(x) —e I;d :e—zln\x\ :X_lz
1-x*y 1
T G
Tim ham u(x,y) sao cho >2<2 X*
X (y-%)
uy=—>—=y-x (9
X

Tu (2) tacod u(x,y) = J'(Xiz— yjdx = —%— xy+g(y)=>u',=-x+g'(y)

2

Thayvao (3)tacd g'(y)=y=g(y) = y7

2

:>u(x,y)=—§—xy+y—

2

2
Vay NTQ ctia (1) 12 —l—xy+y7=c, (x=0)
X

Ngoai ra x =0 cling 1a mgt nghiém riéng cua (1).
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y+a(x)y =b(x) (*)

< Phwong trinh tuyén tinh , trong d6 a(x); b(x) 1a cac

ham lién tuc.
Néu b(x)=0 thi (*) l1a phuong trinh tuyén tinh thuan nhét, nguoc lai néu
b(x) # 0 thi (*) Ia phuong trinh tuyén tinh khong thuan nhat.
Céch giai:
> Phwong phdp thira sé tich phin
Tir (*) tacod [a(x)y —b(x)Jdx—dy =0

Taco P(x,y)=a(x)y-b(x)=P',=a(x); Q(x,y)=-1=Q' =0

Vi %(Ply_Q‘x ) =a(x) nén (*) co thira s6 tich phan 1a u(x) = eja(x)dx

Nhan 2 vé ciia (%) véi u(x) = el ™ ta duoc

eja(x)dxy|+eja(x)dxa(x)y _ eja(x)dxb(x)

o (eja(x)dx yj _ b(X)E‘[a(X)dX o e_[a(x)dxy _ J'b(x)eja(x)dxdx+ C

Sy= e—Ja(x)dx [J-b(x)eja(x)dxdx " C]
Chuy:

—Ja(x)dx

= Néu b(x)=0 thi y=Ce la& NTQ cta phuong trinh tuyén tinh thuan

nhat

- Tiry=e % |[bpge @ v )= ce I+ e T [b(ge!*ax ta thiy kni

C=0thi y= e_Ia(X)dXIb(x)eja(x)dxdxIé mot nghiém riéng cta phuong trinh khong
thuan nhat

= Nhu vdy NTQ ctia phuong trinh khong thuin nhit bang tong NTQ ciia
phuong trinh thuan nhat va mot nghiém riéng cta phuong trinh khéng thuan nhét.
va ngudi ta c6 thé chon nghiém riéng bat ky.

> Phwong phdp bién thién hang sé Lagrange

NTQ ciia phuong trinh thuin nhat Y = Ce 1*®* . Suy ra NTQ cia phuong

trinh khong thudn nhét co dang y = C(x)e 1°*
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Taco y'= C‘(x)e_Ja(X)dX —C(x)a(x)e_Ja(X)dX. Thay vao (*) ta co
C' (e 12 Zb(x) = €' (%) = b(x)e) % = C(x) = [ b(x)e! " dx + C

Vay NTQ ctia phuong trinh tuyén tinh cép 1 1a

y= e_-[a(X)dX[J.b(X)eja(X)dXdX e

Vi du 4.12 Giai phuong trinh y'+ycosx =e " (1)
Giai:

Taco a(x) =cosx = Ia(x)dx = Icos xdx = sin x

b(x) =e™"* = J'b(x)eja(x)dxdx = J'e‘S‘“XeSin *dx = J'dx =X

Vay NTQ cua (1) 1a y=e™"*(C +x)

2
Vi du 4.13 Giai phuong trinh y'=—2 (1)
2xy+3

Giai:

Néu y =0 thi (1)@% 2Xy;3=%+%<:>%_gx=% 1a phuong trinh tuyén

yo- oy y dy vy

tinh véi x 12 ham theo bién y
. 2 2
Taco a(y) = -y = ja(y)dy = —j;dy =-2In|y|

3 a(y)dy 3 o 3 1
0() =% = [0l "ty = [ ey = [y =

Vay NTQ cia (1) 1a x =" [c —isj = yZ[C —isj = Cy? _%
y y

Ngoai ra y =0 ciing l1a nghiém riéng cua (1).

< Phwong trinh Bernoulli |y'+a(x)y =b(x)y* (*)

Néu a =0 hoic a =1 thi (*) tré thanh phuong trinh vi phan tuyén tinh

Néu a=01, gia st y=0 chia 2 vé cua (*) cho y“ ta duoc

y

a

+a(x)y" =b(x)

bit z=y"“ =7z = (1—a)y‘“y‘3L:_
“ l-a
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Thay vao (*) tacd z'+(1-a)a(x)z = (1- a)b(x) 1a phuong trinh tuyén tinh

Pé y y =0 ciing 1a nghiém riéng cua (*)

Vi du 4.14 Giai phuong trinh ylzz_};_ziy O
Giai:

1 1 4 N
1) ey y=—=, IRV .
Doy YTy e WY 5 (2

bit z=y* = z'=2yy . Thay vao (2) z‘—lz =-1 (3)
X
= NTQ cua (3) 1a
[Lax “Lox C
e’ |C “ax |= =d —In|x|) = |X|In|~=
z=e [ +J' e XJ x|[ J' Xj IX/(C —In[x)) |x|nX
E‘
X

Vi du 4.15 Giai phuong trinh y'x®siny +2y =xy (1)

= NTQ cua (1) la y* =[x/In

Giai:
Tu (1) ta cod y‘=—3_L, x*siny—x#0
x*siny - x
£ R . X¥siny—-x 1 siny 5 1 siny ,
Néeu y#0thi ) o x=——"—=—x-——"X S X——x=—"—X" (2
2y 2y 2y 2y 2y

bat z :%3 Z'=—%x‘ Thay vao (2) ta co z'+1z _ny ©)
X X y y

1
— NTQcia(3)la z=¢ Jydy[c JrJ-slr;yeI dy} |y| (C +Isin ydy)zﬁ(C—cosy)

C C-cosy
Bl

Ngoai ra y = 0ciing 1a mdt nghiém riéng cta (1)

= NTQ cua (1) la hay |y| = (C - cos y)x’

4.3. Phwong trinh vi phan cap 2
4.3.1. Dinh nghia
Phuong trinh vi phan cap 2 ¢6 dang F(x,y,y',y")=0 hoic y'=f(x,y,y'),

trong 46 x 1a bién doc 1ap, y 1a ham theo bién x.
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Nghiém téng quat phu thudc vao 2 tham sé c6 dang y = ¢(x,C,,C,) hoic tich
phén tong quét w(x, y,C,,C,) =0.
Néu cho C,,C, nhiing gia tri cu thé ta c6 nghiém riéng cia phuong trinh.

Nghiém riéng tim dugc néu biét 2 diéu kién nao do.

y''=2x
Vi du 4.16 Giai bai toan { y(0)=0
2
N=-—=
y=-3

Giai:

3
D3 thiy NTQ ctia bai toan 1 y = X? +Cx+C,

A . A CZ =0 Cl =-1
Thay diéu kién dauta co {1 2=
§+C1+C2=—— C,=

3
= Nghiém cua bai toan y =X?—x

4.3.2. Pinh Iy ton tai duy nhit nghiém — Bai toan Cauchy

y'=f(xy.y)
Xeét bai toan Cauchy véi diéu kién dau nhu sau {  y(x,) =Y,
y‘(xo) =Y

Néu ham s6 f(x,y,y') lién tuc trén mién mé D < R® va cac dao ham riéng

%; %f, lién tuc trén D thi bai toan Cauchy c6 duy nhét nghiém.

4.3.3. Mot s6 phwong trinh vi phan cap 2 cé thé giam cip dwoe.

< Phuong trinh khong chira x: [F(y,y',y"") = 0|

Pit y'=2z(y). Paohdm 2 vé theo x tacd z'y.y'= y"'=17y.2

Thay vao phuong trinh ta dugc PTVP cip 1 ham z theo bién y dang
F(y,z,22)=0
Vi du 4.17 Giai phuong trinh y'.y"-3y"*=0 (1)
Giai:

biat z(y)=y'=>y'=2,.y'=2y.2
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Lé Thi Thanh Hai Chuwong 4: Phwong trinh vi phan

le
Thayvao (1): 2'2° -32% 2" =0 2'2°(1-32') =0 | 2'=

owl|lrro

z

I'=0=>z=y'=C, =>y=Cx+C,
. . 1 —_[—%dx —%dx %
z=—:>z=y=§y+C3:>y=e C4+J'C3e dx |=C,e® -3C,

z=0=>y=0=>y=C,

<+ Phwong trinh khong chira y: ‘ F(x,y,y") = O‘

Pit y'=z(x) = y"=1z'. Thay vao phuong trinh ta duoc PTVP cap 1 ham z
theo bién x dang F(x,z,z')=0
x‘y'e2xPy'=1 (1)

Vi du 4.18 Giai phuong trinh 1
' P {y(l)y'(l); @

bat y'=z(x)= y"=1z'. Thayvao (1): x‘z+2x’z=1< 74272 i“

c 1 1
Sy=||—--=ldx=-—"+—+C
y (XZ ij X 2X2 2
‘ _c,+C,=0 |c, =3
Thay diéu kién (2) ta ¢6 3 = 2
C= c .3
22
. s 1 3 3
Vay nghiém cuabaitoanla y=— - —+=
PSS Yoo T 2
% Phwong trinh khong chway, y’: [F(x,y") =0
Vi dy 4.19 Giai phuong trinh y'= — =
COS™ X
Giai
y'= 12 :>y‘=j 12 dx =tgx +C,
COS™ X COS™ X
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—y= I(tgx +C, Jdx =—In|cos x|+ C,x +C,

4.4. Phwong trinh vi phan tuyén tinh cap 2
4.4.1. Phwong trinh vi phan tuyén tinh cap 2 thuin nhat

PTVP tuyén tinh cdp hai thuan nhit 12 phuong trinh vi phan c6 dang
ly"+a(x)y'+b(x)y =0 (%)

, trong do a(x);b(x) la nhitng ham lién tuc cho trudc.

e Dinhly 1: Néu VY,; Y, la 2 nghiém cua (*) thi y, +Y,; ¢y, (c 12 hang s tuy
y khac 0) ciing 1a nghiém cua (*).
Chirg minh:
Vi y,; ¥, 1a 2 nghiém cua (*) nén
y; +a(x)y; +b(x)y, =0
y, +a(x)y, +b(x)y, =0
= (Y, +¥,) +a00(y; +¥,) +b()(y; +Y,) =0 va (cy,) +a(X)(cy,) +b(x)ey, =0
= dfcm

e Dinh ly 2: Néu Y,; Y, 1a 2 nghiém riéng doc 1ap tuyén tinh ctia (*), nghia Ia

Y1 4 const thi NTQ cita (%) ¢6 dang Y = C,y, +C, ,

y2
Nhan xét: PTVP tuyén tinh thudn nhéat luon c6 hé nghiém co ban (gém cac
nghiém riéng dltt). Vi PTVP tuyén tinh thuan nhat cdp 2 s& ludn c6 2 nghiém
riéng dltt.
~[atodx
e Dinh Iy 3: Néu y, 1a mot nghiém riéng cia (*) thi y, =y, | erx la
;

nghiém riéng cia (*) va doc 1ap tuyén tinh véi y,
Chirng minh
Goi y, 1a mot nghiém riéng bat ky ciia (*). Khi do ta c6

y: +a(¥)y; +b(x)y, =0 ()

y, +a(x)y, +b(x)y, =0 (2)
Nhan (1) véi y, vanhan (2) voi y, roi lay (1)-(2) ta co

Vi¥s = Vi¥s +a(|yiv, - viva =0 @)
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Yi Y,

1 2

Pat w= =YY, = V1Y, S W==Y Y, + V1Y,

Thay vao (3) ta c6 w+a(x)w = 0= w = Ce /2%

Y.y, - Yy, = Ce L YYe Y L et
yl yl

Yy ' 1 —_[a(x)dx e_‘[a(X)d
:[—ZJ =—Ce =Y, =yl_|'—2dx (chon C =1)
Y1 Y1 Y1

Vi du 4.20 Giai phuong trinh (x2 +1)y“—2xy‘+2y =0 (1) biét y, =x la 1 nghiém

riéng.
Giai
2X 2
To (1) taco y'— "+ =0 (2
(1) Y -r V) (2

Nghiém riéng tht 2 cua (2) la

2x d
~Jacous i

Y2 zylj.erX=XJ.e 2 dX=XJ.(l+X—12jdX=X(X—£j
1

Vay NTQ cua (1) 1a y =C,x+C,(x* -1)

Vi du 4.21 Giai phuong trinh (x2 —1)y"+2xy'=0 (1)
2X

x> -1

Tu (1) taco y'+ y'=0 (2)

Nhan thay y, =1 1a mot nghiém riéng cia (1) nén nghiém riéng thir 2 la
—_[a(x)dx

2X
e 2 dx 1 1
y2=ylj.—y2 dx=J'e Fes dx=J'(X2_de=Eln
1

x-1
X+1

x-1

VayNTQ cua (1)1a y=C, +C,In

4.4.2. Phwong trinh vi phan tuyén tinh cap 2 khong thuin nhat

PTVP tuyén tinh cédp 2 khong thuan nhat 1a phuwong trinh c6 dang
ly+a()y+b()y = f(x) (9]

PTVP tuyén tinh thuan nhat twong tmg vai (*) 13 y"+a(x)y'+b(x)y =0 (**)
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e Dinh Iy 4: Néu Y 1a NTQ cuia (**) vad y 1a mot nghiém riéng cua (*) thi
NTQ caa (*) co dang y=Y +y
e Dinh Iy 5: (Nguyén ly chong nghiém): Cho 2 PTVP sau
y"+a(x)y+b(x)y = f,(x)
y"+a(x)y+b(x)y = f,(x)
Néu vy,;y, lan luot 1a 2 nghiém riéng cia 2 PTVP trén thi y, +V, s& 1a
nghiém riéng cia PTVP y'"+a(x)y+b(x)y = f,(x) + f,(x)
Vi du 4.22 Giai phuong trinh y'+y =3x (1)
Giai:
Phuong trinh thuan nhét twong tng y'+y=0 (2)
Nhén thay y, =sin x 1a mot nghiém riéng cta (2) nén nghiém riéng thr 2 1a
Jadx oo

yzzylj'e 5 dx=sinxJ'

——dx = sin x.(—cot gx) = —cos X
A sin“ x

= NTQcua(2)layY =C,sinx+C, cosx
Nhan thay y =3x 12 mot nghiém riéng cia (1) nén NTQ cua (1) 1a
y=Y +§=Clsinx+C2 COS X + 3X

Vi du 4.23 Giai phuong trinh (x? —1)y"+4xy'+2y =6x (1) biét 2 nghiém riéng la
] phuong

yi=x y = X2+ X+1
L2 X+1
Giai:
R A X , " 4x . 2
Phuong trinh thuan nhat twong tng y"'+—; 1y+ > 1=O (2)
X% — N
TTTTE 8T 4y X+ X+1 1 . "
Theo nguyén ly chong nghiém thi y, =y, -y, =————x=——la mdt nghiém
x+1 x+1
riéng cua (2). Do d6 nghiém riéng thir 2 cua (2) 1a
- &dx
1 (e ¥ 1 1 1
= dx = dx =—
YT X+1J.(x—1)2 x2 -1
(x +1)°
— NTQcia(2)laY =C,—1—+C, 1
x+1 Zx2-1
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= NTQcua(l)lay=Y+y, = o + SZ + X
Xx+1 x°-1

o Phwong phdp bién thién hing sé Lagrange

Cho PTVP tuyén tinh khong thuan nhat dang y"+a(x)y+b(x)y = f(x) (*) va
PTVP tuyén tinh thuan nhat twong img 13 y"+a(x)y+b(x)y =0 (**)

Néu (**) c6 NTQ la Y=C,y,+C,y, thi NTQ ciua (*) c6 dang
y=C,(X)y, +C,(x)y,, trong d6 C,(x);C,(x) thoa min diéu kién
{Cl:(x) yl. +C2'.y2.= 0

C.(¥)y, +C,y, = f(x)
Chtrng minh:
TacONTQcua (1) y=C,(x)y, +C,(X)y,
= y'=C,' (MY, +C, (Y, +C,' (Y, +C,(X)Y, =C, ()Y, +C,(¥)y, (@)
= y"'=C, (MY, +C, ()Y, +C, (XY, +C, ()Y, =C,(9)y, +C,(0)y, + f(x) (2)
Thay vao (*) suy ra dfcm

Vi du 4.24 Gigi phuong trinh y=Y = x (1)
X

Giai:

Phuong trinh thuan nhat twong ting y' Y _o (2)
X

Dé thay y, =1 la mét nghiém riéng cia (2). Do d6 nghiém riéng thir 2 13
e g X
yZ—J'e dx_J'xdx_?

=NTQcua(2)layY =Cx*+C,

2 ' ! —
— NTQ cia (1) ¢6 dang y = C, (x)x? +C,(x) thoa { C,/'(x)+C'(x)=0
2XC1‘(X) =X
C,(x) 1 C,(x) =EX+Cl
N 2X2 N 2 p
CZ(X):_? CZ(X):_F"FCZ

3

Vay NTQ cta (1) 13 y = X?+clx2 +C,
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Vi du 4.25 Giai phuong trinh xy"+2y+xy = x (1) biét phwong trinh thuan nhat c6

. n a1y COS X
mot nghiém riéng la y, =——
X

Giai:

Phuong trinh thuan nhét twong tng y“+g y+y=0 (2
X

Nghiém riéng tht 2 cua (2) 1a

2
—|—=dx )
CoSX ¢ X°e IX COS X 1 COS X sin X
, = SOX X gy SO L g SOSXygy SINX
X COS“ X X Y COoS” X X X
COS X sin x

VayNTQcua(2)laY =C,—=+C,——
X X

= NTQ cua (1) codang y= Cl(x)ﬂJr C, (x)w thoa mén hé sau
X X

COS X sin X

Ci(0 22 +C,00 2 =0
o —XSINX—COSX ..,  XCOSX—SiNX
C)——+C () — =1
X X
A:iz; Al__smx; AZ:cosx
X X X
. A, .
Ci(x) = =—xsinx {Cl(x)zxcosx—sinx+C1
= .
C;(x)zﬁzxcosx C,(x) = xsin x+ cosx +C,
A
Vay NTQ ciia (1) 12 y = (xcos x —sin x + C, ) 2% + (xsin X + cos X+ C, )20 X
X X
y=ClcOSX+CZS|nX+1
X X

4.4.3. Phwong trinh vi phan tuyén tinh cap 2 véi hé s6 hing
PTVP tuyén tinh cip 2 hé s6 hang khong thuan nhét 1a phuong trinh ¢ dang
y"+ay'+by = f(x), trong d6 a,b 1a cac hang sb thuc.
Dang thuan nhat tuong tng 12 y''+ay'+by = 0
% Giai phwong trinh dang thuin nhat y"+ay'+by=0 (*)

Budce 1: Giai phuong trinh dac trung k> +ak+b=0  (*%)
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Budc 2: Tim nghiém cuia (*) dua trén cac nghiém cua phuong trinh déc trung

nhu sau
Nghiém cia (**) Hé nghiém co ban caa (*) NTQ cia (¥)
k la nghiém kép y, =e¥;y, = xe* y=C.e" +C,xe®

k;;k, la 2 nghi¢ém
yl — eklx; yz — ekzx y — Cleklx +C2ek2x
thyc phan biét

k=azip la cap

nghiém phac lién | y, =e“ cospx; y, =e“sin fx | y=e™(C,cospx+C,sin px)

hop

Vi du 4.26 Giai phuong trinh y'"-y =0 (1)
Giai:

Phuong trinh dic trung k> -1=0=k =+1

= NTQcua(l)la y=Ce*+C,e™”

Vi du 4.27 Giai phuong trinh y"+2y'+5y =0 (1)
Giai:

Phuong trinh déc trung k* +2k+5=0=k,, = _2: H_ 142

= NTQ cuta (1) 1a y =e™(C, cos2x +C, sin 2x)
Vi du 4.28 Giai phuong trinh y"-2y'+y=0 (1)
Giai:
Phuong trinh dic trung k> -2k +1=0=k =1
= NTQcua(1)la y=(C,x+C,)e*
% Giai phwong trinh dang khong thuan nhat y'+ay'+by = f(x) (*)
Bude 1: Tim nghiém tong quat cia phwong trinh thuan nhit twong tng
Y=Cy, +C,y,
Budc 2: Co 2 phuong phap
e Phuong phap bién thién hiang s6 Lagrange
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NTQ cua (*) ¢6 dang y=C,(x)y, +C,(X)y,, trong d6 C,(x);C,(x) thoa mén

hé sau { C.(9¥s +C, (¥, =0
C.(¥)y, +C,(x)y, = f(x)

e Phuong phap hé sb bat dinh
Tim mot nghiém riéng y cia (*) khi biéu thirc f(x) c6 mot trong cac dang

dic biét sau day. Khi d6 NTQ ctia (*) 1a y=Y +y.

Dang f(x) Dang nghiém riéng y

e Néu a khong phai 1a nghiém cia

f(x) =P, (x)e” phuong trinh dic trung thi y = Q, (x)e®

P (x) la da thie béc n theo x. e Néu « la nghiém don cua phuong

trinh dic trung thi y = xQ, (x)e®

e Néu o la nghiém kép cua phuong

trinh diac trung thi y = x?Q, (x)e*

e Néu a+ip khong phai 1a nghiém
f(x)=e”(A,(x)cospx+ B, (x)sin fx) | ciia phuong trinh dic trung thi
A,(x), B, (x) la cac da thirc badcn vam | y =e® (M, (x)cos Bx+ N (x)sin Bx) Vo1

theo x. s = max{m,n}

e Néu a+ip la nghiém cua phuong

trinh dac trung thi
y=xe™(M,(x)cos fx+ N (x)sin gx)  Véi
s = max{m, n}

Chu y: Hé sd trong cac da thirc Q, (x); M (x); N,(x) duoc tinh bang cach thay
nghiém riéng y vao phuong (*) va dong nhat hé s6 2 vé.

Vi du 4.29 Giai phuong trinh y''+3y'-4y = xe* N

Giai:

Phuong trinh thuan nhét twong Gng y''+3y'-4y =0 (2)
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N k=1
Phuong trinh déc trung k> +3k —4=0= {k _ 4
= NTQcua(2)layY =Ce* +C,e™
Tim nghiém riéng cua (1) dang y = xe* (Ax + B)

Taco y =e*[AX’ + (2A+B)x+B} y =e*[Ax> +(4A+B)x+2A+28B|.

1
A=_—
10A=1
Thay vao (1) ta dugc - 10
2A+5B =0 B:—i
25
— Nghiém riéng cia (1) 1a y = xe*| X - %
' 10 25
5 x 1
VayNTQcua (1) 1a y=C,e* +C,e ™ + xe*| ———
NTQeta (18 y=C, 2 (10 25}

Vi du 4.30 Giai phuong trinh y'-3y'+2y = (x> + x> (1)
Giai:
Phuong trinh thuan nhat twong Gng y"'-3y'+2y =0  (2)

N k=1
Phuong trinh déc trung k> -3k +2=0= {k 5
= NTQcua(2)layY =Cpe* +C,e*
Tim nghiém riéng cua (1) dang y = e* (Ax2 +Bx +C)
=  y'=¢"(3Ax’ +(3B-2A)x+3C - B)

y"'=e%(9AX? ++9Bx +9C - 2A)

N |-

2A=1 A=
Thay vao (1) ta dugc 6A+2B=1 =<B=-1
-2A+3B+2C =0 C=2

_ 2
= Nghiém riéng cia (1)1a y = ee‘x[x?— X + 2}

2
VayNTQ cua (1) 1a y=C.e* +C,e* +e3x[x7— X+ 2}

Vi du 4.31 Giai phuong trinh y"+y = 4xsin x @
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Giai:

Phuong trinh thuan nhét twong tng y'+y=0  (2)
Phuong trinh dac trung k* +1=0=k =i
= NTQcua(2)laY =C,cosx+C,sinx
Tim nghiém riéng cia (1) dang y = x[(Ax + B)cos x + (Cx + D)sin x]
= Y= [Cx2 +(2A+D)x + B]cosx + [— AX® +(2C - B)x + D]sin X
y"'= |- AX? + (4C — B)X + 2A+ 2D [cos X + |- Cx? + (-4 A— D)x + 2C — 2B]sin

2A+2D =0 A=-1

2C-2B=0 B=0
<~

-A=1 C=0

4C =0 D=1

Thay vao (1) ta dugc

— Nghiém riéng ciia (1) 12 y = x(—xcos X + sin x)
Vay NTQ cua (1) 1a

y = C, cosx +C, sin x — x* cos x + xsin x = (C, — x*)cosx + (C, + X)sin x

Vi du 4.32 Giai phuong trinh y'4y =—— ()
COS X

Giai:

Phuong trinh thuan nhat twong tng y"'+y=0  (2)

Phuong trinh déc trung k® +1=0=k = i

= NTQcua(2)laY =C,cosx+C,sinx

Ap dung phuong phép bién thién hang sé Lagrange

NTQ cua (1) c6 dang y =C,(x)cosx +C,(x)sin x, trong do
C,(x)cosx+C,(x)sinx=0

C,(X)(~sinx) +C,(x)cos x = v
CoSs X

Taco A=1 A, =-—21%. A, =1
COS X
C.(x)= _Smx {Cl(x) =Injcos X+ C,
= cosXx =
CZ(X)Zl CZ(X)=X+C2

Vay NTQ cta (1) 1a y = (C, + In|cos x|)cosx +(C, +x)sin x
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Ch0 y: Phuong trinh Euler cip 2 c6 dang x?y"+axy'+by = f(x) (*) duogc dua vé
dang phuong trinh tuyén tinh hé s6 hang bang cach doi bién nhu sau:

bat x=e' (x >0) hodc x=-€' (x<0)

Taco Yy, =Y,e =y, =ye"

Vo =(Vie'), € = (Vi + ¥, )6 = v 4y, = v, = (Vo - Vi )™
Thay vao (*) tacéd y"+(@-1)y'+by = f (et)

Vi du 4.33. Giai phuong trinh x*y"+xy'+y=x (1)

Giai:

Pit x=e'= Yy, =ve" Vo=(Ye-v)e™

Thayvao (1)tacoy"+y=¢' (2)

Phuong trinh thuan nhét twong tng y"+y =0 (3)

Phuong trinh dac trung k* +1=0=k =i

= NTQcua(3)layY =C,cost+C,sint

Tim nghiém riéng cua (2) dang y = Ae'

=  y'=3Ae"; y"=3Ae

Thay vao (2) ta dugc A:% = Nghiém riéng cia (2) la §=%e‘
Vay NTQ cua (2) la y=C, COSt-i—CZSint-i-%et

= NTQcua(l)la y=C,coslnx+C,sinIn x+%x

4.5. HE phwong trinh vi phan
Mot s6 hé phuong trinh vi phan cép 1 ¢ thé dugc giai bang cac phuong phap

khir bién doc 1ap, nghia 13 dua vé PTVP ¢6 mot an ham.

%z—z Q)
Vidu 4.34. Giaihe 1
dz z
w v )
Xy
Giai
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Tr(l)taco y'=—z=>y"=-2'
N2
Thay vao (2) taco —-y"= % & yy"Jr(y‘)2 =0 (PTVP cép 2 khong chira x)

bit y'=u(y)=y"=u,y'=u,u

u=0 y'=0 y=¢
' 2 _ B _[Y
Ta dugc yuu, +u O:{yuﬁuzob u'+£u=03 u=czejy _S
y y
= C, = , = y? = Y =1 X+C, S A T
y =7 J'yy dx=J.CZdX 7=c2x+c3 2,/Cx+C,

y=1cX+cC,

Vay nghiém téng quat ctia hé 1a LG

ﬂ—z=cosx Q)
Vi du 4.35. Gidi hé S'X

Ziy=1 @

dx

Giai:

Tr(2)taco y=1-z'=y'=-2z"

Thay vao (1) ta c6 —z"—z=cosx (3) (PTVP tuyén tinh cép 2 hé s6 hiang khong
thuan nhat)

Giai phuong trinh thuan nhat twong img —z"-z=0=>z =, COSX+C, Sin X

Nghiém riéng cua (3) c6 dang z = x(Acos x+Bsinx).

A=0

2A=0 -
Thay vao (3) ta dugc = 1=>12 _ 1 Xsin X
—2821 BZ—E 2

NTQ cua (3)1a z =clcosx+czsinx—%xsinx

, 3 . 1
=>y=1-z =1+Eclsm x—czcosx+§xcosx
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Lé Thi Thanh Hai Chuwong 4: Phwong trinh vi phan

3 . 1
y =1+=c,Sin x—C, COS X +—= X COS X
V3 A 2 , , A 12 2
ay nghiém tong quat cua hé la L
Z=C, COSX+C,sin X—Exsin X
Chu y: Bdi véi hé phuong trinh vi phan tuyén tinh cap 1 thuan nhéat hé s6 hang co
dang sau thi c6 thé sir dung thém cac phuwong phap dai s6 tuyén tinh dé giai.

{Xizanxl""aizxz o  X'=AX

Xlz =8, % +a,X,
Cach giai:
e Giai phuong trinh dac trung det(A1 —A)=0

e NTQ cuahé c6 dang sau

Nghiém ctia phwong | Hé nghiém co ban Hé nghiém tong quat

trinh dac trung

et X (4). g™t X (%)

A, A, 1a 2 nghiém thyuc ’ - -
han bi X ) vector riéng tmg | X (t) =ce™ X" +c,e X
phan bigt [
VGi tri rieng 4,

Re(x“>); |m(x“>)
A=a*ip lacap nghiém X(t)=ClRe(XW)+CZI m(X“))

(2). A ,
phtc lién hop X1 vector rieng trng

voitririéng A=a+if

X(t)z[ambljeﬂ

A 1a nghiem kép (A a,X+b,
khong chéo hoa duge) a,b,a,,b,: cAc hang s6 dugc xac dinh bang cach thay

nghiém truc tiép vao hé

ﬂz—y—ZZ
Vi du 4.36. Giai ha |
%=3y+4z
dx
Giai
——y -2 -1 -2
H¢ < y y—e2 = A=
7'=3y+4z 3 4
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Lé Thi Thanh Hai Chuwong 4: Phwong trinh vi phan

A+l -2
-3 1-4

A=1

Taco [Al,- A= Qo

|=12—3/1+2=O:{

-2 L 1
J Véi/lzlz(A—/llz)z[3 3}: Vector riéng [ J

-3 -2 i 2
. Véi/l=2:(A—/1|2)=[3 2}: Vector riéng [ 3}

. 2 1 2 X 2 2%
Suy ra nghiém tong quat X (x) =ce” foe? _[ ce +2ce 2
-1 -3) | -ce*—3c,e™

y =ce* +2c,e’

Viy nghiém tong quat ciia h¢ 1a ,
z=—ce" -3c,e”

Vi du 4.37. Giaine Y /Y7270
2'+2y+52=0
Giai:
— 7 7 1
H¢ < y y+z = A=
7'=-2y-5z -2 -5
, L ; _
Tacé |2l -A=| |2 122487 =05 2 =6
1-i 1 i 1
V6i 2=—6+i:(A-al)=| T o[
-2 1-i 0 0

i 1
Suy ra vector riéng [ j
1+i

. 1 COS X
X, (X) = Re[e(“”"x[ D =e ™ [ _ j
1+i COS X —SINn X

(—=6+i)x 1 —6Xx Sin X
X,(x)=Imj| e | |=e .
1+i COS X +5SINn X
Nghiém tong quat

COS X sin x COS X +C, Sin X
X (X) — Cle_GX[ j+cze—6x { j — e—GX[ Cl 2 J

COS X —sin X COS X +Sin X (c, +¢;)cosx+(c, —c;)sin x

Tir d6 ta co 2 nghiém riéng cua hé la

_ a6

y =e"*(c,cosx+c,sinx)

_ a6x

Vay nghiém tong quat ciia h¢ 1a _
z=e""((c, +¢)cosx+(c, —c,)sinx)
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Lé Thi Thanh Hai Chuwong 4: Phwong trinh vi phan

Vi du 4.38. Giai hé {y =2y-z

2'=4y+6z
Giai:
, 2 -1
Taco A=
4 6
A-2 1 )
|/l|2—A|= =(1-4)"=0=>1=4
-4 A1-6

: -2 -1 A 1
Vi /l=4:(A—/1|2)=[ 4 2}3 Vector riéng [ 2} va A khong chéo hoa dugc.

Nghiém tong quat cta hé co dang

4 4
a, +b,x 4a, +b, + 4b,x
2a,+a,+hb =0 a =cC
2b +b,=0 =
Thay vao hé ta co b +b, & b =6,
—4a, —2a,+b, =0 a, =—2¢,—C,
4b +2b, =0 b, =-2c,

Viy nghiém tong quat ciia h¢ 1a {
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